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Les philosophes font subir à la réalité, pour pouvoir l’étudier pure, à peu près les
mêmes transformations que le feu ou le pilon font subir aux corps: rien d’un être
ou d’un fait, tels que nous l’avons connu, ne paraît subsister dans ces cristaux ou
dans cette cendre.

Marguerite Yourcenar, Mémoires d’Hadrien





Preface

Given initial data to Einstein’s equations, there is a maximal globally hyperbolic devel-
opment. This is a fundamental fact concerning the Cauchy problem in general relativity,
and these notes are the consequence of a desire to understand the details of the proof
of it. Concerning this result, there is material of an overview character available, as
well as the original research articles. However, reconstructing a complete, detailed
proof with these articles as a starting point is something that requires an effort, even
for someone familiar with the fields involved. Since the Cauchy problem has received
an increasing amount of attention the last 15 years or so, it seems natural to write down
all the details in a coherent fashion. Those potentially interested in understanding the
proof come from many different fields of mathematics, and for this reason, the goal of
these notes has been to keep the prerequisites at a minimum.

Stockholm, April 2009 Hans Ringström
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1 Introduction

1.1 Historical overview

Even though Einstein introduced his equations in 1915, cf. [35] and [36], it was not
until 1952 that it was firmly established that they allow a formulation as an initial
value problem. The seminal paper was written by Yvonne Choquet-Bruhat, cf. [39],
and it contains a proof of local existence of solutions. Due to the diffeomorphism
invariance of the equations, the step from local existence to the existence of a maximal
development is non-trivial. The reason is that even if there is a maximal development
in the sense that it cannot be extended, there is no reason to expect this development to
be unique. In the end, one does in fact need to restrict one’s attention to a special class
of developments in order to get an element which is maximal and unique in the given
class. Partly as a consequence of this, it was not until 1969 that Choquet-Bruhat and
Robert Geroch, cf. [10], demonstrated that, given initial data, there is a unique maximal
globally hyperbolic development (MGHD). The existence of a MGHD does not say
anything about the “global” properties of solutions, but it is nevertheless a fundamental
theoretical starting point for any analysis of solutions to Einstein’s equations. To take
but one example, the question of predictability in general relativity, as embodied in the
strong cosmic censorship conjecture, is phrased in terms of the MGHD.

The initial value point of view illustrates the strong connection between Einstein’s
general theory of relativity and the theory of hyperbolic partial differential equations
(PDE’s). Historically, this is a connection which has not received as much attention as
one might have expected. In the beginning, most people working in the field focused on
writing down different explicit solutions. Obviously, this was a natural starting point,
and some of the solutions written down in this period will with all probability always
be of fundamental importance. However, it is possible to work with such spacetimes
without even being aware of the hyperbolic PDE character of the equations.

The question of singularities in general relativity has always been important. At an
early stage, it was suggested that some of the singularities present in the model solutions
of the universe and of isolated systems would not be present in less symmetric solutions.
Remarkably, the existence of singularities in a more general situation was demonstrated
by methods which avoid the PDE aspect of the problem altogether. The singularity
theorems of Hawking and Penrose, cf. [66], [46], [47] for some of the original papers and
[48], [87], [65] for textbook presentations, demonstrate that singularities are generic,
assuming one is prepared to equate the existence of a singularity with the existence of an
incomplete causal geodesic. These results had an important impact on the field, not least
because they illustrated the importance of the geometry, and partly as a consequence of
them, Lorentz geometry has become an important subject in its own right. Surprisingly
enough, not much information concerning Einstein’s equations is required in order to
obtain these theorems; some general energy conditions concerning the matter present
suffice. On the other hand, one does not obtain that much information. It would of
course be of interest to know if the gravitational fields become arbitrarily strong as
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one approaches a singularity, i.e., in the incomplete directions of causal geodesics. To
address this question, it would seem that it is necessary to take the PDE aspect into
account.

In the formulation of Einstein’s equations as an initial value problem, the initial
data cannot be chosen freely; they have to satisfy certain constraint equations. The
various methods introduced for solving these equations in the end lead to non-linear
elliptic PDE’s on manifolds, so that even before coming to the evolutionary aspect of
the equations, one is faced with a difficult analysis problem. Given initial data, the
problem of local existence has been solved by the work of Yvonne Choquet-Bruhat as
mentioned above. However, in the end one is interested in the global structure. In terms
of analysis, this often makes it necessary to prove global existence of solutions to a non-
linear hyperbolic PDE, which is usually very difficult. In view of these complications,
it is not surprising that it has taken such a long time for the hyperbolic PDE aspect of
the equations to become the focus of attention.

1.2 Some global results, recent developments

To our knowledge, the first global results in the absence of symmetries are due to
Helmut Friedrich, cf. [40]. In this paper, he demonstrates, among other things, the
stability of de Sitter space. Furthermore, he proves that initial data close to those
induced on a hyperboloid in Minkowski space yield developments that are future null
geodesically complete. In addition to these results, he derives detailed information
concerning the asymptotics. However, it is interesting to note that the methods he uses
are very geometric in nature. The proof is based on a very intelligent and geometric
choice of equations which makes it possible to reduce a global problem, from the
geometric point of view, to a problem of local stability in the PDE setting.

The proof of the global non-linear stability of Minkowski space, see [20], by
Demetrios Christodoulou and Sergiu Klainerman is based on very different methods.
In [20], the authors solve a problem which is global in nature also from the non-linear
hyperbolic PDE point of view, and for this reason more work on the analysis part of
the problem is required. Beyond being an important result in its own right, the work
of Christodoulou and Klainerman seems to have had the effect of bringing Einstein’s
equations to the attention of the non-linear hyperbolic PDE community, as illustrated
by e.g. [57] and [58]. Furthermore, the interest in the question of local existence has
been revived.

In the case of non-linear hyperbolic PDE’s, it is of interest to prove well posedness
for as low a regularity of the data as possible. One reason is that a local existence
result is usually associated with a continuation criterion; e.g. if the maximal existence
time to the future is TC, then there is a statement of the form: either TC D 1 or
a suitable norm of the solution is unbounded as t ! TC�. Proving local existence
in a lower degree of regularity usually results in a continuation criterion involving a
weaker norm. In the optimal situation, it is possible to prove local existence in such a
weak regularity that the norm appearing in the continuation criterion is controlled by
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a quantity which is preserved by the evolution. In such a situation, one is allowed to
conclude that solutions do not blow up in a finite time simply due to the local existence
result. A striking illustration of this perspective is given by the work of Klainerman
and Matei Machedon, cf. [51], which proves that solutions to theYang–Mills equations
in 3 C 1 dimensional Minkowski space do not blow up in finite time due to such an
argument. However, it should be noted that the latter conclusion had already been
obtained by the work of Douglas Eardley and Vincent Moncrief in [33] and [34]. In the
case of Einstein’s equations, there is no hope for a similar result, but the question of
local existence for as rough data as possible is nevertheless of interest. Since the result
of Choquet-Bruhat, [39], there have been many papers concerned with the question of
local existence. One classical reference is [38]. More recently, Klainerman and Igor
Rodnianski have undertaken an ambitious programme in order to obtain the optimal
regularity result, cf. [52] and the references cited therein.

The results [40] and [20] are the first examples of results that are global in nature,
concern a situation without symmetry and have been obtained by PDE methods. Some
examples of more recent results in this category are [3], [57] and [77]. The number
of results that are global in nature, concern a situation with symmetry and have been
obtained by PDE methods is, due to the work carried out the last twenty years or so,
quite large.

1.3 Purpose

The above sections were intended to illustrate that in recent years, the perspective
on Einstein’s equations taken by researchers has tended toward the initial value point
of view. Unfortunately, it seems that the main references available relevant to this
perspective are of one of the following types: textbooks on geometric aspects, i.e.,
books on Lorentz geometry, textbooks on non-linear hyperbolic PDE’s, research papers
and overview papers. The reason this is unfortunate is that the books on Lorentz
geometry typically ignore the hyperbolic PDE aspects (or, as in the case of [48] and
[87], give an outline rather than a detailed exposition) whereas the books on non-linear
hyperbolic PDE’s typically ignore the geometry. That geometry is important in the
context of non-linear hyperbolic PDE’s even outside the field of general relativity can
be illustrated in the following way. Consider a non-linear wave equation of the form

g��.u; @u/@�@�u D f .u; @u/

on RnC1, where @u is used to represent the first derivatives and we use Einstein’s sum-
mation convention, cf. Section A.1. Then g��.u; @u/ are the components of the inverse
of a Lorentz metric, and such fundamental aspects of the equations as uniqueness are
most naturally expressed in terms of the causal structure of this metric. The research
papers are of course worth reading, but at some stage a coherent presentation is prefer-
able. The overview papers fill an important function in that they provide the intuition
behind the results, but in the end one would like to have complete proofs.

The purpose of these notes is, among other things, to give a complete proof of the
existence of a maximal globally hyperbolic development. For each matter model one
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couples to Einstein’s equations, it is necessary to give a proof for the resulting combi-
nation of equations. Since it is not the ambition of these notes to give an exhaustive list
of matter models which can be coupled to Einstein’s equations, we shall restrict our at-
tention to the non-linear scalar field case. This is a matter model which allows vacuum
with a cosmological constant as a special case. The reason we have chosen it is that
it has attracted attention in recent years in the cosmological setting as a model which
produces different types of accelerated expansion, something recent observational data
indicate that our universe is undergoing. Beyond this main goal, there are, however,
several other results that are of fundamental importance, but seem to fall outside of the
scope of most textbooks. For instance, uniqueness of solutions to linear wave equations
expressed in terms of the causal structure of the Lorentz metric involved is something
standard textbooks on PDE’s typically avoid. Cauchy stability in the context of general
relativity is another result which is of fundamental importance, but detailed proofs are
rarely written down in an accessible way. Finally, there are recent results concerning
the structure of globally hyperbolic spacetimes, cf. [4], [5], [6], which deserve to be
presented in the present context.

It is not the ambition of these notes to give an up-to-date overview of the methods
developed to prove local existence in low regularity. In fact, the methods presented
here for proving local existence are quite old. The main purpose is rather to present
some elementary theory for hyperbolic PDE’s and some elementary Lorentz geometry
in a unified way, the hope being that this will be of use to those working in the field.
The reason for doing so at this point in time is that the importance of the combination
has become apparent in the last fifteen years or so.

As we mentioned above, researchers working on problems related to Einstein’s
equations come from many different backgrounds. In particular, there are those with a
geometric background but not such a strong background in PDE’s, and there are those
who come from the non-linear hyperbolic PDE community. For this reason, these
notes have been written with the ambition of not presupposing more of the reader than
a knowledge of measure and integration theory, some very elementary functional analy-
sis, basic Lorentz geometry and elementary differential geometry. To be more specific,
it is, from a logical point of view, possible to read these notes given a knowledge of
analysis corresponding to Principles of Mathematical Analysis and Real and Complex
Analysis by Walter Rudin, cf. [78] and [79]. In fact, only the first eight chapters of the
latter book are needed. In particular, no previous familiarity with PDE’s is required.
Concerning Lorentz geometry, we assume the reader is familiar with the material con-
tained in Barrett O’Neill’s book Semi-Riemannian Geometry, [65], though no mention
of manifolds will be made until Chapter 10. Concerning differential geometry, we pre-
suppose the basics, including familiarity with Stokes’ theorem, as contained in, e.g.,
[25], and, in the last part of these notes, a familiarity with Lie groups corresponding
to the material given in, e.g., Lee’s book [55]. Assuming less than the material con-
tained in these references seems unreasonable, since they are all very well written and
much more fundamental than the results presented in these notes. However, assuming
more also seems unwarranted, given the goal already mentioned. Let us mention that,
recently, two related books were published; see [19] and [9]. Finally, let us recom-
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mend the book [69], treating similar material from a different perspective, as a good
companion to these notes.
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2 Outline

2.1 PDE theory

Since the main purpose of these notes is to prove the existence of a maximal globally
hyperbolic development, given initial data, a natural starting point is to prove local
existence of solutions to the type of non-linear PDE’s that result after making suitable
gauge choices. One way of doing so is to first prove local existence of solutions to
linear wave equations. Thus, let us start by considering equations of the form

g��@�@�uC a�@�uC bu D f; (2.1)

u.0; � / D u0; (2.2)

@tu.0; � / D u1; (2.3)

where g�� are the components of an .n C 1/ � .n C 1/ real matrix-valued function
on RnC1 which is such that each element in its range is symmetric, has one negative
eigenvalue and n positive eigenvalues. Furthermore, a�, b and f are functions on
RnC1, u0 and u1 are functions on Rn, and we use Einstein’s summation convention
and the convention concerning coordinates described in SectionA.1 (precise conditions
that ensure the existence of solutions are specified in Section 8.2). In practice, we prove
local existence of solutions to linear symmetric hyperbolic systems, a problem that of
solving (2.1)–(2.3) can be reduced to. These are equations of the form

A�@�uC Bu D f; (2.4)

u.0; � / D u0; (2.5)

where A�, � D 0; : : : ; n, and B are N � N real matrix-valued functions on RnC1
and f and u0 are RN -valued functions on RnC1 and Rn respectively. The conditions
of symmetric hyperbolicity are that A�, � D 0; : : : ; n, be symmetric and that A0 be
positive definite. We shall use the notation Lu for the left-hand side of (2.4), i.e.,

Lu D A�@�uC Bu: (2.6)

Both the equations (2.1) and (2.4) have energies associated with them. In the case of
(2.1), one choice of energy is

E D 1

2

Z
Rn

Œ�g00jut j2 C gij @iu � @juC juj2� dx; (2.7)

assuming that g00.t; x/ < 0 and that gij .t; x/, i; j D 1; : : : ; n, are the components of
a positive definite matrix for all .t; x/ 2 RnC1. In the case of (2.4), a natural energy is

E D 1

2

Z
Rn

utA0udx; (2.8)

where the t denotes transpose. Given the energies (2.7) and (2.8), the standard proce-
dure is to differentiate with respect to time, to integrate by parts in the term inside the
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integral involving spatial derivatives and to use the equation. This yields inequalities
that form the basis of the proof of existence of solutions to linear equations as well as
non-linear ones (in Section 7.2 and the beginning of Chapter 8 we write down, in detail,
the arguments needed to derive such inequalities in the symmetric hyperbolic and linear
wave equation setting respectively). The resulting inequalities also imply uniqueness
of solutions to (2.1)–(2.3) and of solutions to (2.4)–(2.5). Loosely, estimates arising
from these types of arguments are referred to as energy estimates. In some situations it
is of interest to consider an energy which, as opposed to (2.7), is geometrically defined.
To this end, let us define a stress energy tensor T�� by

T�� ´ r�u � r�u � 1

2
g��.g

˛ˇr˛u � rˇu/;

where r is the Levi-Civita connection associated with g viewed as a Lorentz metric
on RnC1. Given a suitable spacelike hypersurface, one can then contract T˛ˇ with the
timelike unit normal twice and integrate the result over the hypersurface in order to
obtain a geometrically defined energy. It should, however, be mentioned that in certain
circumstances it is quite useful to contract the stress energy tensor with other types
of vector fields and to integrate over surfaces that are not spacelike. Nevertheless, we
shall use the expression (2.7) which, even though it is not geometric, is quite useful
from a practical point of view.

The idea of how to prove existence of solutions to (2.4)–(2.5) is taken from [50].
Let us give a rough outline. Let T > 0 and let L� be the L2-adjoint of the operator
defined in (2.6). First, one proves that the definition

F.L��/ D
Z T

0

.�.t/; f .t//L2 dt (2.9)

makes sense for smooth functions � with compact support such that �.t; x/ D 0 for
t � T . In fact, this is a consequence of the energy estimates. Here . � ; � /L2 is
the L2 inner product; to start with, we assume f to be smooth and to have compact
support, and for this reason we can consider f and � to be maps from R into the set of
L2-functions on Rn. The energy estimates also imply

jF.L��/j � C

Z T

0

k.L��/.t; � /kX dt;

whereX is the norm of some suitable Hilbert space. Due to the Hahn–Banach theorem,
one can extendF to be a bounded linear functional onL1.Œ0; T �; X/. The existence of a
solution then follows by a duality saying that the dual ofL1.Œ0; T �; X/ isL1.Œ0; T �; Y /
for some suitable space Y and that

F.v/ D
Z T

0

.v.t/; u.t//L2 dt (2.10)

for some u 2 L1.Œ0; T �; Y / (in order for this to make sense, one of course has to inter-
pret the right-hand side of (2.10) in a suitable way). Combining the above observations,
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one obtains that Z T

0

.L��.t/; u.t//L2 dt D
Z T

0

.�.t/; f .t//L2 dt (2.11)

for suitable smooth functions �. This is a weak statement of the fact that u is a solution
to the equation.

2.1.1 The Fourier transform and Sobolev spaces. In order for the above argument
to make sense, some preliminary observations are necessary. First of all, one needs
to define Lp.Œ0; T �; X/ for a Banach space X , and thus, in particular, to define the
concept of measurability in this context. Furthermore, one needs to prove the relevant
dualities. Chapter 3 provides the necessary background. The Hilbert spaceX we shall
use in the above argument is a Sobolev space corresponding to a negative number, say
�s, of derivatives and Y is a Sobolev space corresponding to s derivatives. The greater
the s, the more regular the weak solution. For s large enough, one obtains a classical
solution. Furthermore, making strong enough assumptions concerning the initial data
and the coefficients, one obtains smooth solutions due to uniqueness. By the above, it
is clear that we need to introduce the concept of a negative number of derivatives. If
k is a non-negative integer, then the Fourier transform of .1 ��/kf , where � is the
ordinary Laplacian, is .1C j�j2/k Of , where Of is the Fourier transform of f . Thus, we
can define .1��/sf for any real s to be the inverse Fourier transform of .1Cj�j2/s Of .
In particular, we can speak of a negative number of derivatives. However, it is clear that
in order to be able to justify the above arguments rigorously, we need to present some
elementary properties of the Fourier transform, and this is the subject of Chapter 4.
The Fourier inversion formula will also be used to prove Sobolev embedding, which
relates the C k norm of a function with the Sobolev norm.

In Chapter 5, we introduce Sobolev spaces. The starting point in the definition
of these spaces is the concept of a weak derivative; u is said to be k times weakly
differentiable if, for every multiindex ˛ such that j˛j � k, there is a function u˛ such
that Z

Rn

u@˛� dx D .�1/j˛j
Z

Rn

u˛� dx

for all � 2 C1
0 .R

n/. Needless to say, it is necessary to demand measurability of u and
u˛ as well as some degree of integrability (they should be in L1loc.R

n/). The Sobolev
spacesW k;p.Rn/ are then defined as the set of k times weakly differentiable functions
all of whose weak derivatives are in Lp.Rn/. The corresponding norm can be defined
as the sum of the Lp-norms of the weak derivatives. In the end, we shall only use the
special case p D 2, which we shall denote H k.Rn/.

The idea of how to prove local existence of solutions to non-linear wave equations is
to set up an iteration. To get convergence, one needs a complete space in which to carry
out the iteration, and, furthermore, it is essential that the equation preserve the degree
of regularity of the initial data. That a (high enough) Sobolev degree of regularity is
preserved by the equations is related to the existence of the energies (2.7) and (2.8) and
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their behaviour under the evolution. Furthermore, one basic property of the Sobolev
spaces is that they are complete. In other words, the basic properties of the equations
themselves indicate that it is natural to consider initial data in Sobolev spaces. As we
mentioned above, in the proof of existence of solutions to linear wave equations, we
shall need to use Sobolev spaces corresponding to s derivatives in L2.Rn/, where s is
a real number. We shall denote these spaces by H.s/.Rn/ and they are defined using
the Fourier transform as indicated above, with a norm given by (2.13) below. Note,
however, that if s is negative, these spaces do not consist of functions but of tempered
distributions, a concept we define in Chapter 5. We end the chapter by proving some
elementary properties ofH.s/.Rn/ as well as the duality statement which will constitute
the basis of the existence proof of solutions to symmetric hyperbolic systems.

In Chapter 6 we relate Sobolev spaces to C k spaces. In particular, we prove the
estimate

kf kCk
b
.Rn;C/ � Ckf k.s/ (2.12)

for s > kCn=2, where k � kCk
b

is the C k-norm and k � k.s/ is theH.s/ norm, defined by

kf k.s/ D
�

1

.2�/n

Z
Rn

j Of .�/j2.1C j�j2/s d�
�1=2

; (2.13)

where Of is the Fourier transform of f . The estimate (2.12) is a special case of Sobolev
embedding, and in this particular form, it is an immediate consequence of the Fourier
inversion formula. The reason such a result is important is that, as we mentioned above,
in order to prove local existence of solutions to non-linear wave equations, we need to
work with Sobolev spaces. In order to go from the element we have constructed in the
complete space to a classical (smooth orC k) solution to the equation, we need to relate
regularity from the Sobolev point of view to regularity from the C k point of view, and
this achieved by (2.12).

When proving convergence of the iteration used to construct a local solution in the
non-linear case, we need estimates for the non-linearity. In that context the estimate

k@˛1�1 : : : @
˛l�lk2 � C

lX
iD1

X
j˛jDk

k@˛�ik2
Y
j¤i

k�j k1 (2.14)

is useful, where k � kp denotes the Lp norm and k D j˛1j C � � � C j˛2j. This is
a consequence of estimates that are due to Gagliardo and Nirenberg, and we prove
(2.14) in Chapter 6. In the beginning of Chapter 6 we give examples of the use of this
inequality.

2.1.2 Symmetric hyperbolic systems. Chapter 7 begins with a proof of Grönwall’s
lemma, which states that if f , k and G are non-negative functions such that G is
non-decreasing and

f .t/ � G.t/C
Z t

0

k.s/f .s/ ds



10 2. Outline

for all t 2 Œ0; T �, then

f .t/ � G.t/ exp

�Z t

0

k.s/ ds

�
for all t 2 Œ0; T �. To prove this in the case thatf andk are continuous is straightforward.
However, the context of interest to us is when k 2 L1.Œ0; T �/ and f 2 L1.Œ0; T �/.
Grönwall’s lemma is a basic technical tool which is used frequently in the proof of
existence of solutions to symmetric hyperbolic systems as well as local existence of
solutions to non-linear wave equations.

The proof of Grönwall’s lemma is followed by a section on energy inequalities. To
prove that E, defined by (2.8), satisfies an estimate of the form

@tE � CE C Ckf k2E1=2;
where the constant C depends on the bounds for A� and B , is straightforward, but
due to its central importance we give a detailed proof in Section 7.2. To prove similar
estimates for derivatives of u does also not require much of an effort. However, in
the end, we shall need estimates for a negative number of derivatives in order to prove
local existence of solutions to linear equations.

Before proceeding to the question of existence, we provide a primitive uniqueness
statement. The argument is based on the idea of integrating an expression of the form

@˛Œe
�ktutA˛u�

over a suitable region and using the equations. By a suitable choice of region D , a
suitable choice of k and the assumption that the initial data vanish, one obtains an
equality in which one side is non-positive and smaller than

�c1
Z

D

e�ktutudx;

where c1 > 0, and the other side is non-negative. The conclusion is then that u D 0

in D .
After these preliminaries we turn to the question of existence. The outline of the

argument for proving the existence of a weak solution, cf. (2.11), has already been
given. In order to go from a weak solution to a smooth solution, technical arguments
are required, some of which are relegated to Appendix A.7. The chapter ends with a
proof of the existence of unique smooth solutions to equations of the form (2.4)–(2.5)
on all of RnC1 under quite general circumstances.

2.1.3 Linear and non-linear wave equations. Chapter 8 deals with existence of so-
lutions to linear wave equations. We begin by giving a detailed proof of the basic
energy inequality. The first section is then concerned with the linear algebra needed.
We restrict our attention to symmetric matrix-valued functions with components g�� ,
�; � D 0; : : : ; n, such that g00 < 0 and such that gij , i; j D 1; : : : ; n, are the compo-
nents of a positive definite matrix. Under these circumstances, we demonstrate that g
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is invertible, and if we denote the components of the inverse by g�� , then g00 < 0 and
gij , i; j D 1; : : : ; n, are the components of a positive definite matrix. In other words,
the energy written down in (2.7) makes sense. After these preliminary observations,
we write down an existence and uniqueness result of solutions to linear wave equa-
tions. Since linear wave equations of the form we are interested in can be reformulated
to symmetric hyperbolic equations, this is immediate from the results presented in
Chapter 7.

Chapter 9 is concerned with the question of local existence of solutions to non-linear
wave equations. Since symmetric hyperbolic systems are more general, and since some
aspects of the arguments involved are easier to carry out in that case, it might seem
natural to work in that setting when considering non-linear equations as well. However,
in our experience, it is advantageous to work with second order equations when dealing
with questions that are global in nature. For this reason, we wish to acquaint the reader
with the associated methods. The equations of interest are

g��@�@�u D f

on RnC1 (though, in the end, we shall only get existence on a subset of the form
.T�; TC/�Rn). Hereg�� andf depend on .t; x/ 2 RnC1, u and @u. The first section is
concerned with introducing the necessary terminology and proving a coarse uniqueness
result. After that, we set up the basic iteration and prove local existence. It is of interest
to note that in the case where the coefficients of the highest order derivatives depend
on the solution and its first derivatives, the natural spaces for proving convergence of
the iteration is

CwfŒ0; T �;H.kC1/.Rn;RN /g; CwfŒ0; T �;H.k/.Rn;RN /g;
for the function and time derivative of the function respectively, where Cw signifies
continuity in the weak topology, given that the initial data are such that

Œu.0; � /; @tu.0; � /� 2 H.kC1/.Rn;RN / �H.k/.Rn;RN /: (2.15)

If the coefficients of the highest order derivatives were instead, say, those of Minkowski
space, the natural spaces would be

C fŒ0; T �;H.kC1/.Rn;RN /g; C fŒ0; T �;H.k/.Rn;RN /g;
and this would simplify the analysis in many respects. It is also of interest to note
that the first existence result we state does not guarantee the existence of local smooth
solutions. The reason is that the existence time produced by the argument depends on
the degree of regularity of the data. Thus, the existence time could very well shrink to
zero as the degree of regularity tends to infinity. It is consequently of interest to prove
that the maximal existence time of solutions with a given degree of regularity depends
on a quantity which is independent of the degree of regularity of the initial data. In
the end, we prove that if Tk;C is the maximal future existence time corresponding to
specific initial data with a regularity of the form (2.15), then either Tk;C D 1 or

lim
t!Tk;C�

sup
0���t

mŒu�.	/ D 1;
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where
mŒu�.t/ D

X
j˛jCj�2

sup
x2Rn

j@˛@jt u.t; x/j:

For this to make sense, we of course need to require that k > n=2C1 in view of Sobolev
embedding, cf. (2.12). This is an example of a continuation criterion of the type we
mentioned in Section 1.2. As a consequence of this and uniqueness, the existence of
smooth solutions given smooth initial data is immediate.

We end the chapter by proving a local stability result. The specific form is as
follows. Let

U0; U1; U0;l ; U1;l 2 C1
0 .R

n;RN /;

assume that .U0;l ; U1;l/ converges to .U0; U1/ with respect to the space appearing in
(2.15) and let the corresponding smooth solutions be ul and u respectively. Assuming
that the maximal existence intervals for ul and u are .T�;l ; TC;l/ and .T�; TC/ respec-
tively, the statement is that if T0 2 .T�; TC/, then T0 2 .T�;l ; TC;l/ for l large enough
and

lim
l!1

�kul.T0; � / � u.T0; � /kH.kC1/
C k@tul.T0; � / � @tu.T0; � /kH.k/

� D 0:

2.2 Geometry, global hyperbolicity and uniqueness

The main point of the part of these notes which concerns geometry, global hyperbolicity
and uniqueness is to prove a uniqueness statement for wave equations on Lorentz
manifolds phrased in terms of the geometry. However, the different characterizations
of global hyperbolicity provided have independent value.

2.2.1 Geometry and global hyperbolicity. In Chapter 10 we remind the reader of
basic differential geometry and Lorentz geometry. In particular, we write down Stokes’
theorem, derive a divergence theorem that will be of use in proving uniqueness, fix our
conventions concerning tensors and curvature, and write down an expression for the
Ricci curvature in local coordinates which will be the basic starting point for prov-
ing local existence of solutions to Einstein’s equations. Furthermore, we recall the
basic causality concepts such as I˙.A/, J˙.A/, D˙.A/, etc., as well as the strong
causality condition and the concepts of global hyperbolicity, Cauchy hypersurface,
etc. In particular, we say that a Lorentz manifold is globally hyperbolic if the strong
causality condition holds at each of its points and if, for each pair p < q, the set
J.p; q/ D JC.p/ \ J�.q/ is compact. This definition may seem a bit technical.
However, Lorentz manifolds satisfying this definition have an important property; if
there is a causal curve from p to q, then there is a length maximizing causal geodesic
from p to q.

In Chapter 11 we relate global hyperbolicity to the existence of a smooth spacelike
Cauchy hypersurface, and draw some related conclusions. We start by proving that if
there is a smooth spacelike Cauchy hypersurface† in a Lorentz manifold .M; g/, then



2.2. Geometry, global hyperbolicity and uniqueness 13

M is diffeomorphic to R �†. The reason for this is that there is a complete timelike
vector field on M , assuming that M is time orientable. Using the flow of this vector
field and the properties of Cauchy hypersurfaces, we deduce the desired conclusion.
We then give a proof of a result of Geroch stating that a globally hyperbolic Lorentz
manifold has a Cauchy hypersurface. The idea of the proof is as follows. First one
defines a “nice” measure on the spacetime, say �, such that the total volume of the
spacetime is 1. Then one defines

f˙.p/ D �ŒJ˙.p/�; t.p/ D ln
f�.p/
fC.p/

:

Using the global hyperbolicity of the spacetime, one can argue that t is a continuous
function such that its range is R along any inextendible causal curve. Furthermore, it
is strictly increasing along any causal curve. As a consequence, all the level sets of t
are acausal topological Cauchy hypersurfaces.

After the presentation of the proof of the theorem of Geroch, we describe some of
the results of [4], [5], [6]. In particular, we prove that if .M; g/ is a globally hyperbolic
Lorentz manifold, there is a smooth function 	 onM whose gradient is everywhere past
directed timelike and which has the property that 	 B
.s/ ! ˙1 as s ! t˙, assuming
that 
 W .t�; tC/ ! M is a future directed inextendible causal curve. Thus, each level
set of 	 is a smooth spacelike Cauchy hypersurface. By the above observation, one can
then draw the conclusion thatM is diffeomorphic to R�†where† is one of the smooth
spacelike Cauchy hypersurfaces. We also give a proof, following the papers mentioned
above, of the fact that given a smooth spacelike Cauchy hypersurface † in M , there
is a function 	 which, in addition to the properties mentioned above, has the property
that 	�1.0/ D †. We end the chapter by making some auxiliary observations that are
of interest in the discussion of constant mean curvature hypersurfaces, cf. Chapter 18.

2.2.2 Uniqueness. In Chapter 12 we consider, among other things, equations of the
form

�guCXuC �u D 0 (2.16)

on a globally hyperbolic Lorentz manifold. Here �g is the wave operator associated
with the metric g, X is an N � N matrix of vector fields on M and � is an N � N
matrix of smooth functions on M . Assuming � to be a subset of a spacelike Cauchy
hypersurface†, u to solve the equation (2.16), and u and its normal derivative to vanish
in �, we prove that u D 0 in D.�/. This is the geometrically natural formulation of
uniqueness. Let us give an outline of the argument in the case of Minkowski space.
Let p 2 DC.�/. Then D D J�.p/ \ JC.†/ is given by the triangle, depicted in
Figure 2.1, and its interior, in the case of 2-dimensional Minkowski space (assuming
p D .1; 0/ and † to be the Cauchy hypersurface defined by t D 0). By assumption,
the initial data are zero at the base of the triangle, and we wish to prove that the solution
vanishes inside the triangle. One way of doing so is to consider the set of points q
to the past of p such that q � p is a timelike vector of squared length c < 0. Let
us call this set Qc and let Dc D J�.Qc/ \ JC.†/. One such set Dc is depicted
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Figure 2.1. The geometric setup for proving uniqueness.

in Figure 2.1; it is the region below the hyperbola and above the base of the triangle.
The point is that the closure of the union of the Dc for c < 0 coincides with D. In
other words, it is enough to prove that the solution vanishes inDc for every c < 0. To
achieve this goal, one constructs a suitable vector field, defined using the solution, and
integrates the divergence of this vector field overDc . One then argues that the part of the
boundary at the base does not yield any contribution to the resulting boundary integral
(since the data are zero at the base), that the contribution from the part of the boundary
associated withQc \JC.†/, i.e. the hyperbola depicted in Figure 2.1, is non-positive
and that the divergence of the vector field is bounded from below by a positive constant
times juj2. This leads to the conclusion that both the boundary and the bulk terms
have to vanish, so that u D 0 in Dc . In the case of a general Lorentz manifold, the
situation is of course somewhat more complicated, but the basic idea is the same if one
restricts one’s attention to suitable convex neighbourhoods. However, there are several
technical observations needed in order to make sense of the ingredients, and this is the
starting point of Chapter 12. To go from these local observations, relevant in a convex
neighbourhood, to global results, requires some additional technical observations. To
prove existence of solutions to tensor wave equations is then, given the uniqueness result
and the existence results concerning linear wave equations, quite straightforward.

2.3 General relativity

The general relativity part of these notes contains a proof of the fact that there is a
maximal globally hyperbolic development of initial data to Einstein’s equations. This,
of course, constitutes the main goal, but we also include a detailed proof of Cauchy
stability in the case of Einstein’s equations. The latter result is of interest in various
contexts. Say, for the sake of argument, that we wish to prove future global non-linear
stability of a certain class of spatially homogeneous spacetimes. Say, furthermore, that
all the spacetimes in this class have future asymptotics such that we have a stability
result which is valid starting at a late enough hypersurface of spatial homogeneity. The
only thing missing in order for us to be allowed to go from the statement that small
neighbourhoods of the initial data at a late enough hypersurface of spatial homogeneity



2.3. General relativity 15

yield future causally geodesically complete spacetimes, to the statement that small
neighbourhoods of the initial data at an arbitrary hypersurface of spatial homogeneity
yield future causally geodesically complete spacetimes is Cauchy stability. Another
example of the use of Cauchy stability is given by an elementary application to the
so-called Bianchi IX vacuum spacetimes, cf. the last part of these notes. These are
the maximal globally hyperbolic developments that result by specifying left invariant
vacuum initial data on the 3-dimensional unimodular Lie group SU.2/. Due to a result
of Lin and Wald, cf. [56], all these spacetimes recollapse, i.e., they are future and past
timelike geodesically incomplete (we shall devote Chapter 21 to a proof of this fact).
Furthermore, in each of them, there is one Cauchy hypersurface on which the trace of
the second fundamental form has one sign and another on which it has the opposite
sign. By Cauchy stability, one concludes that there is an open set of initial data such that
the same holds for the corresponding maximal globally hyperbolic developments. As a
consequence of Hawking’s theorem, cf. Theorem 55A, p. 431 of [65], this implies that
these developments recollapse. Thus, given Bianchi IX vacuum initial data, there is an
open neighbourhood of these data that have recollapsing maximal globally hyperbolic
developments (for a detailed proof, see Chapter 21). However, there is one point that
should be kept in mind in this context, and that is the fact that for the above arguments
to make sense, one has to prove the existence of initial data close to the specified
Bianchi IX vacuum initial data.

2.3.1 Constraint equations and local existence. We begin Chapter 13 by writing
down Einstein’s equations. As mentioned above, we shall restrict our attention to
matter models of non-linear scalar field type. The idea of the initial value formulation
of Einstein’s equation is that the initial data should correspond to the metric, second
fundamental form, scalar field and normal derivative of the scalar field induced on
a spatial hypersurface in the spacetime one wishes to construct. This perspective
immediately leads to the problem that the initial data cannot be specified freely; they
have to satisfy certain equations that are referred to as the constraint equations. In
Section 13.2, we derive these equations from the Gauß and Codazzi equations, cf. [65].
After that, we proceed to the question of gauge choices. In coordinates, the Ricci tensor
takes the form

R�� D �1
2
g˛ˇ@˛@ˇg�� C r.�
�/ C g˛ˇg�ı Œ
˛��
ˇı� C 
˛��
ˇ�ı C 
˛��
ˇ�ı �;

cf. (10.13). Here,


˛ˇ� D 1

2
Œ@˛g�ˇ C @�g˛ˇ � @ˇg˛� �; 
�˛� D g�ˇ
˛ˇ�

are the Christoffel symbols and we have used the notation

r�
� D @�
� � 
˛��
˛; r.�
�/ D 1

2
.r�
� C r�
�/

and

˛ D g��
�˛� :
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Unfortunately, in coordinates, the Ricci tensor, considered as a differential operator
acting on the metric, is not hyperbolic. Due to the diffeomorphism invariance, hyper-
bolicity is, however, of course not to be expected. To overcome this problem, we shall
use an idea from [41]. The problematic term in the above expression for the Ricci
tensor is the second one, r.�
�/. The reason for this is that the first term is a perfectly
good hyperbolic differential operator acting on the metric and the last term, consisting
of the sum of the products of the Christoffel symbols, only involves first derivatives
of the metric. In other words, if the second term were absent, we would not have any
problems. For this reason, the idea is to replace the Ricci tensor in the equations with

yR�� D R�� C r.�D�/;

where
D� D F� � 
�;

cf. (14.4). The object F� is referred to as a gauge source function and it is allowed
to depend on the metric and the spacetime coordinates but not on the derivatives of
the metric. Then yR�� , considered as a differential operator acting on the metric, is
hyperbolic. As far as local existence is concerned, the particular choice of gauge
source function is not of any fundamental importance, but some choices are more
convenient than others. In particular, there are choices of F� such that D� becomes
the components of a tensor, which is quite convenient. The resulting equations are then

yR�� � r��r�� � 2

n � 1V.�/g�� D 0; (2.17)

r�r�� � V 0.�/ D 0: (2.18)

Note that only certain components of the metric and the time derivative of the metric
are specified by the initial data. When setting up initial data for the modified system,
there is thus an additional freedom. However, there is also a problem. We now have a
system which we can solve, but the relation of this system to the one we are interested
in is not so clear. The point is that (2.17)–(2.18) imply a wave equation for D�, so
that if we can set up the initial data in such a way that the initial data for D� are zero,
we obtain a solution to the original problem. In part this is achieved by the above
mentioned freedom; it leads to the possibility of ensuring that D� D 0 originally.
However, to ensure that the normal derivative of D� vanishes originally, the constraint
equations are needed. To sum up, the problem of local existence is reduced to the
problem of solving (2.17)–(2.18) for correctly set up initial data, and this is a problem
which essentially reduces to the type of non-linear wave equations we have already
considered in these notes.

It is of interest to note that this argument is essentially the same as the original one
by Choquet-Bruhat [39]; the only difference is that she used the gauge source function
F� D 0. This choice is referred to as wave coordinates and is sometimes useful even for
global problems, cf. [57], [58]. It is also of interest to note that the same kind of problem
that arose above appears in the context of the Ricci flow and the context of Cheeger–
Gromov convergence/collapse theory. In both these settings it would be convenient if
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the Ricci tensor were an elliptic operator acting on the metric. However, this is not
true, and in the former case this problem is overcome by considering a modified system
and in the latter it is overcome by the introduction of harmonic coordinates.

In view of the above observations, the proof of local existence of solutions to
Einstein’s equation is straightforward. However, in the proof of the existence of a
maximal globally hyperbolic development of initial data, there is one fact which is
needed and which in the end turns out to be more complicated to prove than one
might expect. We need to know that two developments are extensions of a common
development. In order to be able to prove this, one has to construct the common
development, which is not so complicated, and to prove the existence of an isometry
from the common development into the two developments with which one started. The
problem is that the construction of the isometry is rather technical.

2.3.2 Cauchy stability. We begin the chapter on Cauchy stability by introducing
Sobolev spaces on manifolds. After that, we introduce the class of background solu-
tions we shall be considering and prove Cauchy stability. Note that comparing two
developments of different initial data by necessity has a non-canonical element to it.
The reason for this is that in order to be able to make the comparison, one needs to
choose a diffeomorphism from a subset of one development into the other and pull
back the metric and scalar field using this diffeomorphism. However, as far as the type
of practical applications mentioned above are concerned, this is not a major problem.

The actual proof of Cauchy stability is quite long. The reason for this is that setting
up the initial data, describing the geometric set up, and writing down all the technical
details requires some time. The length is thus not caused by any fundamental difficulty.

2.3.3 Existence of a maximal globally hyperbolic development. In Chapter 16 we
prove the theorem that motivates these notes. We begin by introducing the material
from set theory that is needed and then define the concept of a maximal globally
hyperbolic development. The proof, by and large, follows the arguments of [10] and is
in part based on a Zorn’s lemma type argument. However, it should be noted that the
Zorn’s lemma part only gives a maximal element. The hard and important part of the
proof is to show that this maximal element is an extension of every globally hyperbolic
development.

2.4 Pathologies, strong cosmic censorship

The last part of these notes consists of a study of the maximal globally hyperbolic
developments (MGHD’s) corresponding to left invariant vacuum initial data on uni-
modular Lie groups. However, in the process we also prove some general results,
such as uniqueness of constant mean curvature hypersurfaces in globally hyperbolic
and spatially compact Lorentz manifolds satisfying the timelike convergence condi-
tion. One motivation for the study is the following question: are there initial data for
Einstein’s equations such that the MGHD is extendible? The answer to this question
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is yes. In fact, as we shall show, there are left invariant vacuum initial data on SU.2/
(a unimodular Lie group) such that the corresponding MGHD has two extensions which
are inextendible, and in this sense maximal but not isometric. The fact that there are
inequivalent maximal extensions means that the initial data do not uniquely determine
a maximal development. In this sense, the general theory of relativity is not deter-
ministic. Nevertheless, the known examples are such that one is naturally led to the
so-called strong cosmic censorship conjecture (SCC), stating that for generic initial
data, the MGHD is inextendible. To hope to prove this conjecture in all generality is
not realistic at this time. A more realistic problem would be to consider the same ques-
tion in classes of initial data satisfying a given symmetry condition. In Section 17.2
we briefly describe some such results, the motivation being to illustrate some of the
techniques and different notions of inextendibility and genericity that have been used.
In later chapters we consider the question of extendibility of the MGHD in the class
of vacuum initial data on unimodular Lie groups. In fact, we characterize the initial
data for which the Kretschmann scalar, R˛ˇ�ıR˛ˇ�ı , is unbounded in the incomplete
directions of causal geodesics in the corresponding MGHD (in which case the MGHD
is inextendible) and, in the remaining cases, explicitly construct extensions. How-
ever, in the case of the Lie groups SU.2/ and zSL.2;R/, the universal covering group of
SL.2;R/, we shall in part refer to the research papers for the analysis of the asymptotics
of the relevant ODE’s.

In Chapter 17 we sketch the proof of the existence of inequivalent extensions and
give a more complete outline of the contents of the last part of these notes.



Part I

Background from the theory of partial differential
equations





3 Functional analysis

The goal of the PDE part of these notes is to prove that there is uniqueness and local
existence of solutions to non-linear wave equations, given initial data. The proof of
local existence is based on the construction of a sequence of approximate solutions
and a proof of the fact that the sequence converges to a solution to the equation of
interest. The approximate solutions are obtained by solving linear wave equations, and
consequently, it is necessary to be able to solve such equations. As we mentioned in the
outline, we shall prove the existence of solutions to linear wave equations by reducing
the problem to that of solving linear symmetric hyperbolic equations. The essential
step in the resolution of the latter problem is to use energy estimates together with the
Hahn–Banach theorem in order to obtain a solution, in a weak sense, in the dual of a
function space of the form L1.Œ0; T �; X/, where X is a Hilbert space. In the end, X
will be a Sobolev space corresponding to a negative number of derivatives. In order for
this information to be useful, it is necessary to identify what the dual of L1.Œ0; T �; X/
is when X is a complex Hilbert space, and that is the purpose of the present chapter.
Before characterizing the dual, it is necessary to give a definition of what is meant by
L1.Œ0; T �; X/, something we provide in Section 3.1. In Section 3.2, we then prove
that the dual ofL1.Œ0; T �; X/ isL1.Œ0; T �; X/whenX is a separable complex Hilbert
space.

3.1 Measurability

We shall be interested in function spaces of the form Lp.S;H/, where H is a Hilbert
space. We thus need to define the concept of measurability for a function f W S ! H .
We shall use the terminology of [86], p. 130.

Definition 3.1. Let .S;A; m/ be a measure space and x W S ! X , whereX is a Banach
space. Then x is said to be weakly measurable if f Œx.s/� defines an A-measurable
function for every f 2 X�. The function x is said to be finitely-valued if it is constant
¤ 0 on a finite number of disjointAj 2 A withm.Aj / < 1 and x D 0 on S �Sj Aj .
The function x is said to be strongly measurable if there exists a sequence of finitely-
valued functions converging pointwise to x m-almost everywhere on S .

Remark 3.2. We shall take for granted that all measure spaces are complete, meaning
that all subsets of measurable subsets with measure zero are measurable.

We have two different concepts of measurability, but in the end we shall only be
interested in � -finite measure spaces and separable Banach spaces, for which the two
concepts are equivalent, cf. p. 131 of [86]. For the sake of completeness, we include
a proof in the Appendix, cf. Theorem A.1. Recall that a Banach space is said to be
separable if it contains a countable dense subset. A measure space .S;A; m/ is said
to be � -finite if there is a sequence An 2 A, n D 1; 2; : : : ; such that m.An/ < 1 andS
nAn D S .
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It is of interest to note that, under the above assumptions, if fxng is a sequence
of strongly measurable functions converging a.e. to a function x, then x is strongly
measurable. The reason is that if f 2 X�, then f B xn is measurable and converges
a.e. to f B x. By standard measure and integration theory, f B x is measurable, so
that x is weakly and thus strongly measurable. Note that if x W S ! X is strongly
measurable, then kxkX is a measurable function from S to R. Thus the following
definition makes sense.

Definition 3.3. Let .S;A; m/ be a � -finite measure space, letX be a separable Banach
space and let x W S ! X be a strongly measurable function. For 1 � p < 1, we say
that x 2 Lp.S;X/ if kxkpX is integrable and we write

kxkp D
�Z

S

kx.s/kpX dm
�1=p

:

If kxkX is essentially bounded, we say that x 2 L1.S;X/ and write

kxk1 D ess sup
s2S

kx.s/kX :

We defineLp.S;X/ to be the set of equivalence classes of elements of Lp.S;X/, two
elements being equivalent if the set on which they differ has measure zero.

Remark 3.4. The objects k�kp are norms onLp.S;X/, the argument being the same as
when the functions are real-valued. ThatLp.S;X/ are Banach spaces with these norms
for 1 � p � 1 follows by an argument that is identical to the proof of Theorem 3.11
of [79]; all one needs to do is to replace j � j by k � kX .

3.2 Dualities

Proposition 3.5. Let T > 0 and

Xn D L1fŒ0; T �;Cng; Yn D L1fŒ0; T �;Cng;
where we take the standard norm for Cn in the definition of the norm for these spaces.
Furthermore, for f 2 Xn, g 2 Yn, let

hf; gi D
Z T

0

f .t/ � Ng.t/ dt:

Given F 2 X�
n , there is a g 2 Yn such that

F.f / D hf; gi (3.1)

for all f 2 Xn, and
kF kX�

n
D kgkYn

: (3.2)
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Proof. Let ej 2 Cn be the vector whose j th component is 1 and all of whose other
components are zero. Let Z D L1.Œ0; T �;C/. Note that for every j D 1; : : : ; n,

Fj .f / D F.fej /

defines an element of Z�. By Theorem 6.16 of [79], there is a gj 2 L1.Œ0; T �;C/
such that for all f 2 Z,

Fj .f / D
Z T

0

fgj dt:

Let

g D
nX

jD1
Ngj ej :

Then (3.1) holds. However, we do not get the optimal result (3.2) as far as the norms
are concerned. The equality (3.1) immediately gives the inequality kF kX�

n
� kgkYn

.
If kgkYn

D 0, we are thus done, so assume not. For 0 < " < kgkYn
, let A" be the

subset of Œ0; T � such that jg.t/j � kgkYn
� ". Then �.A"/ > 0 and we can define

f" D 1

�.A"/

g.t/

jg.t/j�A"
:

Note that this function is measurable and that

kf"kXn
D 1:

Adding up the above observations, (3.1) yields that

kF kX�
n

� jhf"; gij � kgkYn
� ":

Since this is true for any " > 0, we conclude that (3.2) holds. �

Proposition 3.6. Let H be an infinite dimensional, separable complex Hilbert space
with inner product . � ; � /. Let T > 0 and

X D L1fŒ0; T �;H g; Y D L1fŒ0; T �;H g;
where we take the standard norm forH in the definition of the norm for these spaces,
and define, for f 2 X , g 2 Y ,

hf; gi D
Z T

0

.f .t/; g.t// dt:

Given F 2 X�, there is a g 2 Y such that F.f / D hf; gi holds for all f 2 X .
Furthermore

kF kX� D kgkY : (3.3)
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Remark 3.7. As a consequence of the strong measurability of f and g, it is clear
that .f .t/; g.t// defines a measurable function, which is furthermore bounded by an
integrable function.

Proof. Since H is separable, it has a countable ON basis feig, i D 1; 2; : : : , see
Lemma A.7. We can define an element FN of X�

N , cf. the terminology of the previous
proposition, by

FN .f / D F
� NX
iD1

fiei

	
:

We obtain an hN 2 YN such that

FN .f / D
Z T

0

f � NhN dt

for all f 2 XN . If we let

gN D
NX
iD1

hN;iei ;

this equality reads
F.f / D hf; gN i (3.4)

for all f 2 ZN , where

ZN D ˚PN
jD1 fj ej W f 2 XN



;

and we take it to be understood that fj are the components of f . Furthermore,

kgN kY D
���� NX

iD1
jhN;i j2

	1=2���1 � kF kX� : (3.5)

Note that if i � N1 � N2, then hN1;i D hN2;i a.e. due to (3.4) and an argument similar
to the one given at the end of the previous proposition. Thus we can define hi D hN;i
for any i � N . What remains to be proved is that the definition

g D
1X
iD1

hiei

makes sense, that F.f / D hf; gi and that (3.3) holds. Since we have (3.5), we can
redefine hi on a set of measure zero in order that

NX
iD1

jhi .t/j2 � kF k2X�



3.2. Dualities 25

for all t 2 Œ0; T � and all N . For a fixed t , the left-hand side is an increasing sequence
of numbers. Consequently, for every t 2 Œ0; T �,

1X
iD1

jhi .t/j2 � kF k2X� (3.6)

and the left-hand side is an absolutely convergent series. The sequence of functions

gN .t/ D
NX
iD1

hi .t/ei

is consequently a Cauchy sequence in H for every fixed t . Let us call the limit
g.t/. Note that it is strongly measurable, that kgkY � kF kX� due to (3.6) and that
.g.t/; ei / D hi .t/. We need to prove that F.f / D hf; gi holds. If f 2 ZN , we have

hf; gi D hf; gN i D F.f /: (3.7)

For f 2 X , let us define

fN .t/ D
NX
iD1
.f .t/; ei /ei :

Note that fN ! f pointwise and that kfN kX � kf kX , cf. Lemma A.7 and its proof.
Let us define

rN .t/ D k.f � fN /.t/kH ;
which converges to zero pointwise and is bounded by 2kf .t/kH . By Lebesgue’s
dominated convergence theorem, we conclude that rN converges to zero in the space
L1.Œ0; T �/, so that fN ! f in X . Since both the left- and right-hand sides of (3.7)
define elements of X� and the equality holds for fN , we conclude that equality holds
for f . Since the equality proves that kF kX� � kgkY and we already have the opposite
inequality, the last statement of the proposition follows. �



4 The Fourier transform

Consider a solution u to the standard linear wave equation

� @2t uC�u D 0 (4.1)

on RnC1, where� is the standard Laplacian on Rn. Assuming u to be of a high enough
degree of regularity and to decay fast enough, one can define

Ek D 1

2

X
j˛j�k

Z
Rn

Œ.@˛@tu/
2 C jr@˛uj2� dx;

where r is the ordinary gradient on Rn. Furthermore, using (4.1) and integration
by parts, one obtains the conclusion that the time derivative of Ek is zero. As a
consequence, it is clear that a regularity of the initial data corresponding to kC1 spatial
derivatives ofu inL2 andk spatial derivatives of @tu inL2 is preserved by the evolution.
Consequently, it is natural to consider initial data with this degree of regularity. In the
case of a non-linear wave equation,Ek need of course not be conserved. However, it is
possible to bound it in a neighbourhood of the starting time if it is bounded originally,
assuming k to be large enough. It is natural to ask what happens if one specifies
initial data such that, say, u is k C 1 times continuously differentiable and @tu is k
times continuously differentiable originally. That this degree of regularity need not be
preserved is illustrated by (1.6) and (1.7) on p. 5 of [82] and by Theorem 1.1 on p. 6
of [82]. In other words, due to the properties of the wave equation, it is more natural
to consider functions with the property that up to k derivatives of it are bounded in L2

than functions with the property that up to k derivatives of it are bounded in L1.
The proof of local existence of solutions to non-linear wave equations is based on

the construction of a Cauchy sequence of approximate solutions, and so, in order to
prove convergence (and thereby existence of solutions to the non-linear problem), it is
necessary to have complete function spaces. In other words, instead of considering k
times continuously differentiable functions u with the property that

kukHk D
� X

j˛j�k

Z
Rn

.@˛u/2 dx
	1=2

(4.2)

is bounded, it is necessary to take the completion of this space with respect to the norm
k � kHk . This leads to the introduction of the Sobolev space H k.Rn/, something we
shall discuss in detail in the following chapter.

The above discussion illustrates that in connection with the study of solutions to
(4.1) and to related equations, Sobolev spaces appear naturally. However, one is often
interested in obtaining solutions that are k times continuously differentiable or even
smooth. In that context, it is of interest to ask if it is possible to relate Sobolev
space regularity to classical differentiability. It turns out that this is possible; there
is an inequality which goes under the name of Sobolev embedding which says that if
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u 2 H k.Rn/, then u is l times continuously differentiable assuming k > l C n=2,
cf. Theorem 6.5. There are many ways of proving this inequality, but the easiest one
is via the Fourier transform; using the Fourier inversion formula (4.9) and Hölder’s
inequality, one obtains

ju.x/j D
ˇ̌̌̌

1

.2�/n

Z
Rn

eix�� Ou.�/ d�
ˇ̌̌̌

� 1

.2�/n

�Z
Rn

.1C j�j2/�k d�
�1=2�Z

Rn

.1C j�j2/kj Ou.�/j2 d�
�1=2

� Ck

�Z
Rn

.1C j�j2/kj Ou.�/j2 d�
�1=2

for some constant Ck , assuming that k > n=2. Using the basic properties of the
Fourier transform, such as Parseval’s identity and that fact that, disregarding constants,
multiplication by �j on the Fourier side corresponds to differentiation with respect
to xj on the function side, one can conclude that�Z

Rn

.1C j�j2/kj Ou.�/j2 d�
�1=2

� CkkukHk

for some constant Ck > 0. Combining the above two inequalities, one obtains the
simplest version of Sobolev embedding. In the proof of Theorem 6.5, we provide the
details of the argument.

The main purpose of the present chapter is to provide enough information con-
cerning the Fourier transform to make it possible to carry out the above argument. In
Section 4.1, we introduce the class of Schwartz functions, a class which is particularly
convenient to use; the class of smooth functions with compact support is, for instance,
inappropriate since it is not preserved by the Fourier transform. In the end it turns
out that the Fourier transform is a homeomorphism of the class of Schwartz functions
to itself. In Section 4.1, we also define the Fourier transform and prove that it is a
continuous map from the Schwartz class to itself. In Section 4.2, we then prove the
Fourier inversion formula as well as Parseval’s formula.

The main references for this chapter are [45] and [49].

4.1 Schwartz functions, the Fourier transform

Before defining the Fourier transform and writing down its basic properties, it is natural
to define the set of Schwartz functions.

Definition 4.1. The Schwartz class �.Rn/ is the set of f 2 C1.Rn;C/ (i.e., smooth,
complex-valued functions) such that for every pair of multiindices ˛ and ˇ, there is a
real constant C˛;ˇ such that

jx˛@ˇf .x/j � C˛;ˇ (4.3)

for all x 2 Rn.
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Remark 4.2. Concerning the notation and the concept of a multiindex we refer the
reader to Section A.1.

Note that in the above definition, we use the notation

x˛ D .x1/˛1 : : : .xn/˛n

for x 2 Rn and a multiindex ˛. For multiindices ˛; ˇ and f 2 �.Rn/, let us define

p˛;ˇ .f / D sup
x2Rn

jx˛@ˇf .x/j:

These objects are seminorms meaning that they are real-valued and that

p˛;ˇ .f C g/ � p˛;ˇ .f /C p˛;ˇ .g/

p˛;ˇ .zf / D jzjp˛;ˇ .f /
for all f; g 2 �.Rn/ and all z 2 C. Since the set of pairs of multiindices is countable,
we can think of these seminorms as being indexed by the positive integers, and we shall
write pi . For f; g 2 �.Rn/, let us define

d.f; g/ D
1X
kD1

2�k pk.f � g/
1C pk.f � g/ : (4.4)

Lemma 4.3. The function d given by (4.4) defines a metric on �.Rn/.

Remark 4.4. In fact, �.Rn/ with the metric d is a Fréchet space, meaning that it is
a topological vector space, cf. [80], that the metric is complete, translation invariant,
i.e. d.f C h; g C h/ D d.f; g/, and that there is a local base for the topology whose
members are convex. A local base is a collection B of neighbourhoods of the origin
such that every neighbourhood of the origin has to contain a member of B (in our
setting the origin is the function 0). These facts will however not be of any relevance
to us. We refer the reader interested in a more complete discussion of these aspects
to [80].

Proof. Note that p0;0.f � g/ D 0 implies f D g. The only non-trivial aspect of the
proof that d defines a metric is the triangle inequality. This follows from the fact that
x=.1C x/ is an increasing function for x > 0 and the inequality

x C y

1C x C y
� x

1C x
C y

1C y

which holds for all non-negative real numbers x and y. �

Let us define the Fourier transform.

Definition 4.5. Let f 2 �.Rn/. Define the Fourier transform of f , Of , by

Of .�/ D
Z

Rn

e�ix��f .x/ dx: (4.5)
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Since f is a Schwartz function, there is for every k a constant Ck such that

jf .x/j � Ck.1C jxj2/�k;

cf. (4.3). Consequently (4.5) makes sense. If f 2 �.Rn/, then Of is a smooth function
and one can differentiate under the integral sign. As a consequence,

@˛�
Of .�/ D

Z
Rn

.�ix/˛e�ix��f .x/ dx: (4.6)

By integration by parts, we also obtain

�˛ Of .�/ D
Z

Rn

i j˛j@˛x.e�ix��/f .x/ dx D
Z

Rn

e�ix��.�i/j˛j@˛xf .x/ dx: (4.7)

Combining these two observations, we have the following conclusion.

Lemma 4.6. If f 2 �.Rn/, then Of 2 �.Rn/ and the function F W �.Rn/ ! �.Rn/

defined by F .f / D Of is continuous.

Proof. Let ˛ and ˇ be multiindices and consider

�˛@
ˇ

�
Of D

Z
Rn

e�ix��.�i/j˛j@˛x Œ.�i/jˇ jxˇf � dx;

where we have used (4.6) and (4.7). We obtain

sup
�2Rn

j�˛@ˇ
�

Of j �
Z

Rn

.1C jxj2/�n dx sup
x2Rn

j.1C jxj2/n@˛x Œxˇf �j: (4.8)

The right-hand side is bounded since f 2 �.Rn/. Thus Of 2 �.Rn/. In order to
prove continuity, note that fn ! f with respect to d defined in (4.4) if and only if
pl.fn � f / ! 0 for all seminorms pl . By considering (4.8) with f replaced by
f � fn, we see that Ofn ! Of . �

4.2 The Fourier inversion formula

Our next goal is to prove that it is possible to invert the Fourier transform. In fact, we
wish to prove that for f 2 �.Rn/,

f .x/ D 1

.2�/n

Z
Rn

eix�� Of .�/ d�: (4.9)

Note that by arguments similar to ones given above, this relation defines a continuous
map from �.Rn/ to itself. After having proven (4.9), we can thus conclude that the
Fourier transform is a homeomorphism of �.Rn/ to itself. As a preparation for the
proof of (4.9), let us prove the following lemma.
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Lemma 4.7. Let f0 be defined by

f0.x/ D exp
�

� 1

2
jxj2

�
: (4.10)

Then
Of0.�/ D .2�/n=2 exp

�
� 1

2
j�j2

�
:

Proof. Note first that Z
Rn

f0.x/ dx D .2�/n=2: (4.11)

Compute

Of0.�/ D
Z

Rn

e�ix�� exp
�

� 1

2
jxj2

�
dx

D exp
�

� 1

2
j�j2

�Z
Rn

exp
�

� 1

2
.x C i�/ � .x C i�/

�
dx

Note that Z
Rn

exp
�

� 1

2
.x C i�/ � .x C i�/

�
dx

D
nY

jD1

Z 1

�1
exp

�
� 1

2
.xj C i�j / � .xj C i�j /

�
dxj :

Each factor on the right-hand side is an integral in the complex plane, and by standard
methods of complex analysis, we are allowed to shift the contour t C i�j , t 2 R, to
the real axis. By (4.11), we obtain the result. �

Due to Lemma 4.7, we conclude that (4.9) holds for f D f0 (in order to obtain
this conclusion we have used the fact that f0.x/ D f0.�x/). Let us prove (4.9) in all
generality.

Theorem 4.8. For all f 2 �.Rn/, we have (4.9).

Proof. Assume first that f .0/ D 0. Then

f .x/ D
Z 1

0

d

dt
Œf .tx/� dt D

X
j

xj
Z 1

0

.@jf /.tx/ dt D
X
j

xjgj .x/

for some gj 2 C1.Rn;C/, j D 1; : : : ; n. Let � 2 C1
0 .R

n/ equal 1 on xB1.0/. We
can then write

f .x/ D �.x/f .x/C Œ1 � �.x/�f .x/ D
X
j

xj�.x/gj .x/C
X
j

xj
xj Œ1 � �.x/�f

jxj2 :
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Note that

�gj ;
xj Œ1 � �.x/�f

jxj2
are both in �.Rn/. Thus, there are hj 2 �.Rn/, j D 1; : : : ; n, such that

f D
X
j

xjhj :

By Fourier transforming this equality and using (4.6), we obtain

Of .�/ D
X
j

i@�j
Ohj :

Evaluating the right-hand side of (4.9) at 0, we have

.2�/�n
Z

Rn

Of .�/ d� D .2�/�n
Z

Rn

X
j

i@�j
Ohj .�/ d� D 0:

Since the left-hand side of (4.9) vanishes at 0 by assumption, we conclude that (4.9)
holds at x D 0 for all functions f such that f .0/ D 0. Let f 2 �.Rn/ be arbitrary
and decompose

f D f .0/f0 C .f � f .0/f0/;
where f0 is defined in (4.10). Since the second term vanishes at zero and since (4.9)
holds for f0, as was noted before the statement of the theorem, we obtain (4.9) for
x D 0 and arbitrary f 2 �.Rn/. In order to prove the equality for arbitrary x, let
x0 2 Rn and let g.x/ D f .x C x0/. By a change of variables, one can then compute
that

Og.�/ D eix0�� Of .�/:
Consequently,

f .x0/ D g.0/ D .2�/�n
Z

Rn

Og.�/ d� D .2�/�n
Z

Rn

eix0�� Of .�/ d�;

which proves (4.9) in all generality. �

Note that Z
Rn

Of h dx D
Z

Rn

f Oh dx; (4.12)

since both integrals equal Z
Rn

Z
Rn

f .x/h.�/e�ix�� d�dx;

after a change of the order of integration. Let us apply (4.12) to h and f , where

h.x/ D .2�/�n NOg.x/ D .2�/�n
Z

Rn

eix�� Ng.�/ d�:



32 4. The Fourier transform

Due to the Fourier inversion formula, we conclude that Oh D Ng. By applying (4.12), we
obtain

.2�/�n
Z

Rn

Of NOg d� D
Z

Rn

f Ng dx: (4.13)

This identity is referred to as Parseval’s formula, and it is a very useful tool. Let us for
instance apply it with f D g D @˛u, where u 2 �.Rn/. Since

b@˛u D i j˛j�˛ Ou;
due to (4.7), we obtain

.2�/�n
Z

Rn

�2˛j Ou.�/j2 d� D
Z

Rn

j@˛u.x/j2 dx:

In some sense, this equality allows us to relate the degree of differentiability of a
function with the rate of decay of its Fourier transform as j�j ! 1.



5 Sobolev spaces

For reasons mentioned in the introduction to the previous chapter, Sobolev spaces are
of central importance in the proof of local existence of solutions to non-linear wave
equations. The present chapter is concerned with establishing the basic properties of
such spaces. One way to define them is as the completion of the space of smooth
functions with compact support endowed with some suitable norm. However, this
perspective is somewhat more abstract than necessary. Another perspective is to first
define the concept of a weak derivative: u is said to be k times weakly differentiable
on Rn if, for every multiindex ˛ such that j˛j � k, there is a function u˛ such thatZ

Rn

u@˛� dx D .�1/j˛j
Z

Rn

u˛� dx

for all� 2 C1
0 .R

n/. To be precise, one of course has to specify to which function spaces
u and u˛ have to belong, cf. Definition 5.2. The question then arises to what extent
the weak derivative is well defined. In Section 5.1, we prove that two weak derivatives
corresponding to the same multiindex ˛ can at most differ on a set of measure zero.
Furthermore, we introduce the concept of a mollifier, which is an essential tool when
proving results such as the statement that smooth functions with compact support are
dense in the Sobolev spaces we define. The Sobolev spaceH k.Rn/ can then be defined
as the space of k times weakly differentiable functions, all of whose weak derivatives
are inL2.Rn/. The norm is defined by (4.2) if we interpret @˛u as the weak derivatives
of u. As a result, we obtain a less abstract definition. However, with such a definition,
it is not clear that the space is complete nor is it clear that the space of smooth functions
with compact support is dense in it. In Section 5.2, we give the formal definition of
some of the Sobolev spaces we shall be using, and we prove that they are complete and
that the smooth functions with compact support form a dense subset.

The Sobolev spaces we discussed above consisted of functions with a certain, non-
negative, number of weak derivatives in L2.Rn/. In the proof of existence of solutions
to linear symmetric hyperbolic systems, it is however necessary to consider Sobolev
spaces corresponding to a negative number of derivatives. There is no obvious classical
definition of this concept, but one can prove that the Sobolev spacesH k.Rn/mentioned
above (for k a non-negative integer) can be characterized as the space of functions u
such that their Fourier transform Ou has the property thatZ

.1C j�j2/kj Ou.�/j2 d� < 1: (5.1)

Furthermore, by taking the square root of the left-hand side, one obtains a norm equiv-
alent to the Sobolev space norm. Note that in the expression appearing on the left-hand
side of (5.1), there is no problem with replacing the non-negative integer k with any
real number s. Doing so leads to the Sobolev spaces H.s/.Rn/, defined for any real s.
For s < 0, we interpret these functions as having a negative number of derivatives in
L2.Rn/. Note, however, that how to define these spaces is not immediately obvious; if
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k � 0, then Ou is the Fourier transform of anL2 function assuming that (5.1) is satisfied,
but if k < 0, then this need not be the case. As a consequence, H.s/.Rn/ can not be
described as a space of functions. However, it is a space of temperate distributions,
a concept we define in the beginning of Section 5.3. Following the definition of this
concept, we define the spaces H.s/.Rn/ and analyze their basic properties. In particu-
lar, we prove estimates that will be of importance when deriving energy estimates for
a negative number of derivatives. The chapter ends with a proof of the exact form of
the duality we shall be using in the proof of existence of solutions to linear symmetric
hyperbolic systems.

5.1 Mollifiers

It will be of interest to approximate functions in e.g. Lp spaces by smooth functions
with compact support. We shall begin this section by developing the necessary tools.
Let � 2 C1

0 .R
n/ be a non-zero function such that �.x/ � 0 for all x. We refer the

reader to Section A.6 for a proof of the existence of such functions. By dividing the
function by its integral, we can assume that its integral is unity. Assume u 2 L1loc.R

n/,
i.e., assume that u W Rn ! R is measurable and that it is integrable when restricted to
any compact subset of Rn. Then we define, for any " > 0,

.J"u/.x/ D
Z

Rn

�".x � y/u.y/ dy;

where �".x/ D "�n�.x="/. Note that J"u is a smooth function and that

.J"u/.x/ � u.x/ D
Z

Rn

�".y/Œu.x � y/ � u.x/� dy;

since the integral of � is one. If u is continuous, we thus see that J"u�u converges to
zero uniformly on compact subsets of Rn as " ! 0. In particular, ifu is continuous with
compact support, the convergence is uniform. Note that if 1 < p < 1, u 2 Lp.Rn/
and 1=p C 1=q D 1,

j.J"u/.x/j �
Z

Rn

�1=q" .x � y/�1=p" .x � y/ju.y/j dy

�
�Z

Rn

�".x � y/ dy
�1=q�Z

Rn

�".x � y/ju.y/jp dy
�1=p

D
�Z

Rn

�".x � y/ju.y/jp dy
�1=p

;

(5.2)

where we have used Hölder’s inequality, cf. Lemma 6.3. Consequently,

kJ"ukp � kukp: (5.3)
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The same is true for p D 1 and p D 1, the argument being less involved. By a similar
argument,

kJ"u � ukLp �
�Z

Rn

Z
Rn

�".y/ju.x � y/ � u.x/jp dydx
�1=p

:

If we can prove that u. � � y/ converges to u in Lp as y ! 0, we can conclude that
J"u ! u inLp . Since continuous functions with compact support are dense inLp for
1 � p < 1, cf. Theorem 3.14 of [79], this is however not difficult to prove, assuming
that 1 � p < 1.

We shall need the following technical lemma.

Lemma 5.1. Let � � Rn be open and assume that u 2 L1loc.�/, i.e., that u W � ! R
is measurable and that u�K is integrable for every compact subset K � �. IfZ

�

u� dx D 0

for every � 2 C1
0 .�/, then u D 0 a.e.

Proof. Let Aj denote the subset of � on which ju.x/j � 1=j , let Kl be an increasing
sequence of compact subsets of� whose union is� and let Aj;l D Aj \Kl . If we let

vj;l.x/ D u.x/

ju.x/j�Aj;l
.x/;

cf. the terminology of Section A.1, then J"vj;l 2 C1
0 .�/ for " small enough. In fact

there is an "0 > 0 and a compact subset Kl;0 of � such that jJ"vj;l j � �Kl;0
for all

" � "0. Thus j.J"vj;l/uj � juj�Kl;0
, and the right-hand side is integrable. Choose

any sequence 0 < "i � "0 converging to zero. By the observations made prior to the
statement of the lemma and the fact that vj;l 2 Lp for any 1 � p < 1, we are allowed
to conclude that J"i

vj;l converges to vj;l with respect to anyLp norm, for 1 � p < 1.
Due to Theorem 3.12 of [79], we can conclude that there is a subsequence "ik such
that J"ik

vj;l converges to vj;l a.e. Since J"ik
vj;lu is bounded by an integrable function

and since it converges to juj�Aj;l
a.e. we can apply Lebesgue’s dominated convergence

theorem in order to conclude that

1

j
�.Aj;l/ �

Z
Aj;l

ju.x/j dx D lim
k!1

Z
�

.J"ik
vj;l/.x/u.x/ dx:

Since the right-hand side is zero by assumption, we conclude that the measure of the
union of all the Aj;l is zero. Since this union coincides with the set on which u is
non-zero, we conclude that u D 0 a.e. �

5.2 Weak differentiability, W k;p spaces

Let us define the concept of weak differentiability.
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Definition 5.2. A function u 2 L1loc.R
n/ is said to be k times weakly differentiable if

for every multiindex ˛ with j˛j � k there is a function u˛ 2 L1loc.R
n/with the property

that Z
Rn

u@˛� dx D .�1/j˛j
Z

Rn

u˛� dx (5.4)

for all � 2 C1
0 .R

n/. The functions u˛ are referred to as the weak derivatives of u.

Remark 5.3. If (5.4) holds with v˛ and u˛ on the right-hand side, then u˛ D v˛ a.e.,
cf. Lemma 5.1. We shall write @˛u instead of u˛ . Note that one can replace Rn with
any open subset � of Rn in the definition.

A locally integrable complex or vector-valued function is said to be weakly differ-
entiable if its components are. Let us give a first definition of Sobolev spaces.

Definition 5.4. Let 1 � p < 1 and let Wk;p.Rn;Cm/ denote the set of k times
weakly differentiable functions such that all the weak derivatives are in Lp.Rn;Cm/.
LetW k;p.Rn;Cm/ denote the set of equivalence classes of elements in Wk;p.Rn;Cm/,
two elements being equivalent if the set on which they differ has measure zero. For an
element u of Wk;p.Rn;Cm/, we define

kukW k;p D
� X

j˛j�k

Z
Rn

j@˛ujp dx
	1=p

: (5.5)

Remark 5.5. We can defineW k;p.Rn;Rm/ analogously, as well asW k;p.�;Cm/ for
any open subset � of Rn.

Lemma 5.6. Let 1 � p < 1 and let k � 0 be an integer. Then the object k � kW k;p

defined in (5.5) yields a norm onW k;p.Rn;Cm/ with respect to whichW k;p.Rn;Cm/

is a Banach space.

Proof. The only non-trivial aspect of proving that k � kW k;p is a norm is to prove that

kuC vkW k;p � kukW k;p C kvkW k;p

for u; v 2 W k;p.Rn;Cm/. If p D 1, this is clear, so let us assume 1 < p < 1. We
have

kuCvkp
W k;p �

X
j˛j�k

Z
Rn

j@˛ujj@˛.uCv/jp�1 dxC
X

j˛j�k

Z
Rn

j@˛vjj@˛.uCv/jp�1 dx:

Note that if we let q D p=.p � 1/,X
j˛j�k

Z
Rn

j@˛ujj@˛.uC v/jp�1 dx �
Z

Rn

� X
j˛j�k

j@˛ujp
	1=p� X

j˛j�k
j@˛.uC v/jp

	1=q
dx

� kukW k;p kuC vkp�1
W k;p ;
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where we have used Hölder’s inequality twice, cf. Lemma 6.3; in the first inequality
with respect to the counting measure and in the second inequality with respect to the
Lebesgue measure. We have a similar inequality for u replaced by v, and together
these inequalities yield the desired conclusion. In order to prove thatW k;p.Rn;Cm/ is
a Banach space, let us assume uj is a Cauchy sequence. Then all the weak derivatives
of uj converge in Lp so that for every multiindex ˛ with j˛j � k there is a u˛ 2
Lp.Rn;Cm/ such that @˛uj ! u˛ in Lp . Define u D u˛ for ˛ D 0. Due to the
definition of weak derivatives, it is clear that u is weakly differentiable and that u˛ are
the weak derivatives. �

The special case p D 2 yields a Hilbert space.

Definition 5.7. Let H k.Rn;Cm/ D W k;2.Rn;Cm/. For u; v 2 H k.Rn;Cm/, we
define

.u; v/ D
X

j˛j�k

Z
Rn

@˛u.x/ � @˛v.x/ dx: (5.6)

Remark 5.8. Note that H k.Rn;Cm/ is a complex Hilbert space with inner product
given by (5.6).

Lemma 5.9. The space C1
0 .R

n;Cm/ is dense in W k;p.Rn;Cm/ for 1 � p < 1.

Proof. Let u 2 W k;p.Rn;Cm/, let � 2 C1
0 .R

n/ be such that �.x/ D 1 for jxj � 1

and let �l.x/ D �.x=l/. That there is a function of this form is proved in Section A.6.
Inductively, one can see that �lu 2 W k;p.Rn;Cm/ with

@˛.�lu/ D
X
ˇ�˛

 
˛

ˇ

!
@˛�ˇ�l@ˇu;

cf. Section A.1 for conventions. Note that if ˇ ¤ ˛, then @˛�ˇ�l@ˇu converges to zero
pointwise everywhere and is bounded by a function in Lp . By Lebesgue’s dominated
convergence theorem it thus converges to zero in Lp . On the other hand �l@˛u con-
verges to @˛u by a similar argument. Thus �lu converges to u in W k;p.Rn;Cm/. In
other words, we can assume that u has compact support. If u has compact support, then
J"u is a smooth function with compact support. By the definition of weak derivatives,

@˛.J"u/.x/ D
Z

Rn

�".x � y/@˛u.y/ dy;

where we use the conventions and assumptions of the first section of the present chapter.
In order to prove the lemma, all we need to show is thus that J"u converges to u inLp .
This we already did prior to the statement of Lemma 5.1. �
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5.3 Temperate distributions, H s spaces

Definition 5.7 yields the Sobolev spaces H k where k is a non-negative integer. We
shall however need to use these spaces for k negative. In order to be able to define such
spaces, we need to introduce the concept of a temperate distribution.

Definition 5.10. A continuous linear form on �.Rn/ is called a temperate distribution.
The set of all temperate distributions is denoted � 0.Rn/.

A linear form u on �.Rn/ is a map from �.Rn/ to C such that

u.af C bg/ D au.f /C bu.g/;

for f; g 2 �.Rn/ and a; b 2 C. A temperate distribution is a special case of a
distribution, which is a continuous linear form onC1

0 .R
n;C/ endowed with a particular

topology (though one does not necessarily need to define this topology, cf. [49]).
We shall however only be interested in temperate distributions here. The reason for
introducing the concept of a temperate distribution is the desire to take the Fourier
transform.

Definition 5.11. If u 2 � 0.Rn/, the Fourier transform Ou of u is defined by

Ou.�/ D u. O�/
for every � 2 �.Rn/. We also define, for every � 2 �.Rn/,

@˛u.�/ D .�1/j˛ju.@˛�/:

Since the Fourier transform is a linear and continuous map from �.Rn/ to itself,
we conclude that Ou 2 � 0.Rn/. It is also clear that @˛u 2 � 0.Rn/. Let us consider a
special case. If u W Rn ! C is a measurable function such that for some real number s,
.1C jxj2/s=2u.x/ defines a function in L2.Rn;C/, then we can define U 2 � 0.Rn/ by

U.�/ D
Z

Rn

�udx: (5.7)

In this case, we shall abuse notation and identify U with u. Note that the type of
functions we are discussing here are locally integrable, so that if we could represent U
in (5.7) by two different functions u and v on the right-hand side, then u D v a.e. due
to Lemma 5.1. If u 2 �.Rn/, there are then two interpretations for Ou, either as the
Fourier transform of the associated temperate distribution or as the standard Fourier
transform. That these two different points of view are compatible is ensured by (4.12).
If u is a temperate distribution and all the derivatives of order � k are in L2.Rn;C/,
then u can be considered to be an element of H k.Rn;C/ and vice versa.

Let u 2 L2.Rn;C/. Due to Lemma 5.9, there is a sequence �l 2 �.Rn/ such that
�l ! u inL2. Due to (4.13), O�l is a Cauchy sequence so that it converges to a function
v 2 L2.Rn;C/. Furthermore, for  2 �.Rn/,

Ou. / D u. O / D
Z

Rn

u O dx D lim
l!1

Z
Rn

�l O dx D lim
l!1

Z
Rn

O�l dx D
Z

Rn

v dx;
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where we have used (4.12). In other words, Ou 2 L2.Rn;C/ and Ou D v, where v was
constructed above. Furthermore, we have (4.13) for elements of L2.Rn;C/. Finally,
let us note that if L� denotes the inverse Fourier transform of � for � 2 �.Rn/, then we
can define the inverse Fourier transform of a temperate distribution u by Lu.�/ D u. L�/.
In this way, we see that the Fourier transform defines an invertible map from � 0.Rn/ to
itself.

Definition 5.12. Let u 2 � 0.Rn/ and let s be a real number. We say that u 2 H.s/.Rn/
if Ou is a measurable function such that Ou.�/.1 C j�j2/s=2 is square integrable. If
u 2 H.s/.Rn/, we define

kuk.s/ D
�

1

.2�/n

Z
Rn

j Ou.�/j2.1C j�j2/s d�
�1=2

:

We define H.s/.Rn;Cm/ by demanding that the components be in H.s/.Rn/.

Note that H.s/.Rn;Cm/ is a complex Hilbert space with inner product

.u; v/ D 1

.2�/n

Z
Rn

Ou.�/ � NOv.�/.1C j�j2/s d�:

Furthermore,H.s/.Rn/ � H.t/.R
n/ for s � t , the identity map being a bounded linear

map, and H.0/.Rn/ D L2.Rn;C/. There is a canonical way of relating H.s/.Rn/ for
different s.

Definition 5.13. Letu 2 H.s/.Rn/ and let t be a real number. Then we define .1��/tu
to be the temperate distribution whose Fourier transform is given by .1C j�j2/t Ou.�/.
Consequently, .1 ��/tu is in H.s�2t/.Rn/.

Note that, for t 2 R,

k.1 ��/t=2uk.s�t/ D kuk.s/:
Thus .1��/t=2 is a bounded map with a bounded inverse fromH.s/.Rn/ toH.s�t/.Rn/.
Consequently,H.s/.Rn/ can be considered to be the image of the spaceL2.Rn;C/under
the map .1��/�s=2. By Lemma 5.9, �.Rn/ is dense inL2.Rn;C/ and since .1��/t
maps �.Rn/ into itself, we conclude that �.Rn/ is dense in H.s/.Rn/ for any real s.
Finally, let us note that if u 2 �.Rn/ and k is a non-negative integer, then .1 ��/ku

can be interpreted in two different ways. Either we interpret it as above or we interpret
it as a differential operator acting on u where � is the standard Laplacian. One can
check that these two interpretations yield the same result. In fact, for this conclusion
to hold it is enough that u 2 H 2k.Rn;C/.

It is of some interest to note that H.�s/.Rn/ is the dual of H.s/.Rn/ in the sense
that given f in the dual of H.s/.Rn/, there is a � 2 H.�s/.Rn/ such that

f . / D
Z

Rn

O NO� d�
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for all  2 H.s/.Rn/. The reason is that, given f as above, we can define an element
g of the dual of L2.Rn;C/ by

g. / D f Œ.1 ��/�s=2 �:

Due to Theorem 6.16 of [79] and (4.13), there is a � 2 L2.Rn;C/ such that

g. / D
Z

Rn

O NO�d�

for all  2 L2.Rn;C/. Thus, for  2 H.s/.Rn/ we obtain

f . / D
Z

Rn

O .1C j�j2/s=2 NO�d�:

We obtain the desired statement by letting � D .1 ��/s=2�.
Let us relate H.k/.Rn/ to H k.Rn;C/ when k is a non-negative integer. Note that

for �; 2 �.Rn/,X
j˛j�k

Z
Rn

@˛�@˛ N dx D 1

.2�/n

X
j˛j�k

Z
Rn

�2˛ O�.�/ NO .�/ d�;

where we have used (4.7) and (4.13). Since there are constants ci;k > 0, i D 1; 2 such
that

c1;k.1C j�j2/k �
X

j˛j�k
�2˛ � c2;k.1C j�j2/k

and since �.Rn/ is dense in H k.Rn;C/ and H.k/.Rn/, we conclude that if u 2
H k.Rn;C/, then u 2 H.k/.R

n/ and vice versa. Furthermore, there are constants
Ci;k > 0, i D 1; 2 such that for all u 2 H.k/.Rn/,

C1;kkuk.k/ � kukHk � C2;kkuk.k/;

i.e., the norms are equivalent.
The following result will be of interest.

Lemma 5.14. Let ˛ be a multiindex and s 2 R. Then there is a constant C depending
on ˛ and s such that for all f 2 �.Rn/,

k@˛f k.s�j˛j/ � Ckf k.s/: (5.8)

Due to the fact that �.Rn/ is dense inH.s/.Rn/, we conclude that @˛ can be extended
to be a bounded linear operator fromH.s/.R

n/ toH.s�j˛j/.Rn/.

Remark 5.15. If s � j˛j and f 2 H.s/.Rn/, @˛f is the ˛th weak derivative of f .
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Proof. Note that there is a constant C such that

j�˛j2.1C j�j2/s�j˛j � C.1C j�j2/s:
Consequently

k@˛f k2.s�j˛j/ D 1

.2�/n

Z
Rn

.1C j�j2/s�j˛jj�˛ Of .�/j2 d� � Ckf k2.s/;

and the lemma follows. �

Lemma 5.16. Assume u; v 2 H.s/.Rn/ and that ˛ is a multiindex with j˛j � s. Then
u and v are j˛j times weakly differentiable, @˛v; @˛u 2 L2.Rn;C/ and

.u; @˛v/L2 D .�1/j˛j.@˛u; v/L2 ; (5.9)

where

.u; v/L2 D
Z

Rn

u Nv dx:

Furthermore, if u; v 2 H.s/.R
n/, s � 0 and t � s, then .1 � �/t=2u; .1 � �/t=2v 2

L2.Rn;C/ and
..1 ��/t=2u; v/L2 D .u; .1 ��/t=2v/L2 : (5.10)

Proof. One can check the equalities for u; v 2 �.Rn/. Due to the fact that �.Rn/ is
dense in H.s/.Rn/, they then follow in general. �

We shall need the following lemma.

Lemma 5.17. Let u 2 �.Rn/ and assume � 2 C1.Rn;C/ is such that all its deriva-
tives are bounded. Then there is a constant C , depending on k and the sup norm of up
to jkj derivatives of �, such that

k�uk.k/ � Ckuk.k/:
Remark 5.18. Due to the assumptions, �u 2 �.Rn/.

Proof. For k � 0, this is clear due to the equivalence of the norms k � kHk and k � k.k/.
In order to prove that it holds for negative k, let us note that if u; v 2 �.Rn/, thenZ

Rn

u Nv dx D 1

.2�/n

Z
Rn

Ou NOv d� D 1

.2�/n

Z
Rn

.1C j�j2/k=2 Ou.1C j�j2/�k=2 NOv d�:
(5.11)

Applying Hölder’s inequality to this, we obtain that

sup
v2Ak

ˇ̌̌̌ Z
Rn

u Nv dx
ˇ̌̌̌

� kuk.k/;

where Ak D fv 2 �.Rn/ W kvk.�k/ � 1g. However, we can choose v 2 �.Rn/ to be
such that

Ov.�/ D .1C j�j2/k Ou.�/kuk�1
.k/;
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assuming kuk.k/ ¤ 0. Then kvk.�k/ D 1. Inserting this v in (5.11), we obtainZ
Rn

u Nv dx D kuk.k/:

For u ¤ 0, we thus obtain that

sup
v2Ak

ˇ̌̌̌ Z
Rn

u Nv dx
ˇ̌̌̌

D kuk.k/:

That this equality holds for u D 0 is quite clear as well. Assume that k is negative,
u; v 2 �.Rn/, that � is as in the statement of the lemma and computeˇ̌̌̌ Z

Rn

�u Nv dx
ˇ̌̌̌

� kuk.k/k N�vk.�k/ � Ckuk.k/kvk.�k/;

where we have used an argument similar to (5.11) in order to obtain the first inequality
and the fact that the result holds for k non-negative in order to obtain the second
inequality. Taking the supremum over v 2 Ak , we obtain the statement of the lemma.

�

Corollary 5.19. Let m and l be non-negative integers, ˛ be a multiindex with j˛j �
l Cm, u 2 �.Rn/ and f 2 C1.Rn;C/, where we assume f and all its derivatives to
be bounded. Then

kf @˛uk.�m/ � Ckuk.l/;
where the constant depends on m, l and a bound of @˛f for j˛j � m.

Proof. Combine Lemma 5.14 and 5.17. �

When we prove existence of solutions to non-linear wave equations, it will be of
interest to have the following interpolation inequality.

Lemma 5.20. Let s1 < s2 < s3 be real numbers and assume that u 2 H.s3/.R
n/.

Then if a; b 2 .0; 1/ are such that a C b D 1 and a is small enough, we have the
inequality

kuk.s2/ � kukb.s3/kuka.s1/:
In fact,

kuk.s2/ � kuk
s3�s2
s3�s1

.s1/
kuk

s2�s1
s3�s1

.s3/
:

Proof. Note that if s D ts1 C .1 � t /s3, thenZ
Rn

.1C j�j2/sj Ou.�/j2d� D
Z

Rn

Œ.1C j�j2/s1 j Ou.�/j2�t Œ.1C j�j2/s3 j Ou.�/j2�1�td�:

Applying Hölder’s inequality yields the desired estimate. �
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The point of the above lemma is that one can apply it to the following situation.
Say that ul is a bounded sequence in H.s3/.R

n/ and say that ul is a Cauchy sequence
in H.s1/.R

n/ where s1 < s3. Then we can use the above inequality to prove that ul
is a Cauchy sequence with respect to any H.s2/.R

n/ such that s1 < s2 < s3. By
an application of Fatou’s lemma, one can then conclude that the limit u is in fact in
H.s3/.R

n/. Finally, one can prove that ul converges to u with respect to the weak
topology on H.s3/.R

n/. In fact, let f be an element of the dual of H.s3/.R
n/. Then

there is a � 2 H.�s3/.Rn/ such that

f .v/ D
Z

Rn

Ov NO� d�

for all v 2 H.s3/.R
n/. Let  m 2 �.Rn/ converge to � with respect to H.�s3/.Rn/.

Then

f .ul/ � f .u/ D
Z

Rn

Oul. NO� � NO m/ d� C
Z

Rn

. Oul � Ou/ NO m d� C
Z

Rn

Ou. NO m � NO�/ d�:

Given " > 0, one can fix m, independent of l , so that the first and the third terms are
bounded by "=2. For this fixed m, one can then let l be large enough that the second
term is bounded by "=2. Thus ul converges to u weakly.

5.4 Dualities

Note that since L2.Rn;C/ and H.s/.Rn/ are isomorphic, H.s/.Rn/ is separable. Let

u 2 LpfŒ0; T �;H.s/.Rn;Cm/g; v 2 LqfŒ0; T �;H.�s/.Rn;Cm/g;

where 1=p C 1=q D 1. Then

.1 ��/s=2u 2 LpfŒ0; T �; L2.Rn;Cm/g; .1 ��/�s=2v 2 LqfŒ0; T �; L2.Rn;Cm/g:

We can thus define

hu; vi D
Z T

0

..1 ��/s=2u; .1 ��/�s=2v/L2 dt; (5.12)

since the object inside the integral is measurable and bounded by an integrable function.
The definition seems arbitrary in the sense that if

u 2 LpfŒ0; T �;H.r/.Rn;Cm/g

with r > s, then of course

v 2 LqfŒ0; T �;H.�r/.Rn;Cm/g
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and so we could have used r instead of s on the right-hand side of (5.12). However,
due to (5.10)Z T

0

..1 ��/r=2u; .1 ��/�r=2v/L2 dt

D
Z T

0

..1 ��/.r�s/=2.1 ��/s=2u; .1 ��/�r=2v/L2 dt

D
Z T

0

..1 ��/s=2u; .1 ��/�s=2v/L2 dt:

Which s we use in (5.12) is consequently not important, as long as the right-hand side
is defined. Finally, let us point out that if

u 2 LpfŒ0; T �;H.k/.Rn;Cm/g; v 2 LqfŒ0; T �;H.k/.Rn;Cm/g;
for some non-negative integer k and if ˛ is a multiindex with j˛j � k, then

@˛u 2 LpfŒ0; T �;H.0/.Rn;Cm/g; @˛v 2 LqfŒ0; T �;H.0/.Rn;Cm/g;
cf. Lemma 5.14, so that due to (5.9),

h@˛u; vi D .�1/j˛jhu; @˛vi: (5.13)

Proposition 5.21. Let

X.s/ D L1fŒ0; T �;H.s/.Rn;Cm/g
Y.�s/ D L1fŒ0; T �;H.�s/.Rn;Cm/g:

Given F 2 X�
.s/

there is a y 2 Y.�s/ such that

F.x/ D hx; yi
for all x 2 X.s/ and kykY.�s/

D kF kX�
.s/

.

Proof. Given F 2 X�
.s/

, define G 2 X�
.0/

by

G.x0/ D F Œ.1 ��/�s=2x0�:
Note that kGkX�

.0/
D kF kX�

.s/
. Since X.0/ D L1fŒ0; T �; L2.Rn;Cm/g, we can use

Proposition 3.6 in order to obtain a y0 2 Y.0/ such that

G.x0/ D hx0; y0i; ky0kY.0/
D kF kX�

.s/

for all x0 2 X.0/. Let us define y D .1 ��/s=2y0. Then, for x 2 X.s/, we obtain

F.x/ D GŒ.1 ��/s=2x� D h.1 ��/s=2x; .1 ��/�s=2yi D hx; yi:
Since y 2 Y.�s/ and kykY.�s/

D kykY.0/
, the proposition follows. �



6 Sobolev embedding

In Section 6.1, we begin the chapter by reminding the reader of some basic inequalities
such as Hölder’s inequality. We then proceed, in Section 6.2, to establish Sobolev
embedding, the importance of which was pointed out in the introduction to Chapter 4.
However, the main purpose of the present chapter is to prove the following inequal-
ity: let �1; : : : ; �l 2 C1

0 .R
n/ and assume ˛1; : : : ; ˛l to be multiindices such thatP j˛i j D k. Then

k@˛1�1 : : : @
˛l�lk2 � C

lX
iD1

kDk�ik2
Y
j¤i

k�j k1; (6.1)

where

kDkf kp D
� X

j˛jDk

Z
Rn

j.@˛f /.x/jp dx
	1=p

:

Considering (6.1), we see that there is a special case: if all the ˛i except one are zero,
then we trivially get the estimate. Due to (6.1), we see that, in practice, this is the only
case we need to consider. At this stage, the estimate (6.1) may seem a bit technical,
but it is of central importance both in proofs of local existence, as well as in proofs of
global existence of solutions to non-linear wave equations. Let us give an example as
a motivation for its importance (though it should be remarked that it is not necessary
to read the remaining part of the present section in order to be able to understand the
rest of the chapter, nor the rest of these notes).

Consider the equation

�@2t uC�u D F.u/; (6.2)

u.0; � / D u0; (6.3)

@tu.0; � / D u1 (6.4)

on RnC1, where � is the ordinary Laplacian on Rn and F is a smooth function such
that F.0/ D 0. Let us state a standard local existence result concerning solutions to
this equation.

Theorem 6.1. If u0 2 H kC1.Rn/ and u1 2 H k.Rn/ for k > n=2, then there is
a T > 0, depending only on ku0kHkC1 and ku1kHk , and a unique continuously
differentiable solution u to (6.2)–(6.4) such that

u 2 C.Œ�T; T �;H kC1.Rn// \ C 1.Œ�T; T �;H k.Rn//: (6.5)

Remark 6.2. In Chapter 9 we shall prove much more general results than this, though
we shall require somewhat more differentiability of the initial data.

It is important to note that this result does not yield local existence of smooth
solutions given smooth initial data; the existence time T depends on ku0kHkC1 and
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ku1kHk , and in principle, these quantities could tend to infinity as k ! 1. A related
problem is that of finding a continuation criterion, i.e., to find an expression of the data
u and @tu at time t such that if this expression remains bounded on Œ0; T /, then the
solution can be continued beyond T . In order to resolve these issues, let us consider a
solution to (6.2)–(6.4) with regularity as in (6.5). Define

Ek D 1

2

X
j˛j�k

Z
Rn

Œ.@˛@tu/
2 C jr@˛uj2 C .@˛u/2� dx:

Due to the degree of regularity we assume, we are formally not allowed to differentiate
Ek with respect to time. However, it is possible to carry out more technical arguments
that in practice amount to the same thing. Below, we shall therefore ignore this issue.
Differentiating with respect to time, integrating by parts and using the equation and
Hölder’s inequality, we obtain

dEk

dt
D
X

j˛j�k

Z
Rn

Œ@˛.@2t u ��u/@˛@tuC @˛u@˛@tu� dx (6.6)

� CkF.u/kHkE
1=2

k
CEk

for some constant C . The essential step thus consists of estimating F.u/ inH k . Note
that @˛F.u/ can, up to numerical factors, be written as a sum of terms of the form

F .j /.u/@˛1u : : : @ j̨ u;

where ˛1 C � � � C j̨ D ˛ (note also that F.u/ D g.u/u for some smooth function
g due to the fact that F.0/ D 0). Let us, for the moment, assume u.t; � / to have a
uniform bound in L1.Rn/ on t 2 Œ0; T /. Then we can extract the factors F .j /.u/ in
L1, and what remains to be estimated is

k@˛1u : : : @ j̨ ukL2 :

However, this is exactly the type of expression one can estimate with the help of (6.1).
In fact, it is bounded by

C.kuk1/kukHk :

Combining this estimate with (6.6), we obtain

dEk

dt
� C.kuk1/Ek :

As a consequence, if we assume ku.t; � /k1 to be uniformly bounded on an interval
Œ0; T /, then ku.t; � /kHkC1 and k@tu.t; � /kHk remain uniformly bounded on the
same interval. Due to the local existence theorem, Theorem 6.1, it then follows that
the solution can be continued beyond T . As an immediate consequence of these
observations (and uniqueness), we obtain local existence of smooth solutions given
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smooth, compactly supported initial data. Furthermore, either the solution is global to
the future, or ku.t; � /k1 becomes unbounded within a finite time.

It is possible to prove a local existence theorem relying only on Sobolev embedding.
However, using such methods, it would with all probability be necessary to demand a
higher degree of regularity of the initial data than is required in order to apply Theo-
rem 6.1. One can also prove that there are continuation criteria using only Sobolev
embedding. Nevertheless, to the best of our knowledge, it would then be necessary to
demand more than the boundedness of u in L1.

Finally, let us give an example of how (6.1) (via the above continuation criterion)
can be used to prove global existence of solutions. Consider the equation

ut t � uxx C V 0.u/ D 0 (6.7)

on R1C1, whereV 2 C1.R/ is such thatV.�/ � 0 for all � 2 R andV.0/ D V 0.0/ D 0.
Given initial data in C1

0 .R/ to this equation, we, by the above, get a smooth local
solution. Furthermore, we can define

E D 1

2

Z
R
Œu2t C u2x C 2V.u/� dx:

Note that, due to the equation, E is preserved. Furthermore,

H D 1

2

Z
R
u2 dx

has the property that ˇ̌̌̌
dH

dt

ˇ̌̌̌
�
Z

R
juut j dx � 2H 1=2E1=2:

Since E is conserved, this implies that H 1=2 cannot grow faster than linearly. To
conclude, Z

R
.u2 C u2x/ dx

cannot become unbounded in a finite time. Combining this observation with Sobolev
embedding, we conclude that kuk1 cannot become unbounded in finite time. Due to
the continuation criterion mentioned earlier, it is thus clear that all solutions to (6.7),
where V satisfies the conditions specified above, are global in time if the initial data are
smooth and of compact support (though it should be mentioned that the requirement
that the support be compact can be removed; as long as the initial data are smooth,
global existence follows).

6.1 Basic inequalities

Let us prove that if p and q are positive real numbers such that

1

p
C 1

q
D 1;
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then Young’s inequality,

ab � ap

p
C bq

q
; (6.8)

holds for all non-negative a; b. If either a or b are zero, then the inequality holds
trivially. If we let t D a=bq�1, then (6.8) is equivalent to

t � 1

q
C tp

p
:

However, the function
t�1

q
C tp�1

p

tends to infinity as t ! 0C and as t ! 1. Furthermore it has a unique minimum
for t D 1. This proves (6.8). In fact, Young’s inequality can be generalized in the
following way. Assume p1; : : : ; pk are positive numbers such that

1

p1
C � � � C 1

pk
D 1: (6.9)

Then if a1; : : : ; ak are non-negative numbers, we have

a1 : : : ak � a
p1

1

p1
C � � � C a

pk

k

pk
: (6.10)

We know that (6.10) holds for k D 2. Assume it holds for some k � 2, and let us prove
that it holds for k C 1. Given p1; : : : ; pkC1 satisfying (6.9) with k replaced by k C 1,
let us define ri D pi for i D 1; : : : ; k � 1 and

rk D pkpkC1
pk C pkC1

:

Then r1; : : : ; rk are positive numbers satisfying a condition of the form (6.9). Conse-
quently

a1 : : : akC1 � a
p1

1

p1
C � � � C a

pk�1

k�1
pk�1

C .akakC1/rk
rk

:

However, if we let p D pk=rk and q D pkC1=rk , we can apply (6.8) in order to obtain

.akakC1/rk � a
rkp

k

p
C a

rkq

kC1
q

D rk

 
a
pk

k

pk
C a

pkC1

kC1
pkC1

!
:

This completes the induction. As a consequence, we obtain the following result.

Lemma 6.3. Let p1; : : : ; pk be positive numbers such that (6.9) holds. Assume ui 2
Lpi .Rn/ for i D 1; : : : ; k. Then u1 : : : uk 2 L1.Rn/ andZ

Rn

ju1 : : : ukj dx � ku1kp1
: : : kukkpk

: (6.11)
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Remark 6.4. We can of course allow some of the pi to equal 1. The special case
k D 2 is Hölder’s inequality.

Proof. Note that if kuikpi
D 0 for some i , then the right and the left-hand side of

(6.11) equal zero. We can consequently assume kuikpi
> 0. Define vi D ui=kuikpi

.
Due to (6.10) we haveZ

Rn

jv1 : : : vkj dx �
Z

Rn

� jv1jp1

p1
C � � � C jvkjpk

pk

�
dx D 1;

where we have used (6.9) and the fact that kvikpi
D 1. Multiplying this inequality

with ku1kp1
: : : kukkpk

, we obtain the desired result. �

6.2 Sobolev embedding

We shall need the following Sobolev inequality.

Theorem 6.5. Let k be a non-negative integer and assume that s > k C n=2. Then
there is a constant C , depending on k; n and s such that for all f 2 �.Rn/,

kf kCk
b
.Rn;C/ � Ckf k.s/: (6.12)

Remark 6.6. The function space C k
b
.Rn;C/ consists of all the C k functions whose

derivatives up to order k are bounded. The norm is the sum of the suprema of the
derivatives. There are more general Sobolev inequalities for W k;p.Rn;Cm/ spaces,
see e.g. [44]. We shall, however, not need them here. For Sobolev embedding results
in more general domains than Rn, we refer the reader to [1].

Proof. Let us first consider the case k D 0. Due to (4.9), we have

jf .x/j � .2�/�n
Z

Rn

j Of .�/j d� D .2�/�n
Z

Rn

.1C j�j2/�s=2.1C j�j2/s=2j Of .�/j d�

� .2�/�n
�Z

Rn

.1C j�j2/�s d�
�1=2�Z

Rn

.1C j�j2/sj Of .�/j2 d�
�1=2

D .2�/�n=2
�Z

Rn

.1C j�j2/�s d�
�1=2

kf k.s/:

Since .1C j�j2/�s is integrable for s > n=2, we obtain the desired result. Let ˛ be any
multiindex. Then if s � j˛j > n=2, we obtain

k@˛f kCb.R;C/ � Ck@˛f k.s�j˛j/ � Ckf k.s/;
where we have used the inequality (5.8). Adding these inequalities for all ˛ such that
j˛j � k, we obtain the statement of the theorem. �
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Note that (6.12) allows us to think of elements ofH.s/.Rn/ as elements ofC k
b
.Rn;C/

for s > k C n=2. The reason is that if �l ! u in H.s/.Rn/, �l 2 �.Rn/, then the
inequality shows that �l is a Cauchy sequence in C k

b
.Rn;C/. Furthermore, there is a

subsequence of �l that converges to u a.e. due to Theorem 3.12 of [79]. Consequently
u equals a function in C k

b
.Rn;C/ a.e. so that we can think of u as being in this space.

SinceH.k/.Rn/ coincides withH k.Rn;C/when k is a non-negative integer, and since
the norms are equivalent, we conclude that we have inequalities similar to (6.12) where
the norm on the right-hand side is replaced by the H l norm for l > n=2C k.

It will be of relevance to know the following.

Lemma 6.7. Let � � Rn be open and assume that u 2 L2loc.�/ is l times weakly
differentiable and that the weak derivatives are in L2loc.�/. If l > k C n=2, then
u 2 C k.�/.
Proof. Let � 2 C1

0 .�/. Then �u 2 H l.Rn/. Consequently �u is a C k function.
Since, for any compact subset K � �, there is a � 2 C1

0 .�/ such that �.x/ D 1 for
x 2 K, cf. Proposition A.12, we obtain the conclusion of the lemma. �

6.3 Gagliardo–Nirenberg inequalities

In the present section we shall prove some inequalities due to Gagliardo, Nirenberg and
Moser. The presentation follows that of [83] quite closely, though we shall consider
a somewhat more general situation. The reader interested in the original references is
referred to [42], [64], [63]. Let Y be a real vector space with norm j � jY arising from
an inner product h � ; � i. We shall be interested in C1

0 .R
n; Y /; those unfamiliar with

the concept of the derivative of a function with values in an infinite dimensional vector
space are referred to Section A.7, but let us point out that it, for the purposes of these
notes, is completely sufficient to only consider the case Y D R with the standard inner
product. Define, for f 2 C1

0 .R
n; Y /,

kf kp D
�Z

Rn

jf .x/jpY dx
�1=p

; kf k1 D sup
x2Rn

jf .x/jY

for 1 � p < 1. We shall also use the notation

kDlf kp D
� X

j˛jDl

Z
Rn

j.@˛f /.x/jpY dx
	1=p

; kDlf k1 D sup
x2Rn

X
j˛jDl

j.@˛f /.x/jY :

Lemma 6.8. Let 1 � j � n, let �; r 2 R be such that 1 � r � � and let Y be as
above. Then there is a constant C such that for all f 2 C1

0 .R
n; Y /,

k@jf k22	=r � Ckf k2	=.r�1/k@2j f k2	=.rC1/: (6.13)

Remark 6.9. When r D 1, 2�=.r�1/ should be interpreted as 1. It will be of interest
to keep in mind that the constant only depends on an upper bound on �.
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Proof. Let 2 � q 2 R and consider �j , defined by

�j .x/ D hf .x/; @jf .x/ih@jf .x/; @jf .x/i q�2
2 ;

where the last factor should be interpreted as 1 if q D 2. This function clearly has
compact support. We wish to prove that it is continuously differentiable. Due to ob-
servations made in Section A.7, the expressions hf .x/; @jf .x/i and h@jf .x/; @jf .x/i
define smooth functions with compact support. If q D 2, �j is thus smooth, so let us
assume q > 2. If � is such that .@jf /.�/ ¤ 0, then �j is smooth in a neighbourhood
of �, so consider a � such that .@jf /.�/ D 0. Let  j .x/ D h@jf .x/; @jf .x/i. Then
 j is smooth and  j .�/ D @k j .�/ D 0 for all 1 � k � n. Thus

 j .x/ D O.jx � �j2/:
Since

j�j .x/j � jf .x/jY Œ j .x/�1=2Œ j .x/� q�2
2 D jf .x/jY Œ j .x/� q�1

2 D O.jx � �jq�1/;

we conclude that�j is differentiable at � and that the derivative is zero. If .@jf /.x/ ¤ 0,
we can differentiate �j with respect to the kth variable in order to obtain

.@k�j /.x/ D h.@kf /.x/; .@jf /.x/iŒ j .x/�
q�2

2

C hf .x/; .@k@jf /.x/iŒ j .x/�
q�2

2 (6.14)

C .q � 2/hf .x/; .@jf /.x/ih.@jf /.x/; .@k@jf /.x/iŒ j .x/�
q�4

2 :

Note that if q > 2, then .@jf /.xl/ ¤ 0 and xl ! � with .@jf /.�/ D 0, then
.@k�j /.xl/ ! 0. In other words, �j is continuously differentiable. Integrating (6.14)
over Rn for k D j yieldsZ

Rn

j.@jf /.x/jqY dx � .q � 1/
Z

Rn

jf .x/jY j.@2j f /.x/jY j.@jf /.x/jq�2
Y dx: (6.15)

For q D 2, we obtain the same result if we interpret j.@jf /.x/jq�2
Y as 1. In other

words,Z
Rn

j.@jf /.x/j2Y dx �
Z

Rn

jf .x/jY j.@2j f /.x/jY dx � kf k2	=.r�1/k@2j f k2	=.rC1/;

assuming that � D r � 1, where we used Hölder’s inequality in the last step. We thus
get the desired inequality in case � D r � 1. In case 1 � r < �, let

q D 2�

r
; q1 D 2�

r � 1; q2 D 2�

r C 1
; q3 D q

q � 2;

Then 1=q1 C 1=q2 C 1=q3 D 1, so that we can apply Hölder’s inequality to (6.15) in
order to obtainZ

Rn

j.@jf /.x/jqY dx � .q � 1/kf k2	=.r�1/k@2j f k2	=.rC1/k@jf kq�2
q :

This implies the desired estimate. �
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Lemma 6.10. Let Y be as above and let 1 � j; l; i 2 Z and �; r 2 R be such
that j � r � � C 1 � i and l � j . Then there is a constant C such that for all
� 2 C1

0 .R
n; Y /,

kDl�k2	=r � C ŒkDl�j�k2	=.r�j / C kDlCi�k2	=.rCi/�: (6.16)

Remark 6.11. Note that 2�=.r � j / should be interpreted as 1 when r D j . Again,
it will be of importance to keep in mind that the constant only depends on n and an
upper bound on � and l C i .

Proof. By an application of (6.13), we have

kDl�k22	=r � CkDl�1�k2	=.r�1/kDlC1�k2	=.rC1/;

assuming l � 1 and 1 � r � �. Note that the constant only depends on n and an upper
bound on l and �. Since

ab � 1

2
."aC "�1b/2

for all non-negative a; b and " > 0, we obtain

kDl�k2	=r � C Œ"kDl�1�k2	=.r�1/ C "�1kDlC1�k2	=.rC1/�:

This yields (6.16) in the case that i D j D 1. Let us assume that we have

kDl�k2	=r � C Œ"kDl�j�k2	=.r�j / C C."/kDlCi�k2	=.rCi/� (6.17)

for arbitrary r , �, j , l , i satisfying the conditions of the lemma, plus the condition that
j; i � �. We already know this to be true for � D 1. Assume it to be true for � and let
us prove it for �C 1. First, let us prove that we can increase j to j C 1. Assume the
conditions of the lemma are satisfied with j replaced by j C 1 and that 1 � i; j � �.
By the inductive hypothesis, applied to r 0 D r � j , �0 D �, l 0 D l � j , i 0 D j and
j 0 D 1, we have

kDl�j�k2	=.r�j / � C Œ"1kDl�j�1�k2	=.r�j�1/ C C."1/kDl�k2	=r �:
Inserting this inequality into (6.17), fixing "1 and assuming " to be small enough, we
see that

kDl�k2	=r
appears on the right-hand side, but with a factor which can be assumed to be smaller
than 1=2. Consequently, we can move it over to the left-hand side in order to obtain
(6.17) with j replaced by j C 1. Thus (6.17) holds for all r; �; j; l; i satisfying the
conditions of the lemma and i � �, j � �C 1. Assume now that the conditions of the
lemma are satisfied with i replaced by i C 1 and that 1 � i � � and j � �C 1. Due
to the induction hypothesis, we can apply (6.17) with r 0 D r C i , �0 D �, j 0 D i ,
l 0 D l C i and i 0 D 1. Combining the resulting estimate with (6.17) and an argument
similar to the one presented above, we obtain the induction hypothesis with � replaced
by �C 1. �
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Note that letting j D l and r C i D � yields

kDl�k2	=r � C Œk�k2	=.r�l/ C kDlC	�r�k2� (6.18)

for all � 2 C1
0 .R

n; Y /, a positive integer l and real �; r such that l � r and � � r is a
positive integer.

Lemma 6.12. Let Y be as above, let l; � and i be non-negative integers such that
l � maxf�; ig and let q; %; � 2 Œ1;1�. Define

˛ D n

q
� n

%
C � � l; ˇ D �n

q
C n

�
� i C l (6.19)

and assume that neither of these quantities vanish. If there are constants 0 < C1,
C2 2 R such that the inequality

kDl�kq � C1kD��k% C C2kDi�k�
holds for all � 2 C1

0 .R
n; Y /, then ˛ and ˇ have the same sign and, for all � 2

C1
0 .R

n; Y /,

kDl�kq � .C1 C C2/kD��kˇ=.˛Cˇ/
% kDi�k˛=.˛Cˇ/

� :

Remark 6.13. If q D 1, then n=q should be interpreted as 0 and similarly for n=%
and n=�.

Proof. Let us write the assumed inequality Q � C1R C C2P . Replacing �.x/ by
�.sx/, where 0 < s 2 R, we get

sl�n=qQ � C1s
��n=%RC C2s

i�n=�P:

This implies Q � C1s
˛R C C2s

�ˇP . If ˛ and ˇ had different signs, we could let s
tend to zero or 1 in order to conclude that Q D 0. In other words that kDl�kq D 0

for all � 2 C1
0 .R

n; Y /. Since we know that this is not true, we conclude that ˛ and ˇ
have different signs. If P orR is zero, we conclude that � is zero so that the inequality
holds. Otherwise, we choose s D .P=R/1=.˛Cˇ/. This yields the desired inequality.

�

As a corollary, we get the following estimates.

Corollary 6.14. Let Y be as above, 1 � l 2 Z and �; r 2 R be such that l � r and
�� r is a positive integer. Then there is a constantC such that for all � 2 C1

0 .R
n; Y /,

kDl�k2	=r � Ck�k.	�r/=.	Cl�r/
2	=.r�l/ kD	Cl�r�kl=.	Cl�r/

2 : (6.20)

Proof. The idea is to apply Lemma 6.12 to (6.18). However, this is not always possible.
If (and only if) n D 2�, then ˛ D ˇ D 0, where ˛ and ˇ are given in (6.19). In order to
prove that the inequality holds in this case as well, we note that the constant appearing in
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(6.18) only depends on an upper bound on n, on � and on lC�� r . Assuming � D 2n,
let �" D � C " and r" D r C " for " 2 .0; 1/. The corollary is applicable for l; �", r",
and the constant can be chosen to be independent of ". Since �" � r" D � � r , all we
need to prove is that

lim
t!t0

k�kt D k�kt0
when � is a smooth function with compact support and 1 < t0 � 1. Since j�.x/jY
defines a continuous function with compact support, it is enough to prove that k kt !
k kt0 , where  is a continuous real-valued function with compact support. Let us
first consider the case 1 < t0 < 1. Then j jt converges to j jt0 everywhere and is
bounded by an integrable function. By Lebesgue’s dominated convergence theorem,
k ktt ! k kt0t0 . From this one can deduce that k kt ! k kt0 . Consider the case
t0 D 1. LetK be a compact set such that  D 0 outside ofK. Then, for 1 < t < 1,

k kt � k k1Œ�.K/�1=t :

As a consequence,
lim sup
t!1

k kt � k k1:

Let, for any real number ˛ > 0, A˛ be the set of x 2 Rn for which j .x/j � ˛. Then

˛Œ�.A˛/�
1=t � k kt :

If �.A˛/ > 0, we conclude that

˛ � lim inf
t!1 k kt :

By combining the above observations, we conclude that limt!1 k kt D k k1. The
lemma follows. �

Corollary 6.15. Let Y be as above and k; l be a positive integers such that k � l C 1.
Then there is a constant C such that for all � 2 C1

0 .R
n; Y /,

kDl�k2k=l � Ck�k1�l=k1 kDk�kl=k2 : (6.21)

This inequality implies the result we have been heading for.

Lemma 6.16. Let �1; : : : ; �l 2 C1
0 .R

n/ and assume that ˛1; : : : ; ˛l are multiindices
such that

P j˛i j D k. Then

k@˛1�1 : : : @
˛l�lk2 � C

lX
iD1

kDk�ik2
Y
j¤i

k�j k1: (6.22)

Proof. Let us define ki D j˛i j and pi D k=ki . Then 1=p1 C � � � C 1=pl D 1, so that
we can use (6.11) in order to obtain

k@˛1�1 : : : @
˛l�lk2 � k@˛1�1k2k=k1

: : : k@˛l�lk2k=kl
:
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If only one ki ¤ 0, the inequality is true, so let us assume this is not the case. Then
ki � k � 1, so that we can apply (6.21) with Y D R. We obtain

k@˛1�1 : : : @
˛l�lk2 � Ck�1k1�k1=k1 kDk�1kk1=k

2 : : : k�lk1�kl=k1 kDk�lkkl=k
2 :

(6.23)
Note that since 1� ki=k D P

j¤i kj =k, we can arrange the factors in l groups of the
form �

kDk�ik2
Y
j¤i

k�j k1
	ki=k

:

We are allowed to use (6.10) in order to obtain the result. �

Let us remark that if �1; : : : ; �l 2 H k.Rn/, are such that k�ik1 < 1 for i D
1; : : : ; l , then (6.22) holds. The reason is that there is a sequence �i;m 2 C1

0 .R
n/

converging to �i . Furthermore, we can assume that k�i;mk1 � k�ik1, cf. Chapter 5,
the proof of Lemma 5.9 and (5.3) for p D 1. Finally, we can choose subsequences
of �i;m so that @˛i�i;m converges to @˛i�i almost everywhere, due to Theorem 3.12 of
[79]. The result then follows by Fatou’s lemma; see 1.28 of [79].

Lemma 6.17. Let F 2 C1.RnC1/ be such that F.x; 0/ D 0 for all x 2 Rn and
such that for every non-negative integer j and multiindex ˛, there is a continuous,
increasing function f˛;j such that

j.@˛@j
�
F /.x; �/j � f˛;j .j�j/

for all .x; �/ 2 RnC1. If u 2 H k.Rn/ \ L1.Rn/, then F. � ; u/ is k times weakly
differentiable, and the weak derivatives are given by the expressions one would have
obtained if u were smooth, the only difference being that all derivatives that occur
should be interpreted as the weak derivatives of u. In fact F. � ; u/ 2 H k.Rn/ and

kF. � ; u/kHk � C.kuk1/kukHk ;

where the constant C increases as kuk1 increases.

Remark 6.18. The exact statement of the lemma is not important. What we wish to
point out here is that there is a family of statements one can make given the tools we
have. In particular, we have the same statement if u is RN -valued.

Proof. Note that

F Œx; u.x/� � F Œx; v.x/� D
Z 1

0

@tfF Œx; tu.x/C .1 � t /v.x/�g dt

D
Z 1

0

@uF Œx; tu.x/C .1 � t /v.x/� dt � Œu.x/ � v.x/�:
(6.24)
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By applying (6.22) to this equality with v D 0, we obtain the desired estimate for
u 2 C1

0 .R
n/. Note that we first differentiate (6.24), take out all derivatives of F with

respect to u and x in the sup norm, and then apply (6.22) to what remains. In order
to prove the statement in general, we let �l 2 C1

0 .R
n/ converge to u with respect

to k � kHk and be such that k�lk1 � kuk1. By choosing a suitable subsequence,
cf. Theorem 3.12 of [79], we can assume that @˛�l converges to @˛u pointwise a.e. for
all multiindices with j˛j � k. Applying (6.23) to (6.24) with u D �l and v D �m, we
see that F. � ; �l/ is a Cauchy sequence in H k . However, by our choice of sequence,
@˛ŒF . � ; �l/� converges pointwise a.e. to @˛ŒF . � ; u/�, which we define to be the
expression obtained by assuming u to be smooth, writing down the ordinary formula,
and replacing all derivatives of u by weak derivatives. We conclude that F. � ; u/ is
k times weakly differentiable, the weak derivatives being given by the expressions
mentioned in the statement of the lemma. Furthermore, the desired estimate holds.

�



7 Symmetric hyperbolic systems

The main purpose of the present chapter is to prove the existence of solutions to lin-
ear symmetric hyperbolic systems. The proof is based on a combination of energy
estimates, the Hahn–Banach theorem and uniqueness. Proving the standard energy es-
timates is not very complicated, but what is needed is estimates for a negative number
of derivatives. This leads to some technical complications, and we present the neces-
sary details in Section 7.2. When deriving energy estimates, the immediate conclusion
is often that the object one wishes to estimate is bounded in terms of itself. It seems
unclear how to extract any meaningful information from such an estimate, but the type
of inequalities that appear have the property that a result called Grönwall’s lemma can
be applied. We prove this inequality in Section 7.1, and we shall have reason to apply
it, not only in this chapter, but also in the proof of local existence of solutions to non-
linear wave equations. In order to prove that, given suitable assumptions concerning
the initial data and the coefficients of the equation, there are smooth solutions, it is
necessary to prove that

� for any degree of regularity, there is a solution with the corresponding degree of
regularity,

� any two solutions of a sufficiently high degree of regularity have to coincide.

The latter statement is simply that of uniqueness, and we establish it in Section 7.3.
Needless to say, uniqueness is of interest in its own right. The uniqueness statement we
establish in Section 7.3 is of a rather primitive form and is based on Stokes’ theorem.
In Chapter 12 we shall derive more satisfactory results in the context of linear wave
equations on a Lorentz manifold background. Finally, in Section 7.4, we establish
existence of solutions. Some of the steps of the proof are quite technical in nature and
are therefore presented in the Appendix.

7.1 Grönwall’s lemma

Before turning to the main topic of the section, let us mention a lemma which will be
important in what follows.

Lemma 7.1 (Grönwall’s lemma). Let T0 2 R, T > T0 and f; k and G be non-
negative functions on ŒT0; T � such that f 2 L1.ŒT0; T �/, k 2 L1.ŒT0; T �/ and G is
non-decreasing. Assuming

f .t/ � G.t/C
Z t

T0

k.s/f .s/ ds; (7.1)

for all t 2 ŒT0; T �, we obtain

f .t/ � G.t/ exp

�Z t

T0

k.s/ ds

�
for all t 2 ŒT0; T �.
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Remark 7.2. The weaker assumption that k; kf 2 L1.ŒT0; T �/ immediately implies
f 2 L1.ŒT0; T �/ due to (7.1), assuming thatG is bounded. The above lemma is often
referred to as Grönwall’s lemma.

Proof. Since G is non-decreasing, and since it is clear that it is enough to prove the
statement for t D T , we can assume G D G.T /, i.e., that it is a constant. Let us
extend k and f to the entire real line by requiring that they be zero outside the interval
ŒT0; T �. Let

F.t/ D G C
Z t

T0

k.s/f .s/ ds:

Due to Theorem 7.11 of [79], F is differentiable almost everywhere and F 0 D kf .
Furthermore, it is clear thatF satisfies the conditions of Theorem 7.18 (c) of [79]. Thus
F is absolutely continuous (AC) on ŒT0; T � in the sense of Definition 7.17 in [79]. For
similar reasons

R t
T0
k.s/ ds is AC on ŒT0; T �. As a consequence, one can check that

g.t/ D F.t/ exp

�
�
Z t

T0

k.s/ ds

�
is AC. We already know this function to be differentiable a.e., and the derivative is

g0 D kf exp

�
�
Z t

T0

k.s/ ds

�
� kF exp

�
�
Z t

T0

k.s/ ds

�
� 0;

where we have used (7.1). Since g.T0/ � G, we would like to say that g.t/ � G. This
does however require some justification, which is supplied by Theorem 7.20 of [79].
The lemma follows. �

7.2 The basic energy inequality

Consider an equation of the form

A�@�uC Bu D f (7.2)

u.0; � / D u0: (7.3)

Here u is an RN -valued function on � � RnC1, A�, � D 0; : : : ; n, and B are smooth
N �N real matrix-valued functions on� all of whose derivatives are bounded, f is a
smooth RN -valued function on � and we use the Einstein summation convention and
the convention concerning coordinates described in Section A.1. Furthermore u0 is a
smooth function on Rn. Finally, we demand that A�, � D 0; : : : ; n, be symmetric and
that A0 be positive definite with a uniform positive lower bound, i.e., that there is a
constant c0 > 0 such that A � c0. We shall use the notation Lu for the left-hand side
of (7.2).

Let us assume we have a smooth solution u to (7.2)–(7.3) on ST D Œ0; T � � Rn,
a set we shall refer to as the slab, and let us assume that u and @tu satisfy uniform
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Schwartz bounds in the sense that for every pair of multiindices ˛ and ˇ, there is a
constant C˛;ˇ such that

jx˛j Œj@ˇuj C j@ˇ@0uj�.t; x/ � C˛;ˇ

on the slab. Note that as a consequence of our assumptions, f necessarily satisfies
uniform Schwartz bounds.

Let us derive the basic energy inequality in detail. Let

E D 1

2

Z
Rn

utA0udx:

Differentiating and using the symmetry of A0, we conclude that

@tE D
Z

Rn

�
1

2
ut .@tA

0/uC utA0@tu

�
dx:

To deal with the second term, we use the equation in order to obtainZ
Rn

utA0@tudx D
Z

Rn

Œ�utAi@iu � utBuC utf � dx:

Note that the first term can be rewritten

�
Z

Rn

utAi@iudx D �1
2

Z
Rn

�
@i .u

tAiu/ � ut .@iAi /u
�
dx

D 1

2

Z
Rn

ut .@iA
i /u dx

due to the symmetry of Ai . Adding up the above, we obtain

@tE D
Z

Rn

ut
�
1

2
@0A

0 C 1

2
@jA

j � B
�
udx C

Z
Rn

utf dx:

Note that the first term on the right-hand side can be bounded byCE for some constant
C due to the fact thatB and the derivatives ofA have an upper bound andA0, considered
as a positive definite matrix, has a positive lower bound. In the end, we thus conclude
that

@tE � CE C CE1=2kf .t; � /k2: (7.4)

In this inequality and below, we shall use C to denote a constant, the value of which
might change from line to line. Let " > 0 andE" D EC " (this definition is motivated
by the desire to divide by E1=2). Then the same inequality holds for E" and we can
divide by

p
E" in order to obtain

@tE
1=2
" � CE1=2" C Ckf .t; � /k2:

Integrating, we obtain, for t � 0,

E1=2" .t/ � E1=2" .0/C C

Z t

0

kf .s; � /k2 ds C C

Z t

0

E1=2" .s/ ds:
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At this stage, we can apply Grönwall’s lemma, Lemma 7.1, with G given by the first
two terms on the right-hand side and k.t/ D C . We conclude that

E".t/ �
�
E1=2" .0/C C

Z t

0

kf .s; � /k2 ds
�
eCt :

Letting " ! 0C, we conclude that

E.t/ �
�
E1=2.0/C C

Z t

0

kf .s; � /k2 ds
�
eCt :

Note that this inequality immediately gives uniqueness of solutions to (7.2)–(7.3) given
the presupposed conditions; consider the energy of the difference. In the end, we shall
need to have estimates for energies involving derivatives of the solution. In fact, we
shall need estimates for a negative number of derivatives, and to obtain such estimates
is the goal of this section.

Lemma 7.3. Consider a solution to (7.2)–(7.3) under the assumptions stated above.
Define

EkŒu� D 1

2

X
j˛j�k

Z
Rn

.@˛u/tA0@˛udx:

Then
@tEk � CEk C CE

1=2

k
kf kHk ; (7.5)

where the constants depend on the bounds on A� and B . In particular, they depend
on c0.

Proof. Note that E0 D E. Due to (7.4), we thus have (7.5) for k D 0. In order to get
the inequality in all generality, observe that

L@˛u D @˛f C ŒL; @˛�u:

Thus, using (7.5) for k D 0, we obtain

@tEŒ@
˛u� � CEŒ@˛u�C CE1=2Œ@˛u�k@˛f C ŒL; @˛�uk2:

Note that for j˛j � k,

kŒL; @˛�uk2 � Ck@0ukHk�1 C CE
1=2

k
:

However, by using the equation, we see that the first term on the right can be estimated
by

k@0ukHk�1 � CE
1=2

k
C Ckf kHk�1 :

Adding up these observations, we conclude that (7.5) holds. �
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Corollary 7.4. Consider a solution to (7.2)–(7.3) under the assumptions stated above.
Then, for t 2 Œ0; T �,

E
1=2

k
.t/ � C

�
E
1=2

k
.0/C

Z t

0

kf .s; � /kHk ds

�
: (7.6)

Here, the constant depends on k, the bounds on A� and B and on T .

Proof. Let Ek D e�CtEkC", whereC is the first constant appearing on the right-hand
side of (7.5) and " > 0. Then

@tEk � Ce�Ct=2E1=2
k

kf kHk :

Since we allow the constant on the right-hand side of (7.6) to depend on T , we can
estimate e�Ct=2 by a constant. Dividing the inequality by E

1=2

k
, which is allowed,

since Ek � " > 0, and integrating, we obtain

E
1=2

k
.t/ � E

1=2

k
.0/C C

Z t

0

kf .s; � /kHk ds:

Letting " tend to zero and noting that the difference between Ek and Ek with " D 0 is
only a constant factor, since we allow the constants to depend on T , we get the desired
conclusion. �

Note that we can speak of solutions to (7.2) with values in CN ; such a solution can
be considered as two RN -valued solutions with different f ’s. If u is CN -valued, we
define

EkŒu� D EkŒRe u�CEkŒIm u�;

and with this notation, we get the same estimates for CN -valued solutions as for RN -
valued ones.

In order to be able to prove existence, we shall need the following inequality.

Lemma 7.5. Assume u is a solution of (7.2) under the assumptions made in the
beginning of the section and let k be any integer. Then, for t 2 Œ0; T �,

ku.t; � /k.k/ � C

�
ku.0; � /k.k/ C

Z t

0

kf .s; � /k.k/ ds
�
: (7.7)

Here, the constant depends on k, the bounds on A� and B and on T .

Proof. Due to (7.6), (7.7) holds for k � 0, so let us assume k is a negative integer.
Define

U.t; � / D .1 ��/ku.t; � /
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for all t 2 Œ0; T �. Note that due to our assumptions U satisfies uniform Schwartz
bounds. Furthermore,

ku.t; � /k.k/ D kU.t; � /k.�k/ � CE
1=2

�k ŒU �.t/

� C

�
E
1=2

�k ŒU �.0/C
Z t

0

kLU.s; � /k.�k/ ds
�

� C

�
ku.0; � /k.k/ C

Z t

0

kLU.s; � /k.�k/ ds
�
;

where we have used (7.6) in the second to last step. What remains to be estimated is
the last term on the right-hand side. We have

f D Lu D .1 ��/�kLU C ŒL; .1 ��/�k�U:
This equality yields that

kLU.t; � /k.�k/ � kf .t; � /k.k/ C kŒL; .1 ��/�k�U.t; � /k.k/:
By Corollary 5.19, the last term can be estimated by

C
�kU.t; � /k.�k/ C k@tU.t; � /k.�k�1/

�
:

In order to be able to estimate the last term of this expression, let us define

L0u D .A0/�1Lu:

Then
.A0/�1f D L0u D .1 ��/�kL0U C ŒL0; .1 ��/�k�U:

This equality can be used to obtain an expression for .1 � �/�k@0U . We wish to
estimate this expression in H.k�1/. Note that

k.1 ��/�k.L0 � @t /U.t; � /k.k�1/ � CkU.t; � /k.�k/:

The term ŒL0; .1 ��/�k�U does not contain any time derivatives and in fact satisfies
a better estimate in H.k�1/. To conclude, we obtain

k@tU.t; � /k.�k�1/ � C ŒkU.t; � /k.�k/ C kf .t; � /k.k�1/�:

Note that we used Lemma 5.17 in order to estimate .A0/�1f in H.k�1/. Adding up
the above observations, we obtain

ku.t; � /k.k/ � C

�
ku.0; � /k.k/ C

Z t

0

.ku.s; � /k.k/ C kf .s; � /k.k// ds
�
:

An application of Grönwall’s lemma, Lemma 7.1, yields the desired result. �
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Corollary 7.6. Assume that u is a solution of (7.2) under the assumptions made in the
beginning of the section and let k be any integer. Then, for t 2 Œ0; T �,

ku.t; � /k.k/ � C

�
ku.T; � /k.k/ C

Z T

t

kf .s; � /k.k/ ds
�
: (7.8)

Here, the constant depends on k, the bounds on A� and B and on T .

Proof. Define

. QLu/.t; x/ D �A0.T � t; x/.@tu/.t; x/C Aj .T � t; x/.@ju/.t; x/
C B.T � t; x/u.t; x/;

v.t; x/ D u.T � t; x/:
Then � QL is an operator of the same type as L, so that

kv.t; � /k.k/ � C

�
kv.0; � /k.k/ C

Z t

0

k. QLv/.s; � /k.k/ ds
�

for all integers k and all t 2 Œ0; T � due to (7.7). Since . QLv/.t; x/ D .Lu/.T � t; x/,
this inequality can be reformulated to (7.8). �

7.3 Uniqueness

Before we state uniqueness, let us introduce notation for a set that will come up repeat-
edly in the statement. Given x0 2 Rn, r > 0, s0 > 0 and T1 < 0 < T2, define

Cx0;r;s0;T1;T2
D f.t; x/ 2 ŒT1; T2� � Rn W jt j < r=s0; x 2 Br�s0jt j.x0/g: (7.9)

Proposition 7.7. Assume A� and B to be maps from RnC1 to the set of real-valued
N � N matrices, with A� symmetric and C 1 and B in C 0. Assume furthermore
that for any compact interval ŒT1; T2�, A0 is positive definite on ŒT1; T2� � Rn with a
constant positive lower bound and that the matrices A� are all bounded on the same
set. Concerning the function f W RnC1 ! RN , we assume that it is continuous. Let
us assume we have two C 1-solutions u1 and u2 to (7.2)–(7.3), defined on .a; b/� Rn,
where a < 0 and b > 0, and corresponding to initial data u01 and u02. Let ŒT1; T2�
be a compact subinterval of .a; b/ with T1 � 0 and T2 � 0. Then there is an s0 > 0,
depending on the lower bound on A0 and the upper bound on Ai in ŒT1; T2� such
that if u01.x/ D u02.x/ for x 2 Br.x0/, then u1.t; x/ D u2.t; x/ for .t; x/ 2 C D
Cx0;r;s0;T1;T2

. Analogously, if u is a C 1 solution to (7.2)–(7.3) on ŒT1; T2� � Rn,
u0.x/ D 0 for x 2 Br.x0/ and f .t; x/ D 0 for .t; x/ 2 C , then u.t; x/ D 0 for
.t; x/ 2 C .

Remark 7.8. One special conclusion of the proposition is of course that if the initial
data coincide, then the solutions coincide where they are defined. Furthermore, if u0
has compact support and for any ŒT1; T2�, there is a compact setK such that f .t; x/ D 0

for t 2 ŒT1; T2� if x … K, then there is a compact set K1 such that u.t; x/ D 0 for
t 2 ŒT1; T2� if x … K1.
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Proof. By considering u1 � u2, we see that the first statement is a consequence of the
second. Define

D D Cx0;r;s0;0;T2
:

Let us use the notation @0 D @t and consider

@˛Œe
�ktutA˛u� D e�ktut Œ�kA0 C .@˛A

˛/ � 2B�uC 2e�ktutf;

where k is some constant. Let us integrate this equality over D . The integral of the left-
hand side can be reformulated to an integral over the boundary using Stokes’ theorem,
cf. (10.3) in the case of the ordinary Euclidean metric on RnC1. There are two or three
terms. The integral over the part of @D with t D 0 is zero. The outward normal on
the remaining surfaces, say n˛ , can be made to be such that n˛A˛ is a positive definite
matrix by choosing s0 to be large enough (note that this can be done independently of
the region and only depending on a lower bound on A0 and an upper bound on Ai on
the set ŒT1; T2� � Rn). Fix the corresponding s0 once and for all. Then the boundary
integrals are all non-negative. By assumption, f is zero in D . The integral of the
right-hand side can be assumed to be smaller than

�c0
Z

D

e�ktutudx

for some positive constant c0 by choosing k large enough (this is possible sinceA0 has
a positive uniform lower bound considered as a positive definite matrix, and the other
matrices involved have a uniform upper bound, since the region is bounded and the
relevant quantities are continuous). We thus have an equality in which the left-hand
side is non-negative and the right-hand side is non-positive. Both sides must thus equal
zero, and we conclude that u has to equal zero in D . The argument for negative times
follows by reversing time. �

7.4 Existence

We are finally in a position to prove existence of solutions to (7.2).

Theorem 7.9. Let ST D Œ0; T ��Rn, where T > 0. Consider the initial value problem
(7.2)–(7.3), where u0 2 C1

0 .R
n;RN /, f 2 C1

0 .R
nC1;RN /, A� and B are smooth

functions from RnC1 to the set of real-valuedN �N -matrices, all of whose derivatives
are bounded, withA� symmetric andA0 positive definite with a uniform positive lower
bound. Then there is a unique u 2 C1.Œ0; T / � Rn;RN / solving (7.2)–(7.3) and a
compact set K � Rn such that u.t; x/ D 0 for t 2 Œ0; T � and x … K.

Proof. Given L as above, let us define L� by

L�u D �A0@tu � Aj @juC .�@tA0 � @jAj C B t /u

D �@t .A0u/ � @j .Aju/C B tu:
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Then �L� is an operator of the same type as L, so that (7.8) holds with L replaced by
L�. For every � 2 C1

0 .R
nC1;CN / such that �.t; x/ D 0 for all t � T , we thus get

k�.t; � /k.�k/ � C

Z T

t

k.L��/.s; � /k.�k/ ds (7.10)

for all t 2 Œ0; T �. Note that as a consequence, if �; 2 C1
0 .R

nC1;CN / both vanish
for t � T and L�� D L� , then �.t; � / D  .t; � / for all t 2 Œ0; T �. Given a � as
above and an f 2 L1fŒ0; T �;H.k/.Rn;CN /g, define

F.L��/ D hf; �i D
Z T

0

.�.t/; f .t//L2 dt;

where the last equality is a definition of h � ; � i. Strictly speaking, the definition
goes along the same lines of the discussion preceding Proposition 5.21, but due to the
regularity of �, the right-hand side makes sense as it stands, assuming that k � 0. By
the above observations, the definition of F makes sense. By (7.10), we have

jF.L��/j � C

Z T

0

k.L��/.t; � /k.�k/ dt:

Note that L�� can be considered as an element of

X D L1fŒ0; T �;H.�k/.Rn;CN /g:
LetM be the subspace ofX spanned byL�� for � as above. Then F as defined above
is a bounded linear functional onM . By the Hahn–Banach theorem, cf. Theorem 5.16
of [79], F can be extended to a bounded linear functional on X which we, by abuse of
notation, shall also denote F . Furthermore, the norm of the extension coincides with
the norm of the functional restricted toM . By Proposition 5.21, we conclude that there
is a u 2 L1fŒ0; T �;H.k/.Rn;CN /g such that, for all � of the above type,Z T

0

.�.t/; f .t//L2 dt D
Z T

0

.L��.t/; u.t//L2 dt:

Let us first assume f 2 C1
0 .R

nC1;RN / is such that f .t; � / D 0 for all t � 0. We can
then extend u to be an element of L1f.�1; T �;H.k/.R

n;CN /g by demanding that it
be zero for t < 0, so thatZ T

�1
.�.t/; f .t//L2 dt D

Z T

�1
.L��.t/; u.t//L2 dt

for all � 2 C1
0 .R

nC1;CN / such that �.t; � / D 0 for all t � T . Due to Lemma A.5,
there is a U 2 L2locŒ.�1; T / � Rn;CN � which is k times weakly differentiable with
respect to x. Furthermore,Z T

�1

Z
Rn

� � Nf dxdt D
Z T

�1

Z
Rn

L�� � xU dxdt (7.11)
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for all � 2 C1
0 Œ.�1; T / � Rn;CN /. Let us make the inductive assumption that if

jCj˛j � k and j � l � k�1, then there is a functionUj;˛ 2 L2locŒ.�1; T /�Rn;CN �

such that Z T

�1

Z
Rn

� � xUj;˛ dxdt D .�1/jCj˛j
Z T

�1

Z
Rn

@
j
t @
˛� � xU dxdt

for all � 2 C1
0 Œ.�1; T / � Rn;CN /. We shall also write @jt @

˛U D Uj;˛ . If l D 0,
the inductive statement is true. We can reformulate (7.11) toZ T

�1

Z
Rn

 � Ng dxdt D �
Z T

�1

Z
Rn

@t � xU dxdt; (7.12)

where  D A0� and

g D .A0/�1Œf � Aj @jU � BU �:
Note that any  2 C1

0 Œ.�1; T / � Rn;CN / can be written as  D A0� where � is
in the same class as  . Furthermore, for any multiindex ˛ and non-negative integer
j with j˛j C j � k � 1 and j � l , the weak derivative @˛@jt g exists and is in
L2locŒ.�1; T / � Rn;CN �. For any ˛ with j˛j � k � l � 1, we can thus replace  in
(7.12) with @lt@

˛ and reformulate the left-hand side to be the integral of the scalar
product of  and a function which is in L2locŒ.�1; T / � Rn;CN �. Thus the inductive
assumption holds with l replaced by l C 1 until we reach the conclusion that U is
k times weakly differentiable with respect to x and t in .�1; T / � Rn. For k large
enough, we conclude that U is continuously differentiable due to Lemma 6.7. Then
(7.11) implies that LU D f . Furthermore, U D 0 for t � 0. We would like to
conclude that U is smooth, but the above procedure gives a U for each k, and we are
not allowed to assume apriori that the different U ’s coincide. Using Proposition 7.7,
we are, however, allowed to assume that the solutions coincide as long as they are
C 1. As a consequence, we see that all the solutions constructed above for different k’s
(large enough) coincide. Consequently the solution is smooth.

Let us consider the case that f 2 C1
0 .R

nC1;RN / but that f does not necessarily
vanish for t � 0. Let � 2 C1

0 .R;R/ be such that 0 � � � 1, �.t/ D 0 for all t � 0

and �.t/ D 1 for all t � 1. Define

f".t; x/ D �.t="/f .t; x/:

For every " > 0, we get a smooth solution u" to the equation Lu" D f" such that
u".t; � / D 0 for all t � 0. By Proposition 7.7, there is a compact set K such that
u".t; x/ D 0 for x … K and t � T and all " > 0. Due to (7.7), we conclude that

k.u"1
� u"2

/.t; � /k.k/ � C

Z t

0

j�.s="1/ � �.s="2/jkf .s; � /k.k/ ds:

Thus for any t 2 Œ0; T �, u".t; � / converges in any H k-norm, and thus with respect to
any C k norm, as " ! 0C. Using the equation, we get convergence of any number of
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time derivatives as well, assuming we stay away from t D 0. In this way, we obtain a
smooth function u on .0; T /� Rn which solves the equation. We would like to extend
the definition of this function to t D 0. How to define the function at t D 0 is clear;
u.0; � / D 0, and the higher time derivatives are given recursively by the equation. The
question is then if @tu converges to what it should converge to as t ! 0C etc. Due to
(7.7), we have

ku".t; � /k.k/ � C

Z t

0

kf".s; � /k.k/ ds � C

Z t

0

kf .s; � /k.k/ ds:

Since the right-hand side is independent of ", this inequality must hold for u as well.
Choosing k large enough that theH k-norm dominates the C 0-norm, we conclude that
u.t; � / converges to zero in C 0 as t ! 0C (in fact it converges to zero in any C k

norm). Inserting this information into the equation, we conclude that @tu converges
to what it ought to converge to in any C k norm. Recursively, the same holds for all
the higher time derivatives. The equation (7.2)–(7.3) thus has a smooth solution on
Œ0; T /�Rn assuming f 2 C1

0 .R
nC1;RN / and that u0 D 0. To get the same statement

with u0 ¤ 0, we simply consider the equation for u�u0 , where 2 C1
0 .R/ is such

that  .t/ D 1 for t 2 Œ�1; T C 1�. Thus we get a smooth solution if we, in addition to
the assumptions made concerning f , also assume that u0 2 C1

0 .R
n;RN /. �

Corollary 7.10. Let u0 2 C1.Rn;RN /, f 2 C1.RnC1;RN /, and A� and B be
smooth functions from RnC1 to the set of real-valued N � N -matrices. Assume
that the matrices A� are symmetric and that for any compact interval ŒT1; T2�, there
are constants a0; b0 > 0 such that A0 � a0 and kA�k � b0, � D 0; : : : ; n, on
ŒT1; T2�� Rn. Then there is a unique solution u 2 C1.RnC1;RN / to the initial value
problem (7.2)–(7.3).

Remark 7.11. One can of course also prove existence results in lower regularity.

Proof. The uniqueness part of the statement follows from Proposition 7.7. In order to
prove existence, let us construct the solution on Œ0; T /�Rn for a given T 2 .0;1/. Let
s0 be as in the statement of Proposition 7.7, given ŒT1; T2� D Œ0; T �. Let r � T s0 C 1,
and define

Cr D f.t; x/ 2 Œ0; T � � Rn W x 2 Br�s0t .0/g:
Let  r 2 C1

0 .R
nC1/ be such that  r.t; x/ D 1 on C2rC2s0T and 0 �  r � 1, and

let �r 2 C1
0 .R

n/ be such that �r.x/ D 1 on Br.0/ and �r.x/ D 0 for x … B2r.0/.
Define

A0r D  rA
0 C .1 �  r/A0.0; 0/; Air D  rA

i ; Br D  rB; u0r D �ru0;

and fr.t; x/ D  r.t; x/�r.x/f .t; x/. Due to Theorem 7.9, the equation

A�r @�uC Bru D fr ; (7.13)

u.0; � / D u0r (7.14)
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has a smooth solution; let us call itur . The s0 mentioned above only depends on a lower
bound on A0 and an upper bound on Ai . A0r satisfies the same lower bound as A0 and
the Air satisfy a better upper bound. Consequently we can apply Proposition 7.7 with
the same s0 as for A� to the solution of (7.13)–(7.14). In particular, we conclude that
ur.t; x/ D 0 for t 2 Œ0; T � and x … B2rCs0t .0/. Consequently, whenever ur.t; x/ ¤ 0

and t 2 Œ0; T �, we have A�r .t; x/ D A�.t; x/ and Br.t; x/ D B.t; x/. Consequently,
ur is a solution to the equation

A�@�uC Bu D fr ;

u.0; � / D u0r

on Œ0; T / � Rn. In the region Cr , ur is of course a solution to the original equation.
Let us consider two solutions uri , i D 1; 2 of the above type, where r1 < r2. By
uniqueness, ur1 D ur2 on Cr1 . If .t; x/ 2 Œ0; T /� Rn, let r be such that .t; x/ is in the
interior of Cr and define u.t; x/ D ur.t; x/. By the above observation, the choice of r
does not matter, and we get a smooth solution to the equation on Œ0; T /� Rn. Since T
was arbitrary, we can define the solution for all future times due to a similar uniqueness
argument. The argument in the opposite time direction follows by reversing time. �



8 Linear wave equations

Let us begin this chapter by giving a detailed derivation of an energy estimate for a
linear wave equation. The reason for the importance of the energy estimates is that they
form the basis for existence and uniqueness proofs. They will not play a central role
in the present chapter, since we shall here rely on the results derived in the symmetric
hyperbolic setting, but they will in the arguments used to prove local existence of
solutions to non-linear wave equations.

Consider an equation of the form

g��@�@�uC a�@�uC bu D f; (8.1)

where g�� are the components of a smooth .nC 1/ � .nC 1/ real symmetric matrix-
valued function on RnC1 which is such that g00 < 0 and gij , i; j D 1; : : : ; n, are the
components of a positive definite matrix. Assume furthermore a� and b to be smooth
N �N real matrix-valued functions and f to be a smooth RN -valued function on RnC1.
Finally, assume we have a smooth RN -valued solution u to this equation on RnC1 with
the property that for a compact interval I � R, there is a compact set KI � Rn such
that u.t; x/ D 0 if t 2 I and x … KI . Under these circumstances, the energy defined
by

E D 1

2

Z
Rn

Œ�g00jut j2 C gij @iu � @juC juj2� dx (8.2)

makes sense.

Lemma 8.1. Given the situation described above, assume g�� , its first derivatives, b
and a� all have uniform bounds. Assume furthermore that g00 has a uniform negative
upper bound and that the positive definite matrix with components gij , i; j D 1; : : : ; n

has a uniform positive lower bound. Then there is a constant C , depending on the
bounds, such that for t � 0, the energy defined by (8.2) satisfies the inequality

E1=2.t/ �
�

E1=2.0/C C

Z t

0

kf .s; � /k2 ds
�
eCt : (8.3)

Remark8.2. The result is only intended to illustrate the type of arguments one can carry
out; it is of course possible to obtain the same conclusions under weaker conditions.
Note that one consequence of this inequality is that if we have two solutions to the
equation (8.1) satisfying the conditions stated above, and if the initial data of these
solutions coincide for t D 0, then they have to coincide for all t � 0; consider the
inequality obtained for the difference of the solutions.

Proof. Differentiating with respect to time, we obtain

@tE D
Z

Rn

�
� 1

2
.@tg

00/jut j2 � g00ut � ut t

C 1

2
.@tg

ij /@iu � @juC gij @iu � @j @tuC u � ut
�
dx:

(8.4)
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The first, the third and the fifth terms in the integrand on the right-hand side are harmless
since they can be bounded in terms of the energy. In order for the resulting constants to
be uniform, we do, however, need to have a uniform negative upper bound on g00 and
a uniform positive lower bound on the positive definite matrix with components gij ,
i; j D 1; : : : ; n. We then obtain thatZ

Rn

�
� 1

2
.@tg

00/jut j2 C 1

2
.@tg

ij /@iu � @juC u � ut
�
dx � CE (8.5)

for some constantC (in what followsC will change from line to line without comment
in order that the notation not become to cumbersome). In considering the remaining
terms of (8.4), note thatZ

Rn

gij @iu � @j @tudx

D
Z

Rn

Œ@j .g
ij @iu � @tu/ � .@jgij /@iu � @tu � gij @i@ju � @tu� dx

D �
Z

Rn

Œ.@jg
ij /@iu � @tuC gij @i@ju � @tu� dx:

The first term in the integrand on the extreme right-hand side of this equation can be
estimated as in (8.5). Adding up the above observations, we thus conclude that

@tE � CE �
Z

Rn

.g00ut t C gij @i@ju/ � ut dx:

In the end we wish to use the equation, but considering the above expression, it is clear
that there is one term missing: �2g0i@i@tu � ut . However,Z

Rn

2g0i@i@tu � ut dx D
Z

Rn

g0i@i .jut j2/ dx D �
Z

Rn

.@ig
0i /jut j2 dx:

Since the right-hand side of this equation can be estimated by CE , we conclude that

@tE � CE �
Z

Rn

g��@�@�u � ut dx:

At this stage we are of course allowed to use the equation. Assuming a� and b to be
bounded, we conclude that

@tE � CE C CE1=2kf .t; � /k2:
Let " > 0 and define E" D E C " (the motivation for this is a technicality; we wish to
divide by

p
E"). Then we get the same estimate for E" and we can divide by

p
E" in

order to obtain
@tE

1=2
" � CE1=2" C Ckf .t; � /k2:
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Integrating, we obtain, for t � 0,

E1=2" .t/ � E1=2" .0/C C

Z t

0

kf .s; � /k2 ds C C

Z t

0

E1=2" .s/ ds:

Applying Grönwall’s lemma, Lemma 7.1, we conclude that

E1=2" .t/ �
�

E1=2" .0/C C

Z t

0

kf .s; � /k2 ds
�
eCt :

At this stage, we can let " ! 0C in order to obtain (8.3). �

In the above argument, we made certain assumptions concerning g�� . However,
in the end it will be natural to consider g�� to be the components of the inverse of a
Lorentz metric. In the next section, we write down conditions on the components of
the Lorentz metric that ensure that the components of the inverse have these properties.

8.1 Linear algebra

Let us introduce some notation. Let g be a symmetric .nC 1/ � .nC 1/-dimensional
real-valued matrix with components g�� , �; � D 0; : : : ; n. We shall denote the n � n
matrix with components gij , i; j D 1; : : : ; n, by g[ and if g is invertible, we shall
denote the components of the inverse by g�� , �; � D 0; : : : ; n and the n � n matrix
with components gij , i; j D 1; : : : ; n, by g]. We shall use vŒg� to denote the n-
vector with components g0i , i D 1; : : : ; n and for any symmetric and positive definite
n � n-matrix � and any n-vector v, we shall write

jvj� D
� nX
i;jD1

�ij v
ivj

	1=2
:

We shall also use the notation jvj D jvjı , where ıij is the Kronecker delta. Furthermore,
if A is an n � n real-valued matrix (not necessarily symmetric), we shall denote the
.n C 1/ � .n C 1/-dimensional matrix with 00-component 1, 0i and i0-components
0 and ij components given by Aij by MA. Finally, if � is a symmetric, real-valued
.nC 1/ � .nC 1/-matrix with one negative eigenvalue and n positive ones, we shall
say that it is a Lorentz matrix.

Lemma 8.3. Let � be a symmetric .nC 1/� .nC 1/ real-valued matrix. Assume that
�00 < 0 and that �[ is positive definite. Then � is a Lorentz matrix.

Proof. Let A be an orthogonal n� n-matrix diagonalizing �[ and h D M t
A�MA. Then

h[ D At�[A is diagonal, with diagonal elements �i > 0, i D 1; : : : ; n. Furthermore
h00 D �00 < 0 and the eigenvalues of � and h coincide. If we compute the determinant
of h � �Id, we obtain

p.�/ D
�
�00 � � � h201

�1 � � � � � � � h20n
�n � �

�
.�1 � �/ : : : .�n � �/:
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Let us define

f .�/ D �00 � � � h201
�1 � � � � � � � h20n

�n � �:
If we differentiate this function, we obtain

f 0.�/ D �1 � h201
.�1 � �/2 � � � � � h20n

.�n � �/2 :

Note that �1; : : : ; �n are all positive. Let us denote the smallest of the �i by �min.
For � belonging to the interval .�1; �min/, we obtain the conclusion that f 0.�/ < 0.
Furthermore, f .�1/ D 1 and f .0/ < 0. Thus there is a unique negative value
of �, say �0, for which f .�/ D 0. This is clearly an eigenvalue of �. Since it is
easy to see that p0.�0/ ¤ 0, we see that �0 is a root with multiplicity one to the
polynomial equation p.�/ D 0. There is in other words only one eigenvalue in the
interval .�1; �min/. Since � is a symmetric matrix, it only has real eigenvalues, so the
remaining n eigenvalues have to be positive. �

In what follows, it will be convenient to introduce some terminology for the type
of matrices discussed in the above lemma.

Definition 8.4. A canonical Lorentzmatrix is a symmetric .nC1/�.nC1/-dimensional
real-valued matrix g with components g�� , �; � D 0; : : : ; n such that g00 < 0 and
g[ > 0. Let Cn denote the set of .n C 1/ � .n C 1/-dimensional canonical Lorentz
matrices. If a1, a2 and a3 are positive real numbers and a D .a1; a2; a3/, we define
the Cn;a to be the subset of Cn consisting of matrices g satisfying

g00 � �a1; g[ � a2;

nX
�;�D0

jg�� j � a3:

We shall sometimes write a > 0 to indicate that all the components of a are strictly
positive.

Lemma 8.5. Let g 2 Cn. Then g is a Lorentz matrix,

g00 D 1

g00 � d2 ; (8.6)

where d D jvŒg�jg�1
[

, g] is positive definite, with

g00

g00 � d2 jwj2
g�1

[

� jwj2
g] � jwj2

g�1
[

(8.7)

for any w 2 Rn and

vŒg�1� D 1

d2 � g00g
�1
[ vŒg�: (8.8)

Note that g00 is negative since g00 is negative and that there is an upper bound on this
quantity depending only on g00 and d . In particular, g�1 2 Cn.
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Proof. That g is a Lorentz matrix follows from Lemma 8.3. Let A be the square root
of g�1

[
, i.e., the positive definite, symmetric matrix with the property that A2 D g�1

[
.

Then Atg[A D Id. Consider h D M t
AgMA. Then h00 D g00, h[ D Id and vŒh� D

AtvŒg�. Let B be an orthogonal matrix such that B tAtvŒg� D jAtvŒg�je1, where
e1 D .1; 0; : : : ; 0/t . Note that

d D jAtvŒg�j D jvŒg�jg�1
[
:

Consider � D M t
BM

t
AgMAMB . Then �00 D g00, �[ D Id and vŒ�� D de1. Note that

the inverse of the 2 � 2-matrix with components ��� , �; � D 0; 1 is given by

1

g00 � d2
�
1 �d

�d g00

�
Since

g�1 D MAMB�
�1M t

BM
t
A;

and the matricesMA andMB preserve the 00-component of a matrix, we obtain (8.6).
Furthermore g] D AB�]B tAt . We are interested in the supremum and infimum, for
w ¤ 0, of

jwj2
g]

jwj2
g�1

[

D .g]w;w/

.Aw;Aw/
D .�]B tAtw;B tAtw/

.B tAtw;B tAtw/
;

where we have used the fact that B is orthogonal and A is symmetric. Since �] is
diagonal with 11-component equal to g00=.g00 � d2/ � 1 and the i i -components
equal 1 for i > 1, we obtain (8.7). Since

vŒ��1� D � d

g00 � d2 e1; dBe1 D AtvŒg�;

we obtain

vŒg�1� D ABvŒ��1� D � 1

g00 � d2A
2vŒg� D � 1

g00 � d2g
�1
[ vŒg�;

which implies (8.8). Note that one could also have obtained this equality by applying
g�1
[

to g0igij C g00g0j D 0 and using the fact that (8.6) holds. �

8.2 Existence of solutions to linear wave equations

Let gI , I D 1; : : : ; N be smooth functions from RnC1 into Cn, cf. Definition 8.4,
with components gI�� , �; � D 0; : : : ; n. Assume that for any compact interval
ŒT1; T2�, there are constants ai > 0, i D 1; 2; 3, such that gI .t; x/ 2 Cn;a (where
a D .a1; a2; a3/) for all .t; x/ 2 ŒT1; T2� � Rn and I D 1; : : : ; N . Note that gI is a
Lorentz matrix-valued function for I D 1; : : : ; N . We shall denote the components of
the inverse by g��I . Assume that bJ˛I , cIJ , f I 2 C1.RnC1/, where I; J D 1; : : : ; N
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and ˛ D 0; : : : ; n, and that uI0 ; u
I
1 2 C1.Rn/. We are interested in the initial value

problem

g
��
I @�@�u

I C bI˛J @˛u
J C cIJu

J D f I ; (8.9)

uI .0; � / D uI0 ; (8.10)

@tu
I .0; � / D uI1 ; (8.11)

where I and J range from 1 to N , �, � and ˛ range from 0 to n and we sum over all
indices except I . Due to Lemma 8.5, g]I is positive definite and g00I < 0. Furthermore,
for any compact interval ŒT1; T2�, there are constants bi > 0, i D 1; 2; 3, such that
g�1
I .t; x/ 2 Cn;b (where b D .b1; b2; b3/) for all .t; x/ 2 ŒT1; T2� � Rn and I D
1; : : : ; N . Consequently, when convenient, we shall divide (8.9) by �g00I , so that we
can assume g00I D �1. Let

vI D .@1u
I ; : : : ; @nu

I ; @0u
I ; uI /t : (8.12)

We shall denote the components of this vector by vI1 ; : : : ; v
I
nC2. Define the symmetric

.nC 2/ � .nC 2/-matrices AI0 and AIk by

AI0ij D g
ij
I ; AI0nC1nC1 D AI0nC2nC2 D 1; AIkinC1 D gikI ;

AIknC1i D gikI ; AIknC1nC1 D 2g0kI ;

where i; j; k D 1; : : : ; n and I D 1; : : : ; N and we demand that the remaining com-
ponents be zero. Let furthermore

d IJnC1i D �bI iJ ; d IJnC1nC1 D �bI0J ; d IJnC1nC2 D �cIJ ;
d IJnC2nC1 D �ıIJ ; hInC1 D �f I ;

where i D 1; : : : ; n, I; J D 1; : : : ; N , and the remaining components be zero. If u
satisfies (8.9) and v is given by (8.12), then

AI0@0v
I � AIk@kvI C

X
J

d IJ v
J D hI ; (8.13)

where we sum over k but not over I . Here d IJ is a smooth function with values in the
set of .n C 2/ � .n C 2/-matrices and hI is a smooth RnC2-valued function. If we
put all the vI into one vector v, we see that this equation is symmetric hyperbolic. By
the above observations, we also see that for any compact interval ŒT1; T2�, there is a
constant a0 > 0 such thatA0, which is obtained by putting all theAI0 into one matrix,
satisfies A0 � a0 on ŒT1; T2�� Rn. Furthermore, the Ak are bounded on the same set.

Assume we have a smooth solution to (8.9)–(8.11). If we define vI by (8.12), we
obtain a solution to (8.13) such that the initial data have the property that

@iv
I
nC2.0; � / D vIi .0; � / (8.14)
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for i D 1; : : : ; n. Assume we have a smooth solution to (8.13) such that the initial data
satisfy (8.14). Due to (8.13),

@0v
I
j D @j v

I
nC1; @0v

I
nC2 D vInC1: (8.15)

Define uI D vInC2. Then, due to (8.14), @iuI .0; � / D vIi .0; � /. Thus, using (8.15),

@iu
I .t; x/ D vIi .0; x/C

Z t

0

@i@0v
I
nC2.	; x/ d	

D vIi .0; x/C
Z t

0

@0v
I
i .	; x/ d	 D vIi .t; x/:

This observation, together with (8.15), yields the conclusion that vI is of the form
(8.12). Thus uI is a solution of (8.9)–(8.11) with uI .0; x/ D vInC2.0; x/ and
@tu

I .0; x/ D vInC1.0; x/.
Due to Proposition 7.7, Remark 7.8 and Corollary 7.10, we obtain the following

theorem.

Theorem 8.6. Let gI , I D 1; : : : ; N be smooth functions from RnC1 into Cn, with
components gI�� , �; � D 0; : : : ; n. Assume that for any compact interval ŒT1; T2�,
there are constants ai > 0, i D 1; 2; 3, such that gI .t; x/ 2 Cn;a, where a D
.a1; a2; a3/, for all .t; x/ 2 ŒT1; T2� � Rn and I D 1; : : : ; N . Denote the components
of the inverse by g��I . Assume that bJ˛I , cIJ , f I 2 C1.RnC1/, where I; J D 1; : : : ; N

and ˛ D 0; : : : ; n, and that uI0 ; u
I
1 2 C1.Rn/. Then (8.9)–(8.11) has a unique

solution u 2 C1.RnC1;RN /. Furthermore, if the initial data have compact support
and f I .t; x/ D 0 for t 2 ŒT1; T2� and x … K1, where T1 < 0 < T2 andK1 is compact,
then there is a compact set K such that u.t; x/ D 0 for t 2 ŒT1; T2� if x … K.

It is also of interest to have a uniqueness statement in greater generality.

Proposition 8.7. Let gI , I D 1; : : : ; N be C 1 functions from RnC1 into Cn, with
components gI�� , �; � D 0; : : : ; n. Assume that for any compact interval ŒT1; T2�,
there are constants ai > 0, i D 1; 2; 3, such that gI .t; x/ 2 Cn;a, where a D
.a1; a2; a3/, for all .t; x/ 2 ŒT1; T2� � Rn and I D 1; : : : ; N . Denote the components
of the inverse by g��I . Assume that bJ˛I , cIJ and f I , where I; J D 1; : : : ; N and
˛ D 0; : : : ; n, are continuous functions. Then, given a compact interval ŒT1; T2� with
T1 � 0 and T2 � 0, there is an s0 > 0 such that the following holds: if u is a
C 2 solution to (8.9), the initial data vanish inside Br.x0/, and f I .t; x/ D 0 for
.t; x/ 2 Cx0;r;s0;T1;T2

D C , defined in (7.9), then u.t; x/ D 0 in C .

Remark 8.8. One consequence of the above statement is of course that we have unique-
ness of solutions.

Proof. The statement is an immediate consequence of Proposition 7.7. �



9 Local existence, non-linear wave equations

The argument presented in the present chapter, proving local existence of solutions to
non-linear wave equations, is based on the construction of a convergent sequence of
solutions to a family of linear wave equations. In order to prove convergence, it is
necessary to require that the metric and non-linearity satisfy certain technical condi-
tions. The main purpose of Section 9.1 is to specify these requirements and to introduce
the associated terminology. The proof of the fact that the sequence is convergent can
conveniently be divided into several steps, cf. the proof of Proposition 9.12, see also
[59]. The first step consists of proving that the sequence is bounded with respect to the
“strong” norm, associated with the space

C 0fŒT0; T0 C T �;H kC1.Rn;RN /g \ C 1fŒT0; T0 C T �;H k.Rn;RN /g; (9.1)

assuming that the data are in the space

H kC1.Rn;RN / �H k.Rn;RN /

for some large enough k (k > n=2C1). The main tool in taking this step is Lemma 9.9
of Section 9.2, the result of which is an energy estimate quite similar to the ones carried
out in the linear setting, though it is necessary to keep track of more information. In
the second step, one proves that the sequence converges in a “weak” norm, associated
with the space

C 0fŒT0; T0 C T �;H 1.Rn;RN /g \ C 1fŒT0; T0 C T �; L2.Rn;RN /g;
and Lemma 9.11 of Section 9.2 is the basic tool in achieving this goal. By interpolation,
cf. Lemma 5.20, one then obtains convergence in the spaces

C 0fŒT0; T0 C T �;H.sC1/.Rn;RN /g \ C 1fŒT0; T0 C T �;H.s/.R
n;RN /g

for any 0 � s < k. Furthermore, one can prove weak continuity. In order to prove
strong continuity, some additional technical arguments are necessary.

The basic existence result states that there are solutions with regularity of the form
(9.1), with an existence time T depending on k. Due to the dependence of T on k, one
does not immediately obtain local existence of smooth solutions. In Section 9.4, we
provide a continuation criterion, demonstrating, among other things, that the maximal
time interval on which the solution exists is independent of k. As a corollary, there are
local smooth solutions.

The chapter ends with a proof of Cauchy stability.

9.1 Terminology

Definition 9.1. Let 1 � n;N 2 Z and let k be such that either 0 � k 2 Z or k D 1.
Let g be a C k function from RnNC2NCnC1 to Cn. If
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� for every multiindex ˛ D .˛1; : : : ; ˛nNC2NCnC1/ such that j˛j < k C 1,
and compact interval I D ŒT1; T2�, there is a continuous, increasing function
hI;˛ W R ! R such that

j.@˛g��/.t; x; �/j � hI;˛.j�j/ (9.2)

for all �; � D 0; : : : ; n, t 2 I , x 2 Rn and � 2 RnNC2N , and

� for every compact interval I D ŒT1; T2�, there are ai > 0, i D 1; 2; 3, such that
g.t; x; �/ 2 Cn;a for every .t; x; �/ 2 I � RnNC2NCn, where a D .a1; a2; a3/,

we shall say that g is a C k N; n-admissible metric.

Remark 9.2. By g�� we mean the components of the matrix-valued function. Recall
that the notation Cn and Cn;a was introduced in Definition 8.4.

Assume g is a C 0 N; n-admissible metric. Then g is a Lorentz matrix valued
function due to Lemma 8.3 and we shall denote the components of the inverse by g�� .
As a consequence of our assumptions and Lemma 8.5, there are, for every compact
interval I D ŒT1; T2�, constants bi > 0, i D 1; 2; 3 such that g�1.t; x; �/ 2 Cn;b for
all .t; x; �/ 2 I � RnNC2NCn, where b D .b1; b2; b3/. Given a differentiable function
u W � ! RN for some � � RnC1, we define gŒu� to be the function on � given by

gŒu�.t; x/ D gft; x; u.t; x/; @0u.t; x/; : : : ; @nu.t; x/g:
Before specifying the class of non-linearities we wish to consider, let us introduce the
following concept.

Definition 9.3. Let 1 � m; n 2 Z. A function h W RnC1 ! Rm is said to be of locally
x-compact support if for any compact interval ŒT1; T2� there is a compact set K � Rn

such that h.t; x/ D 0 if t 2 ŒT1; T2� and x … K.

We shall use this concept frequently below. The reason for its importance is due
to the fact that a smooth function of locally x-compact support u W RnC1 ! Rm can
be viewed as an element of C l ŒR;H k.Rn;Rm/� for any l; k (those readers unfamiliar
with the concept of differentiability of functions from one Banach space to another
are referred to, e.g., [49], p. 7, cf. also Section A.7). Note that this is no longer true
if we consider smooth functions with the property that for every fixed t , u.t; � / has
compact support. A simple counterexample is obtained by taking � 2 C1

0 .R
n/ which

is not identically zero and defining u.t; x/ D �.x1 � 1=t; x2; : : : ; xn/ for t > 0 and
u.t; x/ D 0 for t � 0. Then u is smooth for t > 0, for t < 0 and for each point of
the form .0; x/, there is a neighbourhood of that point such that u.t; y/ D 0 for all
.t; y/ in the neighbourhood (since � has compact support). Thus u is smooth. For
each fixed t , u.t; � / has compact support, for t � 0, ku.t; � /k2 D 0 and for t > 0,
ku.t; � /k2 D c0 > 0.

Definition 9.4. Let 1 � n;N 2 Z and let k be such that either 0 � k 2 Z or k D 1.
Let f 2 C k.RnNC2NCnC1;RN /. If
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� for every multiindex ˛ D .˛1; : : : ; ˛nNC2NCnC1/ such that j˛j < k C 1

and compact interval I D ŒT1; T2�, there is a continuous, increasing function
hI;˛ W R ! R such that

j.@˛f /.t; x; �/j � hI;˛.j�j/ (9.3)

for all t 2 I , x 2 Rn and � 2 RnNC2N , and

� the function fb , defined by fb.t; x/ D f .t; x; 0/, has locally x-compact support,

we shall say that f is a C k N; n-admissible non-linearity.

We shall use similar conventions concerning f as we do concerning g, in particular
we shall write f Œu�, the meaning being analogous to the case of g.

In the arguments proving local existence of solutions, constants and functions de-
pending on the metric and non-linearity will appear that have special properties. It is
convenient to introduce some terminology for them.

Definition 9.5. Let 1 � N; n 2 Z. A map � which to every C1 N; n-admissible
metric g, C1 N; n-admissible non-linearity f and compact interval I D ŒT1; T2�

associates a continuous function �I Œg; f � from some Rm to the non-negative real
numbers such that �I1

Œg; f � � �I2
Œg; f � if I1 � I2 will be referred to as an N; n-

admissible majorizer. A map C which to every C1 N; n-admissible metric g, C1
N; n-admissible non-linearity f and compact interval I D ŒT1; T2� associates a real
number CI Œg; f � > 0 such that CI1

Œg; f � � CI2
Œg; f � if I1 � I2 will be referred to

as an N; n-admissible constant.

Remark 9.6. What g and f are will below usually be clear from the context, and
so we shall, for the sake of brevity, omit the argument Œg; f � and write �I and CI .
Furthermore, it will not be of any interest to keep track of the different constants
and functions, and we shall therefore use the same notation, �I and CI , for all N; n-
admissible majorizers and constants; what they actually are might change from line to
line but the notation will remain the same.

In this section we are interested in the initial value problem

g��@�@�u D f; (9.4)

u.T0; � / D U0; (9.5)

@tu.T0; � / D U1; (9.6)

where T0 2 R and we write g instead of gŒu� and f instead of f Œu�. Let us remark
that all the assumptions made hold if we divide the equation by �g00. It is thus not a
restriction to assume that g00 D �1, and we shall make this assumption whenever it
is convenient.

Lemma 9.7. Let 1 � N; n 2 Z, let g be a C 1 N; n-admissible metric and f be
a C 1 N; n-admissible non-linearity. Consider two C 2 solutions u and v to (9.4) on
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ŒT0; T / � Rn, where we do not assume that the initial data have compact support. If
the initial data coincide at t D T0, then u D v on ŒT0; T / � Rn. The statement in the
opposite time direction is similar.

Remark 9.8. It is possible to make local in space uniqueness statements. The condition
that f be such that fb have locally x-compact support is not necessary.

Proof. Let us write gv D gŒv� and similarly for the other objects involved in the
equations. Then

g��u @�@�.u � v/ D .g��v � g��u /@�@�v C fu � fv: (9.7)

Due to equalities of the type

h.u/ � h.v/ D
Z 1

0

h0.tuC .1 � t /v/ dt � .u � v/; (9.8)

there are continuous functions f1 and f �2 such that

fu � fv D f1 � .u � v/C f
�
2 � @�.u � v/;

and similarly for g��v � g
��
u . Inserting this information into (9.7), we see that Propo-

sition 8.7 is applicable. The lemma follows. �

9.2 Preliminaries

Below, we shall use the notation

MkŒv�.t/ D kv.t; � /kHkC1 C k@tv.t; � /kHk ;

mŒv�.t/ D
X

j˛jCj�2
sup
x2Rn

j@˛@jt v.t; x/j;

given that the right-hand sides are defined. We shall also write MŒv� D M0Œv�. The
following lemma will, among other things, be used to prove that the elements of the
sequence we set up in order to prove existence of a local solution are uniformly bounded
on a suitable time interval.

Lemma 9.9. Let 1 � N; n 2 Z. Then there are N; n-admissible majorizers �1, �2
and N; n-admissible constants C1, C2, C3 such that the following holds. Let g be
a C1 N; n-admissible metric and f be a C1 N; n-admissible non-linearity. Let
U0; U1 2 C1

0 .R
n;RN / and assume v 2 C1.RnC1;RN / is of locally x-compact

support. Let T0 � T1 2 R, gv D gŒv�, fv D f Œv� and u be the solution of

g��v @�@�u D fv; (9.9)

u.T0; � / D U0; (9.10)

@tu.T0; � / D U1: (9.11)
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Let I D ŒT0; T1�. If t 2 I , then

MkŒu�.t/ � C1;IMkŒu�.T0/

C
Z t

T0

ŒC2;I C �1;I .mŒv�/f.1CmŒu�/MkŒv�CMkŒu�g� ds:
(9.12)

If fb D 0, the constant term inside the integral can be omitted. Finally, if

EkŒv; u� D 1

2

X
j˛j�k

Z
Rn

Œ�g00v j@˛@tuj2 C gijv @
˛@iu � @˛@juC j@˛uj2� dx; (9.13)

the following inequality holds:

@tEkŒv; u� � C3;I C �2;I .mŒu�;mŒv�/.M
2
k Œv�CEkŒv; u�/: (9.14)

Remark 9.10. By Theorem 8.6, there is a unique solution u 2 C1.RnC1;RN / to
(9.9)–(9.11). Furthermore, the solution is of locally x-compact support. In (9.13),
g00v D �1, but we write down the energy as above to point out that there is no problem
in defining it when this is not satisfied.

Proof. Note that due to the assumptions we have made ong, there is anN; n-admissible
constant C such that for t 2 I D ŒT0; T1�,

1

CI
E
1=2

k
Œv; w�.t/ � MkŒw�.t/ � CIE

1=2

k
Œv; w�.t/; (9.15)

assuming w is such that the objects involved in the inequality are defined. From now
on we shall write Ek instead of EkŒv; u� and E D E0. Compute

@tE D
Z

Rn

�
� g��v @�@�u � @tu � @i .g0iv /j@tuj2 � 1

2
.@tg

00
v /j@tuj2

� .@igijv /@ju � @tuC 1

2
.@tg

ij
v /@ju � @iuC u � @tu

�
dx;

(9.16)

where we have used the fact that due to partial integration,Z
Rn

gijv @iu � @t@judx D �
Z

Rn

@j .g
ij
v @iu/ � @tudx;Z

Rn

2g0iv @t@iu � @tudx D �
Z

Rn

@i .g
0i
v /j@tuj2 dx:

In (9.16), @tg00v D 0, but we write it out for the same reasons mentioned above. Note
that @ig0iv is bounded, the bound depending on mŒv� and the interval I , and similarly
for @tg00v , etc. Consequently,

@tE � �I .mŒv�/E C Ckfv.t; � /k2E1=2; (9.17)



9.2. Preliminaries 81

where the second constant is numerical and � is anN; n-admissible majorizer. In order
to get a similar estimate for Ek , let us note that @˛u satisfies the equation

g��v @�@�@
˛u D @˛fv C Œg��v @�@� ; @

˛�u:

Combining this observation with (9.17), we conclude that

@tEk � �I .mŒv�/Ek C CkfvkHkE
1=2

k
C C

X
j˛j�k

kŒg��v @�@� ; @
˛�uk2E1=2k

;

where the H k-norm is only with respect to the x-variable. Note that, up to constant
factors,

Œg��v @�@� ; @
˛�u

can be written as a sum of terms of the form

.@ˇ@ig
��
v /@�@�@�u; (9.18)

where jˇj C j
 j D j˛j � 1. Since g00v D �1 and we differentiate g��v with respect
to xi , we can assume that at most one of �; � equals zero. Let us rewrite

.@ˇ@ig
��
v /@�@�@�u D Œ@ˇ@i .g

��
v � g��0 /�@�@�@�uC .@ˇ@ig

��
0 /@�@�@�u;

where g0 D gŒ0�. Note that the sup norm of the first factor in the second term over
ŒT0; T � � Rn only depends on the interval I . When estimating the second term in L2,
we can thus take out the first factor in the sup norm. To the first term, we can apply
(6.22), where �1 D @i .g

��
v � g

��
0 / and �2 D @�@�u, and then Lemma 6.17. To

conclude,

k.@ˇ@ig��v /@�@�@�uk2 � �I .mŒv�/.MkŒu�CmŒu�MkŒv�/:

Thus
kŒg��v @�@� ; @

˛�uk2 � �I .mŒv�/.MkŒu�CmŒu�MkŒv�/:

What remains to be estimated is fv in H k . However, Lemma 6.17 yields

kfvkHk � CI C �I .mŒv�/MkŒv�;

where the constant term comes from fb . Adding up, we obtain

@tEk � �I .mŒv�/EkCfCI C�I .mŒv�/.MkŒv�CMkŒu�CmŒu�MkŒv�/gE1=2k
: (9.19)

Combining this inequality withYoung’s inequality and (9.15), we obtain (9.14). Letting
OEk D Ek C ", we get

@t OE1=2
k

� CI C �I .mŒv�/.MkŒv�CmŒu�MkŒv�CMkŒu�/;

which yields (9.12) after integrating and letting " ! 0C. Note that we have used
(9.15). �
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The following lemma will be used to prove that the sequence we set up to prove
the existence of a local solution converges for a low degree of regularity.

Lemma 9.11. Let 1 � N; n 2 Z. Then there are N; n-admissible majorizers �3, �4
and anN; n-admissible constantC4 such that the following holds. Let g be aC1 N; n-
admissible metric and f be a C1 N; n-admissible non-linearity. Let T0 � T1 2 R,
U0;i ; U1;i 2 C1

0 .R
n;RN / and let vi 2 C1.RnC1;RN / be functions of locally x-

compact support, where i D 1; 2. Let gi D gŒvi �, fi D f Œvi � and ui be solutions
to

g
��
i @�@�ui D fi ;

ui .T0; � / D U0;i ;

@tui .T0; � / D U1;i :

If u D u2 � u1 and v D v2 � v1, then, for t 2 I D ŒT0; T1�,

MŒu�.t/ � C4;I exp

�Z t

T0

�4;I .mŒv2�/ ds

�
�
�
MŒu�.T0/C

Z t

T0

�3;I .mŒu1�; mŒv1�; mŒv2�/M Œv� ds

�
where we use the notationMŒu� D M0Œu�.

Proof. Note that

g
��
2 @�@�u D .g

��
1 � g��2 /@�@�u1 C f2 � f1:

Let

E D 1

2

Z
Rn

Œ�g002 j@tuj2 C g
ij
2 @iu � @juC juj2� dx:

Using equalities of the form (9.8), we have

@tE � �I .mŒv2�/E C �I .mŒu1�; mŒv1�; mŒv2�/M Œv�E1=2:

This implies that

E1=2.t/ � E1=2.T0/C
Z t

T0

f�I .mŒv2�/E1=2 C �I .mŒu1�; mŒv1�; mŒv2�/M Œv�g ds:

Due to Grönwall’s lemma, Lemma 7.1, we get

E1=2.t/

�
�

E1=2.T0/C
Z t

T0

�I .mŒu1�; mŒv1�; mŒv2�/M Œv� ds

�
exp

�Z t

T0

�I .mŒv2�/ ds

�
:

The lemma follows. �
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9.3 Local existence

Proposition 9.12. Let 1 � N; n 2 Z. Then there is an N; n-admissible majorizer �
and anN; n-admissible constantC such that the following holds. Let g be aC1 N; n-
admissible metric and f be a C1 N; n-admissible non-linearity. Let k > n=2 C 1,
U0 2 H kC1.Rn;RN / andU1 2 H k.Rn;RN /. Given a compact interval I D ŒT1; T2�,
there is a T > 0, depending on I and continuously on the H kC1-norm of U0 and
on the H k-norm of U1, such that if T0 2 ŒT1; T2�, then there is a unique solution
u 2 C 2

b
.ŒT0; T0 C T � � Rn;RN / to (9.4)–(9.6). Furthermore,

u 2 C fŒT0; T0CT �;H kC1.Rn;RN /g; @tu 2 C fŒT0; T0CT �;H k.Rn;RN /g; (9.20)

and, for t 2 ŒT0; T0 C T �,

Ek.t/ � ŒEk.T0/C CI � .t � T0/� exp

�Z t

T0

�I .mŒu�/ d	

�
; (9.21)

where Ek.t/ D EkŒu; u�.t/ and EkŒv; u�.t/ is defined in (9.13). Finally, one can
assume the bound on Ek.t/ for t 2 ŒT0; T0 C T � to depend only on I , on an upper
bound on theH kC1-norm of U0 and on an upper bound on theH k-norm of U1.

Remark 9.13. The above result does not immediately imply the existence of local
smooth solutions given smooth initial data since the existence time could depend on
the degree of regularity of the initial data. Existence in the opposite time direction
follows by time reversal. Recall that the notation C k

b
was introduced in Remark 6.6.

There are many presentations of similar results in the literature, cf., e.g., [50] and [59].

Proof. Let U0;l ; U1;l 2 C1
0 .R

n;RN / be sequences which converge to U0 and U1 in
H kC1 and H k respectively. Let us assume

C0 D kU0kHkC1 C kU1kHk ; kU0;lkHkC1 C kU1;lkHk � C0 C 1;

where the second inequality can be obtained by making a suitable choice of sequence.
Define w0 by w0.t; x/ D U0;0.x/. Given that wl has been defined and has x-compact
support, let glC1 D gŒwl � and flC1 D f Œwl �. Define wlC1 as the solution to

g
��

lC1@�@�wlC1 D flC1; (9.22)

wlC1.T0; � / D U0;lC1; (9.23)

@twlC1.T0; � / D U1;lC1: (9.24)

Due to Theorem 8.6, there is a unique wlC1 2 C1.RnC1;RN / solving (9.22)–(9.24)
which is furthermore of locally x-compact support.

Boundedness of the sequence. The first step is to prove that the sequence is bounded
in the right space. Let us make the inductive assumption that

MkŒwl�1�.t/ � M (9.25)
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for T0 � t � T0CT and some constant M. For l D 1, this assumption is clearly valid
for any T , with M depending only on C0. Assume (9.25) holds for l and l C 1. Then
Sobolev embedding and the equation yield

mŒwl �.t/ � �I .M/f1CMkŒwl �.t/g � �I .M/

on ŒT0; T0CT �, assuming T � 1, where the first inequality holds assuming only (9.25)
for l (strictly speaking, in order to get this estimate we need to control f and g on
I1 D ŒT1; T2 C 1�, and therefore one could consider the notation �I1

more natural, but
note that the definition of an admissible majorizer does not require us to use such a
notation). In this inequality, the 1 appearing in the middle is due to the fact that we
have used the equation in order to get an estimate for @2twl . Note that when we use
the equation, the only control we need to have concerning wl�1 is the sup norm of the
derivatives of order 0 and 1, which is given by (9.25). Sup norm control of the second
derivatives of wl is given by (9.25) with l replaced by l C 1, assuming that at least
one of the derivatives is spatial. Note thatmŒw0� is bounded, so that we do not need to
know anything about w�1 in the inductive step from l D 1 to l D 2, cf. below.

Assume either that (9.25) holds for l D 1 or for l and l�1. ThenmŒwl�1� � �I .M/

and
mŒwl �.t/ � �I .M/f1CMkŒwl �.t/g:

Inserting this information into (9.12), we obtain

MkŒwl �.t/ � CI

�
MkŒwl �.T0/C �I .M/

Z t

T0

.1CMkŒwl �/ ds

�
:

By Grönwall’s lemma, Lemma 7.1, we get

MkŒwl �.t/ � CI ŒMkŒwl �.T0/C �I .M/.t � T0/� expŒ.t � T0/�I .M/�:

Choose M D 4CI .C0 C 1/. Then M � 4CIMkŒwl �.T0/ for all l . By demanding that
T be small enough, depending only on M and I , i.e. on C0 and I , we can complete
the inductive step. Thus (9.25) holds for all l .

Convergence in the low norm. Let us prove that the sequence converges in

C 0fŒT0; T0 C T �;H 1.Rn;RN /g \ C 1fŒT0; T0 C T �; L2.Rn;RN /g:
One should of course check that the iterates are in the appropriate space. Let us apply
Lemma 9.11 with v2 D wl , v1 D wl�1, u2 D wlC1 and u1 D wl . If we let

al D sup
T0�t�T0CT

MŒwlC1 � wl �;

assume that T is small enough, depending only onC0 and I , and assume that the initial
data sequence has been chosen so that

2C4;IMŒwlC1 � wl �.T0/ � 2�l ;
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then

al � 2�l C 1

2
al�1:

Consequently,

al � l � 1
2l

C 1

2l�1
a1:

In particular, al is summable, and we conclude that we have convergence in the desired
space.

Convergence in higher norms. Assuming 0 < s < k, we can use Lemma 5.20 in
order to conclude that there are as; bs 2 .0; 1/ with as C bs D 1 such that

kwl.t; � / � wm.t; � /k.sC1/ � kwl.t; � / � wm.t; � /kbs

.kC1/kwl.t; � / � wm.t; � /kas

2 :

Since the first factor is bounded for T0 � t � T0 C T and the second factor converges
to zero, we conclude that wl is a Cauchy sequence in

C 0fŒT0; T0 C T �;H.sC1/.Rn;RN /g:
Similarly, we conclude that wl is a Cauchy sequence in

C 1fŒT0; T0 C T �;H.s/.R
n;RN /g:

Since we are assuming k > n=2C 1, we can use the above, Sobolev embedding and
the equation in order to conclude that wl converges in C 2

b
.ŒT0; T0 C T �� Rn;RN /. In

particular, we get a C 2 solution to the equation. Let u denote the solution. We need
to prove that u.t; � / is in H kC1 and that @tu.t; � / is in H k . For any 0 < s < k, we
have u.t; � / 2 H.sC1/ and @tu.t; � / 2 H.s/. Furthermore, for 0 < s < k,

ku.t; � /k.sC1/ C k@tu.t; � /k.s/ D lim
l!1

Œkwl.t; � /k.sC1/ C k@twl.t; � /k.s/� � CM:

Since the right-hand side does not depend on s we can use Lebesgue’s monotone
convergence theorem to conclude thatu.t; �/ 2 H kC1 and@tu.t; �/ 2 H k . Furthermore

ku.t; � /kHkC1 C k@tu.t; � /kHk � CM:

Weak continuity. We would like to say that (9.20) holds. However, it is necessary to
divide the proof into two steps. First, let us prove that the solution is weakly continuous.
Let f be in the dual of H.kC1/.Rn;RN /. Then there is a � 2 H.�k�1/.Rn;RN / such
that

f .w/ D
Z

Rn

Ow.�/ � O�.�/ d�

for all w 2 H.kC1/.Rn;RN /. Consequently, if �j is a sequence of Schwartz functions
converging to � in H.�k�1/, we obtain that

jf Œu.t; �/��f Œwl.t; �/�j � CMk���j k.�k�1/C
ˇ̌̌̌ Z

Rn

Œ Ou.t; �/� Owl.t; �/� � O�j .�/ d�
ˇ̌̌̌
;
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where we abuse notation and write Ou.t; �/ when we mean the Fourier transform of
u.t; � / evaluated at �. Letting j be large enough that the first term on the right-hand
side is less than or equal to "=2, and then choosing l large enough, depending on j , so
that the second term is less than "=2, we conclude that the right-hand side is less than ".
We conclude that f Œwl.t; � /� converges uniformly to f Œu.t; � /�. In other words, the
latter function is continuous. The argument for @tu is similar, and we conclude that u
and @tu are weakly continuous.

Bound. Note that we can apply Lemma 9.9 with v, U0 andU1 replaced bywl , U0;lC1
and U1;lC1 respectively. The corresponding solution is then wlC1. Applying (9.14),
we obtain, for t 2 ŒT0; T0 C T �,

EkŒwl ; wlC1�.t/ � EkŒwl ; wlC1�.T0/ (9.26)

C
Z t

T0

ŒCI C �I .mŒwl �; mŒwlC1�/.M 2
k Œwl �CEkŒwl ; wlC1�/� dt:

Note that mŒwl � ! mŒu�, since wl converges to u with respect to the C 2-norm. Note
also that for t 2 ŒT0; T0 C T �,

lim
l!1

ŒEkŒwl ; wlC1�.t/ �EkŒu; wlC1�.t/� D 0;

since wl converges to u in C 2 and since MkŒwl � is bounded. Furthermore, we have
M 2
k
Œwl �.t/ � CIEkŒu; wl �.t/. Finally, EkŒwl ; wlC1�.T0/ converges to EkŒu; u�.T0/

due to the above observations and the choice of U0;l , U1;l . Applying the above obser-
vations to (9.26) and using Fatou’s lemma, Lemma 1.28, p. 23 of [79], together with an
argument similar to the proof of Lebesgue’s dominated convergence theorem on p. 27
of [79], we obtain

Ek.t/ � Ek.T0/C
Z t

T0

ŒCI C �I .mŒu�/Ek.	/� d	;

where Ek.t/ D EkŒu; u�.t/ and

Ek.t/ D lim sup
l!1

EkŒu; wl �.t/:

By Grönwall’s lemma, we obtain that

Ek.t/ � ŒEk.T0/C CI � .t � T0/� exp

�Z t

T0

�I .mŒu�/ d	

�
:

Note that since we have weak convergence of wl to u in H kC1 and of @twl to @tu in
H k , we have

Ek D lim
l!1

1

2

X
j˛j�k

Z
Rn

Œ.@˛@tu/ � .@˛@twl/C giju .@
˛@iu/ � .@˛@jwl/C @˛u � @˛wl � dx

� E
1=2

k
lim sup
l!1

E
1=2

k
Œu; wl �;

so that Ek.t/ � Ek.t/. Thus (9.21) holds.
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Strong continuity. Let us prove that

lim
t!T0C.ku.t; � / � u.T0; � /kHkC1 C k@tu.t; � / � @tu.T0; � /kHk / D 0; (9.27)

i.e., that u and @tu are right continuous at T0. To this end, let hij .x/ D gij Œu�.T0; x/

and define an inner product on H kC1.Rn;RN / �H k.Rn;RN / by

h.v1; v2/; .w1; w2/i
D 1

2

X
j˛j�k

Z
Rn

Œ.@˛v2/ � .@˛w2/C hij .@˛@iv1/ � .@˛@jw1/C .@˛v1/ � .@˛w1/� dx:

Compute

h.u.t; � / � U0; @tu.t; � / � U1/; .u.t; � / � U0; @tu.t; � / � U1/i
D h.u.t; � /; @tu.t; � //; .u.t; � /; @tu.t; � //i

� 2h.u.t; � /; @tu.t; � //; .U0; U1/i C h.U0; U1/; .U0; U1/i:
(9.28)

Note that the last term on the right-hand side is Ek.T0/. The second term on the right-
hand side converges to �2Ek.T0/ due to the weak continuity properties of u. Due to
(9.21),

lim sup
t!T0C

Ek.t/ � Ek.T0/:

Furthermore, due to the continuity and boundedness properties of u,

lim
t!T0CŒh.u.t; � /; @tu.t; � //; .u.t; � /; @tu.t; � //i � Ek.t/� D 0:

Combining these observations with (9.28), we conclude that

lim sup
t!T0C

h.u.t; � / � U0; @tu.t; � / � U1/; .u.t; � / � U0; @tu.t; � / � U1/i D 0;

so that (9.27) follows. Note that at each t 2 ŒT0; T0 C T �, we can set up an iteration
that converges in a neighbourhood of t and use the above argument and uniqueness
to prove that u and @tu, considered as functions from ŒT0; T0 C T � to H kC1 and H k

respectively, are right continuous at t . By time reversal, one obtains left continuity and
thus continuity. �

9.4 Continuation criterion, smooth solutions

Lemma 9.14. Let 1 � N; n 2 Z, g be a C1 N; n-admissible metric, f be a C1
N; n-admissible non-linearity and T0 2 R. Assume that for some T 2 .0;1/, u 2
C 2.ŒT0; T0 C T � � Rn;RN / is a solution to (9.4)–(9.6), where the initial data satisfy
U0 2 H kC1.Rn;RN / and U1 2 H k.Rn;RN / for some k > n=2C 1. Then u satisfies
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(9.20) and (9.21), where, in the latter estimate, � is anN; n-admissible majorizer, C is
an N; n-admissible constant and I D ŒT0; T0 C T �. Let Tk be the supremum of times
T such that there is a C 2 solution on ŒT0; T0 C T �� Rn satisfying (9.20). Then either
Tk D 1 or

lim
t!Tk�

sup
T0���t

mŒu�.	/ D 1: (9.29)

Remark 9.15. Note in particular that Tk is independent of k. There is a similar
statement in the opposite time direction.

Proof. Assume we have a C 2 solution with initial data in H kC1 � H k . Consider
(9.21). Note that we know that this estimate holds on the time interval of interest
in Proposition 9.12, i.e. on the interval where the iteration converges, but we do not
know that it holds on the interval of interest in the current lemma. Let A be the set of
T� 2 ŒT0; T0CT � such that (9.20) and (9.21) hold on ŒT0; T��. Due to Proposition 9.12,
we know that A contains an open neighbourhood of T0, so that it is non-empty. We
need to prove that A is open and closed. To prove openness, assume T� 2 A. Then
Proposition 9.12 yields a solution on ŒT�; T� C "� for some " > 0 and we obtain (9.20)
on ŒT0; T� C "�. To prove (9.21) on ŒT0; T� C "�, note that it holds on ŒT0; T�� by
assumption and that on ŒT�; T� C "� we have, by Proposition 9.12,

Ek.t/ � ŒEk.T�/C CI .t � T�/�
�Z t

T�

�I .mŒu�/ d	

�
:

Combining this observation with (9.21) with t replaced by T�, we get

Ek.t/ �
�
ŒEk.T0/C CI .T� � T0/� exp

�Z T�

T0

�I .mŒu�/ d	

�
C CI .t � T�/

�
exp

�Z t

T�

�I .mŒu�/ d	

�
� ŒEk.T0/C CI .t � T0/� exp

�Z t

T0

�I .mŒu�/ d	

�
:

To complete the proof, we need to demonstrate that A is closed. Assume T� is in the
closure of A. Due to (9.21), which holds on ŒT0; T��� for any T�� < T�, we conclude
that there is a uniform bound on u.t; � / and @tu.t; � / inH kC1 andH k respectively for
t 2 ŒT0; T�/. Since the existence time in Proposition 9.12 only depends on the size of
the initial data and the compact interval in which the data are specified we get a solution
beyond T�, and the conclusions (9.20) and (9.21) follow; the first by the proposition
and the second by continuity.

To prove the characterization of Tk given, assume Tk < 1 and that (9.29) does not
hold. Then mŒu� is bounded on ŒT0; Tk/ so that (9.21) implies that Ek has a universal
bound on ŒT0; Tk/. By the local existence result we can then extend the solution beyond
Tk , contradicting the definition of Tk . �
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Corollary 9.16. Let 1 � N; n 2 Z, g be aC1 N; n-admissible metric and f be aC1
N; n-admissible non-linearity. Let U0; U1 2 C1

0 .R
n;RN / and T0 2 R. Then there

are T1 < T0 < T2 and a unique solution u 2 C1Œ.T1; T2/ � Rn;RN � to (9.4)–(9.6).
The solution is of locally x-compact support and either T2 D 1 or

lim
�!T2�

sup
T0�t��

X
j˛jCj�2

sup
x2Rn

j@˛@jt u.t; x/j D 1:

The statement concerning T1 is similar.

9.5 Stability

When studying Einstein’s equations, it will be of interest to know that if we are given
a background solution u on an interval .T�; TC/, two points T0; T1 2 .T�; TC/, and a
sequence of initial data, indexed by l , converging to the initial data of u at T0, then the
corresponding solutions ul have the property that they exist until T1 for l large enough
and the initial data of ul at T1 converge to the initial data of u at T1. Let us be more
precise.

Proposition 9.17. Let 1 � N; n 2 Z, g be a C1 N; n-admissible metric and f be a
C1 N; n-admissible non-linearity. Consider the initial value problem

g��@�@�u D f; (9.30)

u.T0; � / D U0; (9.31)

@tu.T0; � / D U1: (9.32)

Assume u 2 C1Œ.T�; TC/� Rn;RN � is the solution to this equation corresponding to
initial data U0; U1 2 C1

0 .R
n;RN /. Assume furthermore that there is a sequence of

functions U0;l ; U1;l 2 C1
0 .R

n;RN / such that

lim
l!1

ŒkU0;l � U0kHkC1 C kU1;l � U1kHk � D 0;

for some k > n=2C 1. Let ul 2 C1Œ.Tl;�; Tl;C/� Rn;RN � be the solution to (9.30)–
(9.32) with U0; U1 replaced by U0;l ; U1;l . Let T1 2 .T�; TC/. Then there is an l0 such
that for l � l0, T1 2 .Tl;�; Tl;C/. Furthermore,

lim
l!1

Œkul.T1; � / � u.T1; � /kHkC1 C k@tul.T1; � / � @tu.T1; � /kHk � D 0:

Remark 9.18. When we say the solution, we take it for granted that the existence
intervals .T�; TC/ and .Tl;�; Tl;C/ are maximal.

Proof. Without loss of generality, we can assume T1 > T0 and we can restrict our
attention to a fixed compact subset of .T�; TC/ containing T1 in its interior. Let
g D gŒu�, f D f Œu�, gl D gŒul � and fl D f Œul �. Taking the difference of the
equations (9.30) for u and ul , we obtain

g
��

l
@�@�vl D Fl ;
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where
vl D ul � u; Fl D .g�� � g��

l
/@�@�uC fl � f:

Note that there is aG 2 C1Œ.T�; TC/� RnNC2NCn;RN � such that the first condition
of a C1 N; n-admissible non-linearity is satisfied if one restricts one’s attention to
compact subintervals of .T�; TC/, such that G.t; x; 0/ D 0 for .t; x/ 2 .T�; TC/� Rn

and such that

Fl.t; x/ D Gft; x; vl.t; x/; @0vl.t; x/; : : : ; @nvl.t; x/g:
As a consequence, an analogue of Lemma 6.17 is applicable so that if I is a compact
subinterval of .T�; TC/, then

kFl.t; � /kHk � �I .mŒvl �/Œkvl.t; � /kHkC1 C k@tvl.t; � /kHk �

for all t 2 I , where � is an object similar to an N; n-admissible majorizer, the only
difference being that in addition to depending on g and f , � also depends on u, and the
intervals I for which �I Œg; f; u� is defined are the compact subintervals of .T�; TC/
(we shall below use the notation �I for objects that may be different but have the same
properties). Let us define

El;j D 1

2

X
j˛j�j

Z
Rn

Œ�g00l j@˛@0vl j2 C g
ij

l
@˛@ivl � @˛@j vl C j@˛vl j2� dx:

Note that this energy is equivalent to the H jC1 norm of vl.t; � / plus the H j norm
of @tvl.t; � / due to our assumptions concerning g. We shall also use the notation
El D El;0. By an argument similar to the derivation of (9.16), we get

@tEl D
Z

Rn

�
� g��

l
@�@�vl � @tvl � @i .g0il /j@tvl j2 � 1

2
.@tg

00
l /j@tvl j2

� .@igijl /@j vl � @tvl C 1

2
.@tg

ij

l
/@j vl � @ivl C vl � @tvl

�
dx

� CkFl.t; � /k2E1=2l
C �I .mŒvl �/El � �I .mŒvl �/El ;

for t 2 I , where I is a compact subinterval of .T�; TC/ and we have used the fact
that all derivatives of u are bounded on compact subsets of .T�; TC/. Note that @˛vl
satisfies the equation

g
��

l
@�@�@

˛vl D Œg
��

l
@�@� ; @

˛�vl C @˛Fl :

In the above argument, we thus get the same estimate for @˛vl if we exchange Fl with
@˛Fl C Œ@˛; g

��

l
@�@� �vl . Summing these estimates, we get

@tEl;j � �I .mŒvl �/El;j C C
X

j˛j�j
kŒ@˛; g��

l
@�@� �vlk2E1=2l;j

:
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Note that Œ@˛; g��
l
@�@� �vl is a sum of terms of the form

.@˛1@ig
��

l
/@˛2@�@�vl D Œ@˛1@i .g

��

l
� g��/�@˛2@�@�vl C .@˛1@ig

��/@˛2@�@�vl ;

up to numerical factors, where j˛1j C j˛2j D j˛j � 1. Using (6.22), we obtain

k.@˛1@ig
��

l
/@˛2@�@�vlk2 � �I .mŒvl �/E

1=2

l;j
;

since g00
l

D g00 D �1. Thus

@tEl;j � �I .mŒvl �/El;j : (9.33)

Let

A D ft 2 ŒT0; T1� W there exists l1 such that for all s 2 ŒT0; t �; l � l1;

it holds t < Tl;C and MkŒul �.s/ � MkŒu�.s/C 1g:
Note that A is non-empty since T0 2 A. Assume t 2 A. Then there is an l1 such that
ŒT0; t � � .Tl;�; Tl;C/ and

MkŒul �.s/ � MkŒu�.s/C 1 (9.34)

for s 2 ŒT0; t � and l � l1. Since the existence time in Proposition 9.12 only depends
on the norm of the data, there is an " > 0 such that we can extend ul an interval of
length " beyond t for all l � l1. Furthermore, we get a bound on MkŒul �.s/ which
is uniform in l for l � l1 and s 2 ŒT0; t C "�. Using the equation, we get a uniform
bound on mŒvl �.s/ for s 2 ŒT0; t C "� and l � l1. Using (9.33), we conclude that
for l large enough, (9.34) holds on ŒT0; t C "�. Thus A is open. Let ti 2 A be such
that ti ! T . We wish to prove that T 2 A. Since A is connected and T0 2 A,
we can assume T > ti . Let li be such that (9.34) holds on ŒT0; ti � for l � li . Due to
Proposition 9.12, there is an " > 0 such that if we specify initial dataul.ti ; �/, @tul.ti ; �/
at ti where l � li , then we get existence up to ti C " and a bound on MkŒul �.s/ for
s 2 ŒT0; ti C "� independent of l � li . Fix an i such that T � ti < "=2. Then, for
l � li , ŒT0; T C "=2� � .Tl;�; Tl;C/ and we have a uniform bound on MkŒul �.s/ and
on mŒul �.s/ for l � li and s 2 ŒT0; T C "=2�. Using (9.33) again, we see that for l
large enough, (9.34) holds on ŒT0; T C"=2�. Thus A is an open, closed and non-empty
subset of ŒT0; T1�. Thus T1 2 A. Using the equation, we conclude that there is an l1
such that mŒvl �.s/ is uniformly bounded for s 2 ŒT0; T1� and l � l1. Inserting this
information into (9.33), integrating and letting l ! 1, we get the desired conclusion.

�
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10 Basic Lorentz geometry

10.1 Manifolds

The purpose of this chapter and the next is to lay the foundations for a geometric
uniqueness statement. The coefficients of the highest order derivatives in (9.4) are
determined by a Lorentz metric, and the uniqueness should be expressed in terms of
the causal structure of that metric.

We assume that the reader is familiar with elementary differential geometry as well
as Lorentz geometry. However, we wish to recall the basic definitions. In particular
we wish to write down precise definitions of orientability and of the relation between
the orientation of a manifold and its boundary. The reference we have in mind as far
as integration and orientability is concerned is [25], the reference concerning Lorentz
geometry is [65] and for basic concepts of topology, we shall refer the reader to [8].
Let us start by defining the concept of a differentiable manifold.

Definition 10.1. Ann-dimensional differentiable manifold is a second countable Haus-
dorff space M n together with a collection of maps called “charts” such that:

� a chart is a homeomorphism � W U ! U 0, where U is open in M n and U 0 is
open in Rn;

� each point x 2 M n is in the domain of some chart;

� for charts � W U ! U 0 and  W V ! V 0, � B  �1 W  .U \ V / ! �.U \ V / is
C1;

� the collection of charts is maximal with the above properties.

Recall that a topological space X is Hausdorff if for every pair of x; y 2 X such
that x ¤ y, there are open subsets U; V ofX such that x 2 U , y 2 V and U \V D ;.
If X is a topological space and B is a collection of subsets of X , then B is called a
basis for the topology of X if the open sets are precisely the unions of members of B.
A topological space is said to be second countable if it has a countable basis for the
topology. As a consequence of its definition, a differentiable manifold is paracompact,
cf. Theorem 12.12 p. 38 of [8]. However, we shall not use this fact. Let us recall the
definition of paracompactness. If U and V are open coverings of a set, then U is said
to be a refinement of V if each element of U is a subset of some element of V . A
collection U of subsets of a topological spaceX is said to be locally finite if each point
x 2 X has a neighbourhood N which meets, non-trivially, only a finite number of the
members of U. Finally, a Hausdorff space X is said to be paracompact if every open
covering has an open, locally finite refinement. The point of paracompactness is that
if U is an open covering of a differentiable manifold, then there is a smooth partition
of unity subordinate to U. Again, let us explain the terminology.
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Definition 10.2. Let U be an open covering of a differentiable manifold M . Then a
smooth partition of unity subordinate to this covering is a collection of smooth maps
fˇ W M ! Œ0; 1� for ˇ 2 B such that

� There is a locally finite open refinement fVˇ W ˇ 2 Bg of U such that supp.fˇ / �
Vˇ for all ˇ 2 B;

� P
ˇ fˇ .x/ D 1 for all x 2 M .

In this definition supp.fˇ / is the closure of the set of points for whichfˇ is non-zero,
and f W M ! N between differentiable manifolds is said to be smooth if � B f B �1
is smooth for all combination of charts � and  on N and M respectively.

One can prove the existence of partitions of unity using only the assumption of
paracompactness, but in the situation we are interested in, there is an easier proof.

Lemma 10.3. Let M be a smooth manifold and let U be an open covering. Then
there is a locally finite open covering Vi , i D 1; 2; : : : where the closures of the Vi
are compact and contained in elements of U and in the domains of coordinate charts.
Furthermore, there are fi 2 C1

0 .Vi / such that
P
i fi D 1.

Proof. SinceM is second countable, there is a countable basis for the topology, say B.
Due to the existence of charts, each point p 2 M has a compact neighbourhood.
Consequently, the collection of elements in B with compact closure, say Un, n D
1; 2; : : : is a covering of M . Note that here we implicitly assume that the closure of a
set contained in a compact set is compact. This is based on two facts. Namely that a
closed set contained in a compact set is compact and that a compact set is closed. It is
important to keep in mind that the latter statement uses the fact that M is Hausdorff.
Define K1 D xU1. Given that Kn has been defined, define

K 0
nC1 D

nC1[
mD1

xUm [Kn:

The Ui form an open covering of the compact setK 0
nC1. Thus there is a finite subcov-

ering. Define KnC1 to be the union of K 0
nC1 and the closure of the elements of the

finite subcovering. ThenKnC1 is compact and containsKn in its interior. We have thus
constructed a sequence of compact sets Kn such that Kn � intKnC1 and the union of
the Kn is M .

For each p 2 K2, let Vp be an open set containing p such that its closure is compact
and contained in a coordinate chart and xVp � intK3 \ Uˇ for some Uˇ 2 U. Let
Wp be an open set containing p such that the closure of Wp is contained in Vp . Let
p2;i , i D 1; : : : ; k2 be points such that Wp2;i

cover K2 and let f2;i 2 C1
0 .Vp2;i

/,
i D 1; : : : ; k2 be such that 0 � f2;i � 1 and f2;i D 1 on Wp2;i

, cf. Proposition A.12.
Given that we have a covering of Kn, let, for each p 2 KnC1 � intKn, Vp be an open
neighbourhood of p with compact closure contained in a coordinate neighbourhood
such that

xVp � .intKnC2 �Kn�1/ \ Uˇ
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for some Uˇ 2 U. Let Wp be a neighbourhood of p with compact closure contained
in Vp . Let pnC1;i , i D 1; : : : ; knC1 be points such that WpnC1;i

cover KnC1 � intKn
and let fnC1;i 2 C1

0 .VpnC1;i
/, i D 1; : : : ; knC1 be such that 0 � fnC1;i � 1 and

fnC1;i D 1 on WpnC1;i
, cf. Proposition A.12.

Let us prove that Vpi;j
for i D 2; 3; : : : and j D 1; : : : ; ki is a locally finite refine-

ment of U. By construction it is a refinement. Since Vpi1;j1
\Vpi2;j2

¤ ; implies that
ji1 � i2j � 2, we conclude that the refinement is locally finite. Consequently, the sum

� D
1X
iD2

kiX
jD1

fi;j

defines a smooth function, since each point of the manifold has a neighbourhood such
that only a finite number of the terms are non-zero. Furthermore, � � 1, since each
p 2 M belongs to some Wpi;j

. Letting gi;j D fi;j =�, we get the desired partition of
unity. �

For future reference let us note that the above proof gives a construction of a nice
open covering.

Corollary 10.4. LetM be a differentiable manifold. Then there is a countable, locally
finite open covering Vi , i D 1; 2; : : : all the members of which are contained in
coordinate charts. Furthermore, there are open sets Ui , i D 1; 2; : : : such that xUi is
compact and contained in Vi and the Ui also form an open covering.

We assume the reader is familiar with the standard constructions of the tangent
bundle, cotangent bundle, etc. We shall say that a differentiable manifold is oriented if
there is an atlas obeying the additional condition that for any pair of charts � W U ! U 0
and  W V ! V 0, with U \ V ¤ ;, the determinant of the derivative of � B  �1 is
positive. We shall call such an atlas an oriented atlas. Given an ordered collection
of n linearly independent tangent vectors v1; : : : ; vn at a point p of M , we say that
it is positively oriented, if the matrix A whose components Aij are given by vi DP
j Aij @j jp , where � D .x1; : : : ; xn/ is a chart belonging to the oriented atlas, has the

property that detA > 0.
In order to define the concept of a manifold with boundary, let us introduce

Hn D fx 2 Rn W xn � 0g; @Hn D fx 2 Rn W xn D 0g:
The latter set is referred to as the boundary of Hn. If f W Hn ! Rn, we say that it
is smooth if it can be extended to be a smooth map from Rn to Rn. We say that M is
a differentiable manifold with boundary if M is a second countable Hausdorff space
which is covered by charts mapping open subsets ofM either to open subsets of Rn or
to open subsets ofHn. Again, we require smoothness and maximality in the same way
as we did in the definition of differentiable manifolds. Given thatM is a differentiable
manifold with boundary, we define the boundary of M , denoted @M , to be the set of
points p 2 M such that there is a chart .U; �/ with p 2 U , � W U ! U 0 where U 0 is
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an open subset of Hn and �.p/ 2 @Hn. One can check that if .V;  / is a chart and
p 2 V , then  W V ! V 0 with V 0 an open subset of Hn and  .p/ 2 @Hn. Note that
@M is an n � 1 dimensional differentiable manifold.

Given that M is an oriented manifold with boundary, let us define an orientation
on @M . First of all, given a tangent vector at p 2 @M which is not tangent to @M ,
say v, then we can write v D vi@i jp with respect to coordinates � D .x1; : : : ; xn/

where � W U ! Hn. If vn > 0, we say that v is inward pointing and if vn < 0 we say
that v is outward pointing. One can check that this is not dependent on the choice of
coordinates and that the following definition yields a well defined orientation.

Definition 10.5. Let M be an oriented differentiable manifold with boundary. Then
the induced orientation on @M is defined by requiring that .v1; : : : ; vn�1/ 2 Tp.@M/

be positively oriented if and only if .u; v1; : : : ; vn�1/ is a positively oriented basis for
TpM whenever u 2 TpM is outward pointing.

Let us define integration on a manifold. Our basic reference for integration, as
well as orientability is [25]. Given a continuous n-form ! which has compact support
within a coordinate chart .U; �/, we defineZ

M

! D
Z

.U/

h B ��1 d�;

where h is a function such that

! D hdx1 ^ � � � ^ dxn

and� is the Lebesgue measure on Rn. That this definition is independent of coordinates
follows from the standard properties of forms and the change of variables formula,
cf. Theorem 7.26 of [79]. Note, however, that for this to hold it is essential that
the manifold be oriented. The integral of a general continuous n-form with compact
support is then obtained by using a partition of unity. Furthermore, one can prove
Stokes’ theorem.

Theorem 10.6. Let M be an oriented n-manifold with boundary @M . Let ! be a
smooth .n � 1/-form onM having compact support. ThenZ

M

d! D
Z
@M

!:

We shall be interested in applying this result in the case of a Lorentz manifold,
cf. Section 10.2. Let .M; g/ be an oriented nC 1 dimensional Lorentz manifold. One
can then define the volume form " by

" D p� det g dx0 ^ � � � ^ dxn; (10.1)

where det g is the determinant of the matrix g.@�; @�/. By the standard properties
of forms, this definition is independent of the choice of coordinates, so that " is well
defined globally. Given a smooth k-form ! and a smooth vector field � , we define

i�!.v1p; : : : ; vk�1p/ D !.�p; v1p; : : : ; vk�1p/
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for v1p; : : : ; vk�1p 2 TpM . Thus i�! is a smooth k � 1 form. Given a smooth vector
field �, we define

div � D r��� D @��

@x�
C 
����

�

in coordinates, cf. Section 10.2, where


˛ˇ� D 1

2
g˛ı.@ˇg�ı C @�gˇı � @ıgˇ� / (10.2)

are the Christoffel symbols and r is the Levi-Civita connection associated with g. We
wish to prove the following result.

Lemma 10.7. Let .M; g/ be an .nC 1/-dimensional oriented Lorentz manifold with
volume form " given by (10.1). If � is a smooth vector field, then

d.i�"/ D .div �/":

Proof. Concerning the wedge product, all we need to know in the following is that
if v1; : : : ; vn are linearly independent vectors in an n-dimensional vector space and
v1; : : : ; vn are the duals, then

vi1 ^ � � � ^ vik .vi1 ; : : : ; vik / D 1:

Let us compute, for � D 0; : : : ; n,

i�".@0; : : : ;c@�; : : : ; @n/ D ".�; @0; : : : ;c@�; : : : ; @n/
D ��".@�; @0; : : : ;c@�; : : : ; @n/
D .�1/���".@0; : : : ; @n/
D .�1/���p� det g;

where we do not sum over� and the hat signifies omission. By the properties of forms,
we see that

i�" D
nX

�D0
.�1/���p� det g dx0 ^ � � � ^ bdx� ^ � � � ^ dxn:

Let us compute d.i�"/ at a point p, assuming that .x0; : : : ; xn/ are geodesic normal
coordinates atp, cf. pp. 71–73 of [65] (see also Subsection 10.2.5). Then@˛gˇ� .p/ D 0

for all ˛; ˇ; 
 , so that, at p,

d.i�"/ D
nX

�;�D1
.�1/� @�

�

@x�

p� det g dx� ^dx0^ � � � ^ bdx�^ � � � ^dxn D
nX

�D0

@��

@x�
":

Since the right-hand side equals div � " at p, we get the desired result. �
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The idea is of course to integrate this relation using Stokes’ theorem, but before we
do so, we need to sort out what i�" is when restricted to the boundary. In order to be able
to obtain a nice expression, we shall need to assume that the metric, when restricted
to the boundary, is either Riemannian or Lorentzian. If the first case occurs, we shall
say that the boundary is spacelike and if the second case occurs, we shall say that the
boundary is timelike. As a consequence, the outward pointing normal to the boundary,
N , is not null, i.e., hN;N i ¤ 0, where we use the notation g.N;N / D hN;N i, so that
we can assume it to be a unit vector (˙1). Let e1; : : : ; en be an oriented orthonormal
basis of Tp.@M/. Then N; e1; : : : ; en is an orthonormal basis

i�".e1; : : : ; en/ D h�;N i
hN;N i".N; e1; : : : ; en/ D h�;N i

hN;N i ;

where the last equality is due to our choice of orientation of the boundary. Thus

i�"M D h�;N i
hN;N i"@M

on @M , where "M is the volume form of M and "@M is the volume form of @M . To
conclude, we have the following result.

Lemma 10.8. Assume .M; g/ is an .n C 1/-dimensional oriented Lorentz manifold
with boundary, assume that the boundary is spacelike or timelike and let � be a smooth
vector field with compact support. Then, if "M and "@M are the volume forms of M
and @M respectively and N is the outward pointing unit normal to @M ,Z

M

div � "M D
Z
@M

h�;N i
hN;N i "@M : (10.3)

Remark 10.9. A similar result is of course true in the Riemannian setting.

10.2 Lorentz geometry

In this section we are concerned with the basic properties of Lorentz manifolds, i.e.,
manifolds with a Lorentz metric. We refer the reader to [65] for the proofs of the
statements made.

10.2.1 Lorentz metrics. A Lorentz metric g is a symmetric non-degenerate covariant
2-tensor field on M such that at every point p of M , there is a basis for TpM , say
e0; : : : ; en such that g.e�; e�/ are the components of the standard Minkowski metric
� D diag.�1; 1; : : : ; 1/. We call a couple .M; g/, where M is a manifold and g is a
Lorentz metric onM a Lorentz manifold. Note that we can use the metric to define an
isometry between vector fields and one-forms. In fact, if X is a vector field, we obtain
a one-form according to the formula

X [.Y / D hY;Xi;
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where we write hY;Xi instead of g.X; Y /. Conversely, given a one form � onM , there
is a unique vector field �] such that

�.Y / D hY; �]i; (10.4)

cf. Proposition 10, p. 60 of [65]. Needless to say, this construction also works for
individual vectors and covectors. Note that with respect to any coordinates x, g�� D
g.@x� ; @x� / are the components of an invertible matrix. We shall use the notation
g�� for the components of the inverse. These are the components of a contravariant
2-tensor field onM . This tensor field, say h, can be characterized more invariantly by
the condition that

h.�; !/ D g.�]; !]/:

10.2.2 Covariant differentiation. Let .M; g/ be a Lorentz manifold. Then there is a
unique metric and torsion free connection, called the Levi-Civita connection, cf. The-
orem 11, p. 61 of [65]. We shall denote it r unless otherwise stated. Recall that the
condition that r be metric is the requirement that

XhV;W i D hrXV;W i C hV;rXW i
hold for all vector fields X; V;W . Furthermore, r is said to be torsion free if

rXY � rYX D ŒX; Y �

for all vector fields X; Y . It is of interest to extend r to apply to tensor fields as well.
We shall use the notation T r

s .M/ for smooth tensorfields on M , covariant of order s
and contravariant of order r . One can extend r by requiring it to be R-linear, to satisfy

r.A˝ B/ D rA˝ B C A˝ rB;
and to commute with contractions, i.e., by requiring rV to be a tensor derivation for
every vector field V , cf. Definition 11, p. 43 of [65]. That this is possible follows from
Theorem 15, p. 45 of [65], see also Definition 16, p. 64. We shall most of the time use
the notation of [65], but sometimes it will be convenient to use the notation of [87].
Therefore we wish to relate the different notations here, as well as fix our conventions
concerning curvature. If T 2 T r

s .M/, then

.r˛T ˇ1:::ˇr
˛1:::˛s

/X˛Y
˛1

1 : : : Y ˛s
s �1ˇ1

: : : �rˇr
D .rXT /.Y1; : : : ; Ys; �1; : : : ; �r/

defines what we mean by r˛T ˇ1:::ˇr
˛1:::˛s

. Note that the right-hand side can be computed
by using the fact that r commutes with contractions in order to obtain

.rXT /.Y1; : : : ; Ys; �1; : : : ; �r/ D XŒT .Y1; : : : ; Ys; �1; : : : ; �r/�

� T .rXY1; : : : ; Ys; �1; : : : ; �r/ � � � �
� � � � T .Y1; : : : ; Ys; �1; : : : ;rX�r/:
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In particular

.r˛g��/X˛Y �Z� D XŒg.Y;Z/� � g.rXY;Z/ � g.Y;rXZ/ D 0;

due to the fact that the Levi-Civita connection is metric. Thus r˛g�� D 0. Applying
a vector field X to the identity (10.4) and using the metricity of r, one obtains

.rX�/] D rX�]:
Using this observation, one can argue similarly to the proof that r˛g�� D 0 in order to
obtain r˛g�� D 0. In order to see what we obtain in terms of coordinates, let .U; x/
be a coordinate system and define 
˛�� by the condition that

r@�
@� D 
˛��@˛ (10.5)

(if one wishes to be formal, one can here view .U; g/ as a Lorentz manifold). One can
then compute, using the Koszul formula for instance, cf. Theorem 11, p. 61 of [65],
that


˛�� D 1

2
g˛ˇ .@�g�ˇ C @�g�ˇ � @ˇg��/:

Furthermore,
r@�

dx�.@˛/ D �dx�.r@�
@˛/ D �
��˛;

i.e.,
r@�

dx� D �
��˛dx˛:
With respect to coordinates, we can thus compute

r˛T ˇ1:::ˇr
˛1:::˛s

D .r@˛
T /.dxˇ1 ; : : : ; dxˇr ; @˛1

; : : : ; @˛s
/

D @˛T
ˇ1:::ˇr
˛1:::˛s

� 
�˛˛1
T ˇ1:::ˇr
�˛2:::˛s

� � � � � 
�˛˛s
T ˇ1:::ˇr
˛1˛2:::˛s�1�

C 
ˇ1
˛�T

�ˇ2:::ˇr
˛1˛2:::˛s

C � � � C 
ˇr
˛�T

ˇ1:::ˇr�1�
˛1˛2:::˛s

:

Let us define Sˇ2:::ˇr
˛2:::˛s

D T
˛1ˇ2:::ˇr
˛1:::˛s

. By the above formula, we see explicitly that

r˛Sˇ2:::ˇr
˛2:::˛s

D r˛T ˛1ˇ2:::ˇr
˛1:::˛s

:

This is simply the coordinate manifestation of the fact that r commutes with contrac-
tions. Similarly, we see directly that the covariant derivative of the tensor product of
two tensorfields is given by the expected formula with respect to coordinates. Note that
one can use g�� and g�� to raise and lower indices of tensor fields. Since r˛g�� D 0

and r˛g�� D 0, these operations commute with covariant differentiation. In the
following, we shall use the notation

r˛.T ˛1ˇ2:::ˇr
˛1:::˛s

/ D r˛Sˇ2:::ˇr
˛2:::˛s

;

and similarly in other cases, but since r commutes with contractions it is clear that one
need not distinguish between, for instance, r˛.T ˛1ˇ2:::ˇr

˛1:::˛s
/ and r˛T ˛1ˇ2:::ˇr

˛1:::˛s
.
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Let T D rX and let us compute

.r˛rˇX� /Y ˛Zˇ�� D Y ŒT .Z; �/� � T .rYZ; �/ � T .Z;rY �/
D Y Œ�.rZX/� � �.rrYZX/ � rY �.rZX/
D �.rYrZX � rrYZX/:

Since the Levi-Civita connection is torsion free, we conclude that

.r˛rˇX� � rˇr˛X� /Y ˛Zˇ�� D �.rYrZX � rZrYX � rŒY;Z�X/:
Let us introduce the Riemannian curvature tensor R by

RYZX D rYrZX � rZrYX � rŒY;Z�X: (10.6)

Note that we have the opposite sign to that of [65] p. 74. That this object defines a tensor
field follows from Lemma 35, p. 74 of [65]. In order to have the same conventions as
in [87], cf. (3.2.11), p. 38, we wish to have

.r˛rˇ � rˇr˛/X� D �R �

˛ˇı
Xı :

If we let � D W [ for some vector fieldW and use the conventionR �

˛ˇı
g�� D R˛ˇı�,

we get

R˛ˇı�Y
˛ZˇXıW � D �.r˛rˇX� � rˇr˛X� /Y ˛Zˇ�� D �hRYZX;W i:

With respect to a coordinate system, we thus see that

R˛ˇı� D �hR@˛@ˇ
@ı ; @�i: (10.7)

This tensor has several symmetries, cf. Proposition 36, p. 75 of [65]. In particular,

R˛ˇı� D �Rˇ˛ı� D Rı�˛ˇ D �R˛ˇ�ı (10.8)

and
R˛ˇı� CRˇı˛� CRı˛ˇ� D 0:

The last equality is referred to as the first Bianchi identity and can also be written

RŒ˛ˇı�� D 0;

where we use the notation

T
ˇ1:::ˇk

Œ˛1::: j̨ � j̨ C1:::˛l
D 1

j Š

X
�2Sj

sign �T ˇ1:::ˇk
˛�.1/:::˛�.j / j̨ C1:::˛l

;

where Sj is the set of permutations on f1; : : : ; j g, sign � equals 1 if � is even and �1
if � is odd. This process is called antisymmetrizing over ˛1; : : : ; ˛l . Similarly, we
define

T
ˇ1:::ˇk

.˛1::: j̨ / j̨ C1:::˛l
D 1

j Š

X
�2Sj

T ˇ1:::ˇk
˛�.1/:::˛�.j / j̨ C1:::˛l

:
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This process is called symmetrizing over ˛1; : : : ; ˛l . These examples can be general-
ized in a natural way. We shall sometimes wish to exclude one of the indices in the
antisymmetrization or symmetrization. The notation we use for exclusion is to write
an absolute value sign around the index, or indices, we wish to exclude. For instance

AŒ˛jˇ j�� D 1

2
.A˛ˇ� � A�ˇ˛/:

Note that if f 2 C1.M/, then

.r˛rˇf /X˛Y ˇ D rX .rY f / � rrXY f D XY.f / � rXY.f /:
Consequently,

.r˛rˇf � rˇr˛f /X˛Y ˇ D ŒX; Y �f � .rXY � rYX/f D 0;

since the connection is torsion free. In other words, r˛rˇf D rˇr˛f . Since r
commutes with contraction, we have

r˛rˇ .!�X� / D r˛Œ.rˇ!� /X� C !�rˇX� �
D .r˛rˇ!� /X� C .rˇ!� /r˛X� C .r˛!� /rˇX� C !�r˛rˇX� :

Subtracting the same expression with ˛ and ˇ interchanged and using the fact that
!�X

� is a function, we obtain

0 D �R �

˛ˇı
Xı!� CX� .r˛rˇ � rˇr˛/!� :

This can be rewritten

0 D Œ.r˛rˇ � rˇr˛/!� �R ı

˛ˇ�
!ı �X

� :

In other words,
.r˛rˇ � rˇr˛/!� D R

ı

˛ˇ�
!ı : (10.9)

Similarly, one can compute

.r˛rˇ � rˇr˛/T ˇ1:::ˇk
˛1:::˛l

D R
�

˛ˇ˛1
T ˇ1:::ˇk
�:::˛l

C � � � CR
�

˛ˇ˛l
T ˇ1:::ˇk
˛1:::�

�R ˇ1

˛ˇ�
T �:::ˇk
˛1:::˛l

� � � � �R ˇk

˛ˇ�
T ˇ1:::�
˛1:::˛l

:
(10.10)

We define the Ricci tensor to be the contraction

R˛ˇ D R
�

˛�ˇ
: (10.11)

Note that due to the symmetries, we have

R˛ˇ D R
�

˛�ˇ
:
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Using (10.10), we have

.r˛rˇ � rˇr˛/r�!� D R
�

˛ˇ�
r�!� CR

�

˛ˇ�
r�!� :

On the other hand

r˛.rˇr�!� � r�rˇ!�/ D !�r˛R �

ˇ��
CR

�

ˇ��
r˛!� :

If we antisymmetrize over ˛; ˇ; 
 in the last two equations, then the resulting expres-
sions are such that the two left-hand sides equal. Consequently,

R
�

Œ˛ˇ��
r�!� CR

�

Œ˛ˇ j�j r��!� D !�rŒ˛R �

ˇ���
CR

�

Œˇ� j�j r˛�!�
The first expression on the left-hand side vanishes due to the first Bianchi identity. The
second term on the left-hand side equals the second term on the right-hand side. Since
the equality holds for arbitrary !, we get

rŒ˛R �

ˇ���
D 0:

This is referred to as the second Bianchi identity. Due to the symmetries of R, we can
write this as

r˛R �

ˇ��
C r�R �

˛ˇ�
C rˇR �

�˛� D 0:

Putting � D 
 , we get

r˛Rˇ� C r�R �

˛ˇ�
� rˇR˛� D 0:

Contracting this equation with g˛�, we obtain

2r˛R ˛

ˇ
� rˇR D 0;

where we (by abuse of notation) use R to denote the scalar curvature, i.e., R D
R��g

�� . This can also be written

r˛G˛ˇ D 0; (10.12)

where

G˛ˇ D R˛ˇ � 1

2
g˛ˇR

is the Einstein tensor.

10.2.3 Coordinate expressions for curvature. Let us derive some coordinate ex-
pressions for curvature that we shall use later. Due to (10.7), we have

R˛ˇı� D �hR@˛@ˇ
@ı ; @�i:

Recalling that 
˛�� is defined by (10.5) and the formula (10.6), one can compute that

R
ı

�ˇ�
D gı˛R�ˇ�˛ D @ˇ


ı
�� � @�
ıˇ� C 
˛��


ı
ˇ˛ � 
˛ˇ�
ı�˛:
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Putting ˇ D ı, we get the Ricci curvature

R�� D @�

�
�� � @�
��� C 
˛��


�
˛� � 
˛��
�˛�:

Let us first sort out the highest order terms. Let us introduce the notation


˛ˇ� D 1

2
Œ@˛g�ˇ C @�g˛ˇ � @ˇg˛� �;

so that


�

˛ˇ
D g��
˛�ˇ :

Note also that 
˛�ˇ D 
ˇ�˛ . We have

@�

�
�� D .@�g

�ˇ /
�ˇ� C g�ˇ@�
�ˇ�

and
@�


�
�� D .@�g

�ˇ /
�ˇ� C g�ˇ@�
�ˇ�:

However,

g�ˇ Œ@�
�ˇ� � @�
�ˇ�� D �1
2
g�ˇ@�@ˇg��

C 1

2
g�ˇ Œ@�@�g�ˇ C @�@ˇg�� � @�@�g�ˇ �

D �1
2
g�ˇ@�@ˇg�� C 1

2
gˇ� Œ@�
ˇ�� C @�
ˇ�� �

D �1
2
g�ˇ@�@ˇg�� C r.�
�/ C 
˛��
˛

� 1

2
.@�g

ˇ�/
ˇ�� � 1

2
.@�g

ˇ�/
ˇ�� :

Here we have used the notation

r�
� D @�
� � 
˛��
˛
and


˛ D g��
�˛� :

Note that this is abuse of notation, since 
� are not the components of a covector.
Adding up the above, we obtain

@�

�
�� � @�
��� D �1

2
g�ˇ@�@ˇg�� C r.�
�/ C 
˛��
˛

� 1

2
.@�g

ˇ�/
ˇ�� � 1

2
.@�g

ˇ�/
ˇ��

C .@�g
�ˇ /
�ˇ� � .@�g�ˇ /
�ˇ�:
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Inserting this expression in our expression for Ricci and using the equations

@�g˛ˇ D 
˛ˇ� C 
ˇ˛� ; @�g
˛ˇ D �g˛�gˇ�@�g�� ;

one sees that one can express all terms except �1
2
g�ˇ@�@ˇg�� and r.�
�/ as a sum of

terms of the form
g˛ˇg�ı
���
���;

where the stars are a suitable permutation of f˛; ˇ; 
; ı; �; �g. In the end, we get

R�� D �1
2
g˛ˇ@˛@ˇg�� C r.�
�/ C g˛ˇg�ı Œ
˛��
ˇı� C 
˛��
ˇ�ı C 
˛��
ˇ�ı �:

(10.13)
Alternately, we can write

R�� D �1
2
g˛ˇ@˛@ˇg�� C r.�
�/ C 





��
g
ıg

��
ı�� C 2
�ı
g
ı�g�.�





�/�
:

The last expression should be compared with (2.29) of [41].

10.2.4 Basic causality concepts. We shall say that a vector v 2 TpM , v ¤ 0, is
timelike, null or spacelike if g.v; v/ < 0, g.v; v/ D 0 or g.v; v/ > 0 respectively.
The 0 vector is defined to be spacelike. If v is either timelike or null it is said to be
causal. A curve in a manifold M is a smooth map ˛ W I ! M , where I is an interval.
If h˛0; ˛0i < 0 on all of I , we say that ˛ is timelike. If ˛0 ¤ 0 and h˛0; ˛0i D 0 on
all of I , we say that ˛ is null. If ˛0 ¤ 0 and h˛0; ˛0i � 0 on all of I , we say that ˛ is
causal. At each p 2 M the set of timelike vectors forms two disjoint cones, referred
to as time cones. Let 	 be a function which assigns, to each point p 2 M a timecone
	p in TpM . We say that 	 is smooth if for every p 2 M there is a smooth vector
field V on some neighbourhood U of p such that Vq 2 	q for every q 2 U . Such a
	 is called a time-orientation of M . If M admits a time-orientation, we say that M is
time orientable. Note that these definitions make sense even when M is not second
countable. However, if we assume second countability, we can patch together the local
vector fields ensured by time-orientability into a global one, cf. Lemma 32, p. 145 of
[65]. Thus, assuming that M is second countable, time orientability is equivalent to
the existence of a smooth timelike vector field T (a vector field T is said to be timelike
if hT; T i < 0 at all points). From now on we shall assume all the Lorentz manifolds
we consider to be time oriented. We shall furthermore assume them to be oriented and
connected. The last two assumptions are there to ensure that the volume form is well
defined, even though that is in many cases strictly speaking not necessary, and to ensure
the existence of a complete Riemannian metric, see Lemma 11.1 below. If v 2 TM is
a causal vector, i.e., if v ¤ 0 and hv; vi � 0, then hv; T i is either positive or negative.
If it is negative, we say that v is future pointing and if it is positive we say that v is past
pointing. A causal (timelike, null) curve ˛ is said to be future pointing if ˛0 is future
pointing at all points. The concept past pointing causal (timelike, null) curve is defined
analogously. We say that p 	 q if there is a future pointing timelike curve inM from
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p to q, that p < q if there is a future pointing causal curve in M from p to q. Finally
p � q means p D q or p < q. Given a subset A of M , define

IC.A/ D fp 2 M W q 	 p for some q 2 Ag;
JC.A/ D fp 2 M W q � p for some q 2 Ag:

Analogously,

I�.A/ D fp 2 M W p 	 q for some q 2 Ag;
J�.A/ D fp 2 M W p � q for some q 2 Ag:

The set IC.A/ is called the chronological future ofA, JC.A/ is called the causal future
of A and similarly I�.A/ and J�.A/ are referred to as the chronological and causal
past of A respectively. The sets IC.A/ and I�.A/ are always open, cf. Lemma 3,
p. 403 of [65]. Concerning JC.A/ and J�.A/ there are no general statements. It is
however of interest to note that we have the following relations:

IC.A/ D IC.IC.A// D IC.JC.A// D JC.IC.A// � JC.JC.A// D JC.A/;
(10.14)

cf. Corollary 1, p. 402 of [65].

10.2.5 Geodesics. A geodesic is a curve 
 W I ! M such that 
 00 D 0, cf. p. 65 of
[65] for the notation. Alternately, 
 is a curve which in local coordinates satisfies the
equation

d2
�

dt2
C 


�

˛ˇ

d
˛

dt

d
ˇ

dt
D 0;

where 
� D x� B 
 for local coordinates x W U ! RnC1 and 
�
˛ˇ

are the Christoffel
symbols, cf. (10.2). Given v 2 TpM there is consequently a unique geodesic 

satisfying 
.0/ D p and 
 0.0/ D v, cf. Proposition 24, p. 68 of [65]. We define the
exponential map at a point p 2 M , denoted expp , to be the map taking v 2 TpM

to 
v.1/, where 
v is the geodesic satisfying 
v.0/ D p and 
 0
v.0/ D v. Then expp

is defined on an open subset of TpM . Furthermore, there is an open subset U 0 of
TpM such that expp W U 0 ! M is a diffeomorphism onto its image, cf. Proposition 30,
p. 71 of [65]. If U 0 is starshaped, i.e., if v 2 U 0 implies tv 2 U 0 for t 2 Œ0; 1�, and
expp W U 0 ! U is a diffeomorphism, then U is said to be a normal neighbourhood
of p. One can then construct a normal coordinate system on U , cf. p. 72 of [65], so
that g��.p/ are the components of the Minkowski metric and @˛g��.p/ D 0 for all
indices ˛;�; �. An open set in a Lorentz manifold is said to be convex if it is a normal
neighbourhood of each of its points. Due to Proposition 7, p. 130 of [65], each point
has a convex neighbourhood.

10.2.6 Global hyperbolicity. Lorentz manifolds in the generality we have discussed
them up till now allow many pathologies one wishes to exclude. For instance, all
compact Lorentz manifolds admit closed timelike curves, cf. Lemma 10, p. 407 of
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[65]. From a physical point of view, this means that there are observers that can travel
into their past. A Lorentz manifold which does not admit a closed timelike curve is said
to satisfy the chronology condition. However, one often wants to demand more than
that. The strong causality condition is said to hold at p 2 M provided that given any
neighbourhood U of p there is a neighbourhood V � U of p such that every causal
curve segment with endpoints in V lies entirely in U . A Lorentz manifold is said to be
globally hyperbolic if the strong causality condition holds at each of its points and if for
each pair p < q, the set J.p; q/ D JC.p/\J�.q/ is compact. The assumption that a
Lorentz manifoldM be globally hyperbolic has many consequences, e.g., if p; q 2 M
and p < q, then there is a causal geodesic from p to q such that no causal curve
from p to q can have greater length, cf. Proposition 19, p. 411 of [65]. Furthermore,
the causality relation � is closed on M , i.e., if pn ! p, qn ! q and pn � qn, then
p � q, cf. Lemma 22, p. 412 of [65].

10.2.7 Cauchy surfaces. A subset A of a Lorentz manifold .M; g/ is said to be
achronal if there is no pair of points p; q 2 A that can be connected by a timelike
curve and it is said to be acausal if no pair of points in A can be connected by a causal
curve. Given an achronal subset A of M , the future Cauchy development of A is the
setDC.A/ of all points p ofM such that every past inextendible causal curve through
p meetsA. The past Cauchy developmentD�.A/ is defined analogously and we write
D.A/ D DC.A/ [D�.A/. A Cauchy (hyper)surface in M is a subset S that is met
exactly once by every inextendible timelike curve inM . Recall that a piecewise smooth
curve 
 W Œ0; a/ ! M is extendible if it has a continuous extension Q
 W Œ0; a� ! M .
Extendibility for curves of the form 
 W .a; 0� ! M and 
 W .a; b/ ! M is defined
similarly. A curve which is not extendible is called inextendible. Due to Lemma 29,
p. 415 of [65], a Cauchy hypersurface S is a closed achronal topological hypersurface
and is met by every inextendible causal curve. Furthermore, due to Corollary 39, p. 422
of [65], if M has a Cauchy surface, then it is globally hyperbolic. Assume M has a
Cauchy surface S . Let p 2 M and let 
 be an inextendible timelike geodesic through
p (note that if a geodesic is continuously extendible, it is extendible as a geodesic,
cf. Lemma 8, p. 130 of [65]). Then 
 intersects S exactly once by definition. Thus p
is in one of the sets S , IC.S/ and I�.S/. Note also that these sets are disjoint due to
the definition of a Cauchy hypersurface. Furthermore, J˙.S/ and I�.S/ are disjoint,
cf. (10.14). As a consequence,J˙.S/ D M�I�.S/, so thatJ˙.S/ are closed sets. We
haveDC.S/ � JC.S/ sincep 2 I�.S/ clearly impliesp … DC.S/. By its definition,
it is clear that S � DC.S/. Let p 2 IC.S/. Let 
 be a past inextendible causal curve
through p. Then it has to intersect S by the properties of a Cauchy hypersurface, so
that p 2 DC.S/. We conclude that JC.S/ D S [ IC.S/ � DC.S/. In other words
JC.S/ D DC.S/. Reversing time orientation, we get the same conclusion with C
replaced by �, so that D.S/ D M .

10.2.8 Technical observations. When solving Einstein’s equations, the following
technical observations will be of use.
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Lemma 10.10. Let .M; g/ be a Lorentz manifold and assume it admits a smooth
spacelike Cauchy hypersurface S . If U � M is open, q 2 JC.S/ and J�.q/ \
JC.S/ � U , then if qi 2 JC.S/ are such that qi ! q, we have J�.qi /\JC.S/ � U

for i large enough. If qi � q, q 2 IC.S/ and qi ! q, then the closure of the union of
the J�.qi / \ JC.S/ is J�.q/ \ JC.S/.

Proof. In order to prove the first statement, let p be such that there is a future directed
timelike curve from q to p. Then J�.p/ \ JC.S/ is compact and J�.p/ contains
q in its interior, cf. Lemma 3, p. 403 and Lemma 40, p. 423 of [65]. Since qi ! q,
J�.qi / � J�.p/ for i large enough. Assuming the desired statement is not true, there
is a subsequence qik and points rik 2 J�.qik / \ JC.S/ such that rik … U . Since the
rik are in the compact set J�.p/ \ JC.S/ � U for k large enough, we can assume
that they converge to a point r . Then r 2 J�.q/ \ JC.S/ � U , a contradiction. To
prove the second statement, let p 2 J�.q/. If p 2 IC.S/, let pk ! p be such
that pk 2 JC.S/ is in the timelike past of p. Then q is in the timelike future of pk .
Thus there is an ik such that qik is in the timelike future of pk . Thus all the pk are in
the union of the J�.qi /, so that p is in the closure of the union of J�.qi / \ JC.S/.
Assume p 2 S \ J�.q/. Let pk 	 p be such that pk ! p, let ik be such that qik is
in the timelike future of pk and let 
k be a timelike curve from pk to qik . Denote the
point of intersection between 
k and S by p0

k
. Since p0

k
2 J�.q/ \ JC.S/, which is

compact, we can choose a subsequence so that it converges to, say, r . Since pk � p0
k

and pk converges to p, we conclude that p � r . Since p 2 S and S is a spacelike
Cauchy hypersurface, we have to have p D r . The conclusion follows. �



11 Characterizations of global hyperbolicity

The main purpose of the present chapter is to prove that a globally hyperbolic spacetime
has a smooth spacelike Cauchy hypersurface and to prove the existence of so-called
time functions, a concept we shall define below. The basic references for the material
presented here are [4], [5], [6] and [43]. In particular, the proof of the existence of a
time function is taken from the first three references.

11.1 Existence of a Cauchy hypersurface

In the end we wish to prove that a globally hyperbolic Lorentz manifold has a smooth
spacelike Cauchy hypersurface S and that it is diffeomorphic to R �S . In the proof of
the latter statement, the following technical observation will be useful.

Lemma 11.1. Let M be a smooth connected manifold. Then there exists a complete
Riemannian metric onM .

Remark 11.2. An alternate proof is obtained by Whitney’s embedding theorem, The-
orem 10.8, p. 92 of [8], and the Hopf–Rinow theorem, Theorem 21, p. 138 of [65].
The reason is that due to the former result, M can be embedded into R2nC1 and the
image under the embedding is a closed subset. Pulling back the standard Euclidean
metric on R2nC1 by the embedding, we get a Riemannian metric g on M . Let d be
the corresponding topological metric. The image of a closed and bounded subset with
respect to d under the embedding is a closed and bounded subset of R2nC1, i.e. a
compact set. Thus closed and bounded subsets with respect to d are compact. By the
Hopf–Rinow theorem g is then complete.

Proof. By a standard partition of unity argument there is a Riemannian metric h onM ,
cf. Lemma 25, p. 140 of [65]. Let us construct a smooth proper function � W M ! R,
i.e., a smooth function with the property that the inverse image of every compact set
is compact. Let �i , i D 1; 2; : : : be the smooth partition of unity constructed in
Lemma 10.3. Then all the functions �i have compact support. Define

� D
1X
iD1

i�i :

This is a smooth function and if �.x/ 2 Œ�i; i �, then �j .x/ ¤ 0 for some j D 1; : : : ; i ,
since �.x/ � i C 1 otherwise. Consequently

��1.Œ�i; i �/ �
iS

jD1
supp�j ;

which is a compact set. Since any compact subset of R is contained in Œ�i; i � for
some i , we conclude that � is proper (since the inverse image is closed by continuity
and contained in a compact set). Let

g D hC d�˝ d�:



112 11. Characterizations of global hyperbolicity

The Riemannian metric g induces a topological metric d . Due to the Hopf–Rinow
theorem, Theorem 21, p. 138 of [65], to prove that g is complete, all we need to
prove is that closed and bounded subsets of M with respect to d are compact. Let

 W Œa; b� ! M be a smooth curve. Then the length of 
 with respect to g is

L.
/ D
Z b

a

�
h. P
; P
/C

�
d

dt
� B 


�2�1=2
dt

�
Z b

a

ˇ̌̌̌
d

dt
� B 


ˇ̌̌̌
dt � j� B 
.b/ � � B 
.a/j:

In particular,
j�.p/ � �.q/j � d.p; q/:

Thus ifC is a closed and bounded set with respect to d , �.C / is contained in a compact
set. Since � is proper, C is compact. Thus g is complete. �

Proposition 11.3. Let .M; g/ be a connected, time oriented Lorentz manifold and
assume that there is a smooth spacelike Cauchy hypersurface S . ThenM is diffeomor-
phic to R � S . Furthermore, if S 0 is another smooth spacelike Cauchy hypersurface,
then S 0 and S are diffeomorphic. Finally, if S is a Cauchy hypersurface, then S is a
topological manifold andM is homeomorphic to R � S .

Remark 11.4. The statement in the case that S is not smooth requires the use of
invariance of domain, but we shall not use that result in what follows.

Proof. Let us start with the smooth setting. Since M is time oriented, there is a
smooth timelike vector field T1. Let h be a complete Riemannian metric on M and
T D T1=kT kh, where kT1kh is the norm of the vector field T1 with respect to the
Riemannian metric h. Then T is a complete vector field, since if .t�; tC/ is the maximal
existence interval of an integral curve through p 2 M and, say, tC < 1, then the
integral curve restricted to Œ0; tC/ is contained in a compact set, since the length of the
curve restricted to Œ0; tC/ (with respect to h) is bounded by tC. This contradicts the
maximality of the existence interval since it allows one to extend the solution beyond
the maximal existence interval, cf. for instance [25] Proposition 4.33, p. 55. Similarly,
we must have t� D �1. Thus the flow ˆ is defined on all of R �M and is a smooth
function, cf. Theorem 4.26 of [25], p. 54. Define a smooth map

f W R � S ! M

byf .t; x/ D ˆ.t; x/. Thenf is smooth and injective. The reason for the latter property
is that f .t1; x1/ D f .t2; x2/ implies x1 D ˆ.t2� t1; x2/. Due to the achronality of S ,
we get the conclusion that t2 D t1 and thus that x2 D x1. Let .t0; x0/ 2 R � S .
We wish to prove that f� is surjective at this point. Let g.p/ D ˆ.�t0; p/. Then g
is a diffeomorphism of M and f� is a surjective map if and only if .g B f /� is a
surjective map. The image of .g B f /� at .t0; x0/ contains the tangent space of S at x0
and Tx0

. We conclude that f� is surjective at all points .t0; x0/ whence f is a local
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diffeomorphism. Since it is injective, we conclude that it is a diffeomorphism onto its
image. To prove surjectivity, let p 2 M and let 
 be the maximal integral curve of T
through p. Since T is a complete vector field, 
 W R ! M . If 
 were inextendible, it
would have to intersect S , and consequently p would be in the image of f . In order to
obtain a contradiction, let us therefore assume 
 is extendible. This means that there is
a q 2 M such that 
.t/ ! q as t ! 1 (or t ! �1). Let � W R ! M be the integral
curve of T through q. Then

�.t/ D ˆ.t; q/ D lim
s!1ˆŒt; 
.s/� D lim

s!1 
.t C s/ D q:

In other words, Tq D � 0.0/ D 0, a contradiction. Let � W R � S ! S be defined by
�.t; s/ D s. If S 0 is another smooth spacelike Cauchy hypersurface, we get a map
r W S 0 ! S defined by

r.x/ D � B f �1.x/:
Then r is smooth. Note that r maps a point x 2 S 0 to the point of intersection between
the integral curve of T through x and S . By symmetry, the inverse of r is smooth, so
that S and S 0 are diffeomorphic.

Let us now assume that S is a Cauchy hypersurface, not necessarily spacelike or
smooth. Then S is a topological manifold, cf. Lemma 29, p. 415 of [65], and we get a
continuous map f W R � S ! M defined by f .t; x/ D ˆ.t; x/, with ˆ as above. For
the same reason as above, f is injective and due to the fact that all integral curves of T
have to intersect S , it is surjective. By invariance of domain, see e.g. Corollary 19.9,
p. 235 of [8], we conclude that f is open. Thus the inverse is continuous, so that f is
a homeomorphism. �

Our next goal is to prove that globally hyperbolic Lorentz manifolds admit Cauchy
hypersurfaces. The argument is due to Robert Geroch, cf. [43]. We shall need the
following lemma.

Lemma 11.5. Let .M; g/ be a globally hyperbolic Lorentz manifold and letK1,K2 �
M be two compact subsets. Then JC.K1/ \ J�.K2/ is compact.

Proof. Note that a subset K of M is compact if and only if it is sequentially compact,
i.e., if and only if every sequence xn 2 K has a convergent subsequence. The reason
is that M admits a Riemannian metric, cf. Lemma 11.1, so that the topology of M
is metrizable. A subset K of M is then a metric space in its own right and due to
Theorem 9.4, p. 25 of [8], for metric spaces, compactness is equivalent to sequential
compactness. If the intersection is empty, there is nothing to prove. Assume qn 2
JC.K1/\JC.K2/ is a sequence of points. We wish to prove that there is a convergent
subsequence. By assumption there are pn;i 2 Ki such that pn;1 � qn � pn;2. Since
the setsKi are compact there are subsequences of the sequences pn;i that converge to,
say, pi 2 Ki . Thus we can assume, without loss of generality, that pn;i ! pi . Let
ri 2 M , i D 1; 2 be such that r1 	 p1 and p2 	 r2. Then r1 	 qn 	 r2 for n large
enough due to the fact that IC.r1/ and I�.r2/ are open and (10.14). Consequently,
qn 2 JC.r1/ \ J�.r2/ for n large enough. Since this set is compact, due to global
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hyperbolicity, there is a subsequence, which we shall also denote qn, such that qn ! q.
Since the relation � is closed on globally hyperbolic Lorentz manifolds, we conclude
that p1 � q � p2. In other words, q 2 JC.K1/\JC.K2/. The lemma follows. �

Theorem 11.6. Let .M; g/ be an oriented, time oriented Lorentz manifold which is
globally hyperbolic. Then there is a continuous, onto function 	 W M ! R which is
strictly increasing along any causal curve and if 
 W .t�; tC/ ! M is an inextendible
causal curve, then 	Œ
.t/� ! ˙1 as t ! t˙
. Furthermore, similar statements hold
for past inextendible and future inextendible causal curves. In particular, for every
a 2 R, 	�1.a/ is an acausal Cauchy hypersurface.

Proof. Let us start by constructing a measure on M . Let h be a Riemannian metric
onM . Let�i , i D 1; 2; : : : be the smooth partition of unity constructed in Lemma 10.3.
Given i , let .U; x/ be coordinates with supp�i � U and let mi be defined by

mi D
Z
�i �h;

where
�h D

p
det hdx1 ^ � � � ^ dxn

and det h is the determinant of the matrix with components h.@i ; @j /. We can then
define a smooth n-form ! on M by

! D
1X
iD1

1

mi2i
�i�h:

We can use this form to define a linear functionalƒ on the continuous complex-valued
functions with compact support Cc.M/, by

ƒ.f / D
Z
M

f !:

Due to the Riesz representation theorem, cf. Theorem 2.14, p. 40 of [79], we conclude
the existence of a positive measure � and a � -algebra of subsets of M , say A, such
that A contains all the Borel sets, � is complete andZ

f d� D
Z
M

f !

for all f 2 Cc.M/. Let

gi D
iX

jD1
�j :

Then gj ! 1 everywhere and it is an increasing sequence of smooth functions. Due
to Lebesgue’s monotone convergence theorem, p. 21 of [79], we obtainZ

M

d� D lim
j!1

Z
M

gj d� D 1:



11.1. Existence of a Cauchy hypersurface 115

Note also that if U is an open, non-empty set, then �.U / > 0. The reason is that if K
is a compact set with non-empty interior contained in U , there is a � 2 C1

0 .U / which
equals 1 on K such that 0 � � � 1. Then

0 <

Z
M

� ! D
Z
M

� d� �
Z
U

d� D �.U /:

Let p 2 M . We wish to prove that if CC
p D JC.p/ � IC.p/ then

�.CC
p / D 0: (11.1)

Assume q 2 CC
p . Then there is a causal curve from p to q. Due to the global

hyperbolicity ofM , there is then a causal geodesic connecting p and q such that there
is no causal curve connecting p and q of greater length. If this geodesic were not a null
geodesic, q 2 IC.p/, a contradiction. Thus there is a v 2 TpM which is null and such
that expp.v/ D q. Let N be the future directed null vectors in TpM such that expp
is defined on them. If M is an n dimensional manifold, this is an n � 1 dimensional
submanifold of TpM . Furthermore, expp defines a smooth map from N to M and
Cp , except for p, is in the image of this map. One way to prove that (11.1) holds is to
note that all the image points of expp restricted to N are critical values, so that Sard’s
theorem implies (11.1). However, in the present setting, less sophisticated techniques
suffice. Let us proceed in as follows. Let v 2 N . Then there is a neighbourhood
W of v and coordinates .y;W / such that w 2 W \ N if and only if w 2 W and
yn.w/ D 0. Let V be a neighbourhood of v whose closure is compact and contained
inW and is such that xV \N is compact. Assume furthermore that expp. xV / is contained
in a coordinate chart .U; x/ of M . Note that K2 D expp. xV \ N/ coincides with the
image of the hyperplane yn D 0 intersected with y. xV /, let us call this set K1, under
the map expp By�1. For any " > 0, we can cover K1 with a finite number of balls
so that the sum of the Euclidean volume of these balls is less than " and the radius of
the balls is less than ". For " small enough, the image of the closure of all the balls
under expp By�1 is contained in U . Due to the form of the measure �, the measure

of expp. xV \ N/ with respect to � is bounded by a real constant times the ordinary
Lebesgue measure of x Bexpp. xV \N/. Since the balls are contained in a fixed compact
setK3 for " small enough, and the derivative of x B expp By�1 is bounded onK3, there
is a real constant ˛0 such that the image of a ball of radius r0 is contained in a ball of
radius ˛0r0. The Lebesgue measure of the union of the image of the balls is therefore
bounded by ˛n0". Since " > 0 was arbitrary and since x B expp. xV \ N/ is contained
in the union of the image of the balls, we conclude that the measure of expp. xV \ N/

is zero. Since we can find a countable number of such open sets V covering N , we
conclude that (11.1) holds. Similarly,

�ŒJ�.p/ � I�.p/� D 0:

Let us define two functions

f�.p/ D �ŒJ�.p/�; fC.p/ D �ŒJC.p/�:
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Let us prove that these functions are continuous. Let us start by proving that if pj !
p and pj 	 p, then f�.pj / ! f�.p/. Since J�.pj / � J�.p/, we know that
f�.pj / � f�.p/. However, by the above observation

f�.p/ D
Z
M

�I�.p/ d�

and similarly for pj . Furthermore

lim
j!1�I�.pj / D �I�.p/

everywhere, because if q 2 I�.p/ then q 2 I�.pj / for j large enough. By Lebesgue’s
dominated convergence theorem, p. 26 of [79], we conclude that f�.pj / ! f�.p/.
Assume now thatpj ! p andp 	 pj . Say that q … J�.p/. Then, for j large enough,
q … J�.pj /. In order to prove this statement, assume the opposite. Then there is an
infinite subsequence of the pj , say pjk

, such that q � pjk
. Since the relation � is

closed on globally hyperbolic manifolds, we conclude that q � p, a contradiction. As
a conclusion, we have

lim
j!1�J�.pj / D �J�.p/

everywhere. Consequently, we can apply Lebesgue’s dominated convergence theorem
again in order to conclude that f�.pj / ! f�.p/. Finally, let pj ! p be any sequence
of points converging to p. Let " > 0. Then there are points q1; q2 such that q1 	
p 	 q2 and

f�.p/ � f�.q2/ � f�.p/C "; f�.p/ � " � f�.q1/ � f�.p/:

For j large enough, q1 	 pj 	 q2 so that

f�.p/ � " � f�.q1/ � f�.pj / � f�.q2/ � f�.p/C ":

The continuity of f� follows. The fact that fC is continuous follows by time reversal.
Note that fC.p/; f�.p/ > 0 for all p 2 M , since JC.p/ and J�.p/ contain open sets
for every p 2 M .

Let us prove that f� is strictly increasing along causal curves. Assume p < q.
Then there is a neighbourhood U of p that does not contain q. By the strong causality
condition, there is an open neighbourhood V of p, contained in U , such that every
causal curve with endpoints in V is contained in U . Assume q 2 J�.p/. This means
that there is a causal curve from q to p. But by assumption, there is a causal curve
from p to q. Thus we have constructed a causal curve with endpoints in V which
leaves U , in contradiction to strong causality. If p < q, we conclude that q … J�.p/.
Since the relation � is closed on globally hyperbolic spacetimes, J�.p/ is closed.
Thus there is an open neighbourhood U of q which does not intersect J�.p/. Since
J�.q/ \ U contains an open neighbourhood and J�.p/ � J�.q/, we conclude that
f�.q/ > f�.p/. Similarly, if p < q, then fC.q/ < fC.p/.
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The next statement we wish to prove is that if 
 W Œ0; a/ ! M is a future inextendible
causal curve, then fC B 
.t/ converges to zero as t ! a�. Let K � M be a compact
set. We wish to prove that for t large enough,Kt D JCŒ
.t/�\J�.K/ is empty. Note
that Kt is compact for every t due to Lemma 11.5. Let C D K0 [ f
.0/g. Then C is
a compact set and 
 starts in C . Due to Lemma 13, p. 408 of [65], we conclude that
there is a t0 such that for t > t0, 
.t/ … C . Since 
.t/ 2 JCŒ
.0/� for all t � 0, we
conclude that 
.t/ … J�.K/ for t > t0. Thus Kt is empty for t > t0. Given i , let

Ci D
iS

jD1
supp�j :

Note that �.M � Ci / � 2�i . Since for t large enough JCŒ
.t/� \ Ci is empty, we
conclude that for t large enough, fCŒ
.t/� � 2�i . Thus fCŒ
.t/� converges to zero
as t ! a�. Similarly, if 
 W .b; 0� ! M is a past inextendible causal curve, then
f�Œ
.t/� ! 0 as t ! bC.

Let us define the function 	 W M ! R by

	.p/ D ln
f�.p/
fC.p/

:

This is a continuous function with the property that it is strictly increasing along causal
curves. Furthermore, if 
 W .a; b/ ! M is an inextendible causal curve, then 	 B 
.t/
converges to 1 as t ! a� and converges to �1 as t ! bC. �

11.2 Basic constructions

The purpose of the present section is to construct the basic functions that will later be
used to construct smooth time functions.

Lemma 11.7. Let U � Rn be an open set and V � U be an open subset. Assume
f 2 C1.U / is such that f .x/ > 0 for x 2 V and f .x/ D 0 for x 2 @V \ U . Let

g.x/ D
´

expŒ�1=f .x/�; x 2 V;
0; x … V:

Then g 2 C1.U /.

Proof. If x 2 V or if x 2 U � xV , then g is smooth in a neighbourhood of x. If
x 2 @V \ U and xj ! x, then g.xj / ! 0, so that g is continuous. Any derivative
of g for x 2 V can be written as a sum of terms which consist of a smooth factor times
a factor of the form

r D 1

f k
exp

�
� 1

f

�
:

Since e�1=t � kŠtk for any t > 0 and non-negative integer k, we conclude that this
object converges to zero as x tends to the boundary of V . We can thus extend r to
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be zero in the complement of V . What we need to prove is that this sort of object is
differentiable at the boundary and that the derivative is zero. For x 2 @V , v 2 Rn and
h 2 R, h ¤ 0, we need to prove that

r.x C hv/ � r.x/
h

converges to zero as h ! 0. Since r.x/ D 0, this object is zero unless x C hv 2 V ,
so let us assume that that is the case. We getˇ̌̌̌

r.x C hv/

h

ˇ̌̌̌
� .k C 2/Š

f 2.x C hv/

jhj :

Since f .x/ D 0 and f is smooth, it is clear that this object converges to zero as h ! 0.
Thus r is differentiable at every boundary point. Since it is differentiable away from
the boundary as well, we conclude that it is differentiable. The above arguments prove
that g is continuous and that if g 2 C k.U / with all derivatives of order less than or
equal to k equal zero in the complement of V , then the same is true with k replaced by
k C 1. The lemma follows. �

We are interested in the following set up which is described in detail on pp. 127-128
of [65]. Let .M; g/ be a Lorentz manifold and let U be a normal neighbourhood of a
point p 2 M . Let U 0 be the corresponding neighbourhood of the origin in TpM under
expp . Let Qq W TM ! R be defined by Qq.v/ D g.v; v/ and q W U ! R be defined by
q D Qq B exp�1

p . Let V be the image of the future directed timelike vectors in U 0 under
expp . Then V is an open subset of U and q.p/ < 0 for p 2 V . Thus we can define

f .x/ D
´

expŒ1=q.x/�; x 2 V;
0; x … V: (11.2)

This is a smooth function on U by Lemma 11.7. Before we compute the gradient of
this function, let us introduce some more terminology. Let zP be the vector field on
TpM defined by the condition that zPv is the vector v based at v. Let P be this vector
field transferred to U by means of expp . Then grad q D 2P , cf. Corollary 3, p. 128 of
[65]. Furthermore

grad f D � 1

q2
f grad q

whenever f ¤ 0, so that grad f is past directed timelike on V and zero everywhere
else.

Lemma 11.8. Let .M; g/ be a globally hyperbolic Lorentz manifold and let S be an
acausal Cauchy hypersurface. Fix a p 2 S and a convex neighbourhoodU of p. Then
there is a smooth function hp W M ! Œ0;1/ such that

� hp.p/ D 1;
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� supp hp is compact and contained in U ;

� if r 2 J�.S/ and hp.r/ ¤ 0, then grad hp.r/ is past pointing timelike.

Remark 11.9. The argument does not hold if S is merely a Cauchy hypersurface, it
needs to be acausal. The reason is that the proof requires the existence of an r 	 p

such that JC.r/\ J�.S/ is contained in U . Taking S to be a Cauchy hypersurface in
Minkowski space which has a null part and fixing a convex neighbourhood at a point
of the null part which does not include the entire null part, one sees that there is no
such r .

Proof. Let 
 W .�"; "/ ! M be a future directed timelike curve with 
.0/ D p. We
wish to prove that for t < 0 close enough to 0, Kt D JCŒ
.t/� \ J�.S/ is contained
inU . The setsKt are compact, cf. Lemma 40, p. 423 of [65] with plus signs replaced by
minus signs and vice versa. Furthermore, s < t impliesKt � Ks . Assume there is no
t < 0 such thatKt � U . Then there is an increasing sequence sj ! 0�, j D 1; 2; : : :

and pj 2 Ksj \U c . Since pj 2 Ks1 for all j , there is a subsequence, which we shall
also denote pj , converging to r 2 U c \Ks1 . Since 
.sj / � pj and the relation � is
closed, p � r . Since p ¤ r , we have p < r . But r 2 J�.S/ and p 2 S , so that we
obtain a contradiction to the acausality of S . We conclude that for t < 0 small enough,
Kt � U . Fix such a t and let o D 
.t/. Since U is a convex neighbourhood of o, we
can construct the function f given by (11.2) with the base point p replaced by o. Then
f 2 C1.U / has a past directed timelike gradient wherever it is non-zero. Let K be a
compact subset contained in U containing Kt in its interior. There is a � 2 C1

0 .U /

such that � D 1 on K and �.r/ 2 Œ0; 1� for all r 2 U , cf. Proposition A.12. Consider
the function H D �f . It is a smooth function with compact support in U and can
thus be considered to be a smooth function on M . If r 2 J�.S/ and H.r/ ¤ 0, then
H D f in a neighbourhood of r , so that gradH is past pointing timelike. The only
thing missing is the normalization. Note that H.p/ > 0 since o 	 p and �.p/ D 1.
Then hp D H=H.p/ has the desired properties. �

Proposition 11.10. Let .M; g/ be an oriented, time oriented, connected and globally
hyperbolic Lorentz manifold and let S be an acausal Cauchy hypersurface. Given an
open neighbourhood W of S , there is a smooth function h W M ! Œ0;1/ such that

� supp h � W ;

� h.p/ > 1=2 for p 2 S ;

� the gradient of h is timelike and past pointing on h�1Œ.0;1/� \ J�.S/.

Proof. Fix a complete Riemannian metric onM , which exists due to Lemma 11.1, and
let d be the associated topological distance. Then the closed ball of radius � < 1
around a point p, xB�.p/, is compact due to the Hopf–Rinow theorem, cf. Theorem 21,
p. 138 of [65]. We shall denote the open ball by B�.p/, with the convention that
B0.p/ D ;. Fix a point p 2 M and define, for l D 1; 2; : : : , the compact sets

Kl D xBl.p/ � Bl�1.p/; Rl D Kl \ S:
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For each r 2 S fix a convex set Ur which contains r , has diameter < 1 with respect
to d and is contained in W . By Lemma 11.8, there is a smooth function hr with the
properties stated in that lemma. Let Vr D h�1

r Œ.1=2;1/�. Given l , there is a finite
number of rl;1; : : : ; rl;kl

2 Rl such that the corresponding Vl;i D Vrl;i
form an open

cover of Rl . Let us use the notation Url;i
D Ul;i . Note that if jl �mj � 3, then Ul;i

and Um;j have empty intersection since both have diameter < 1 and d.rl;i ; rm;j / � 2.
Thus the sum

h D
1X
lD1

klX
iD1

hrl;i

defines a smooth function since each point has a neighbourhood in which all but a finite
number of the terms vanish. If x 2 S , then h.x/ > 1=2, since x 2 Vl;i for some l; i .
Furthermore, the support of h is the union of the supports of hrl;i

since the coveringUl;i
is locally finite. Thus supph � W . If x 2 h�1Œ.0;1/�\ J�.S/, then grad hrl;i

.x/ is
timelike and past pointing for every hrl;i

such that hrl;i
.x/ > 0 and it is zero for every

hrl;i
such that hrl;i

.x/ D 0 (the reason for this is that x is a minimum for hrl;i
). Since

hrl;i
.x/ > 0 for some l; i , we conclude that grad h is past pointing and timelike at x.

The proposition follows. �

11.3 Smooth time functions

A time function on a Lorentz manifold .M; g/ is a function that is strictly increasing
along any causal curve. A temporal function is a smooth function with the property
that its gradient is everywhere past directed and timelike. The purpose of the present
section is to prove that given a globally hyperbolic Lorentz manifold there is a temporal
function defined on it, all of whose level sets are Cauchy hypersurfaces. The argument
is taken from [5]. Below, we shall assume that all Lorentz manifolds are oriented,
connected, time oriented and globally hyperbolic. Due to Theorem 11.6, there is thus
a function 	 with the properties stated in that theorem. We shall use the notation
St D 	�1.t/.
Definition 11.11. Fix t� < ta < t < tb < tC and define S˙ D St˙ and S D St . We
shall say that � W M ! R is a temporal step function around t , compatible with the
outer extremes t�; tC and the inner extremes ta, tb if it satisfies

� grad � is timelike and past pointing in V D fp 2 M W grad �.p/ ¤ 0g;

� �.p/ 2 Œ�1; 1� for all p 2 M ;

� �.p/ D �1 for p 2 J�.S�/ and �.p/ D 1 for p 2 JC.SC/;
� St 0 � V for all t 0 2 .ta; tb/.

Lemma 11.12. Fix t�; t; tC 2 R such that t� < t < tC. Then there exists an open
set U such that

J�.St / � U � I�.StC/;
and a function hC W M ! R with hC � 0, and support contained in IC.St�/ such that
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� if p 2 U and hC.p/ > 0, then grad hC.p/ is timelike and past pointing;

� hC.p/ > 1=2 for p 2 JC.St / \ U .

Proof. Take hC to be the function h constructed in Proposition 11.10 with S D St and
W D I�.StC/ \ IC.St�/. For x 2 St , h.x/ > 1=2 and grad h.x/ is past pointing
timelike. Let Vx be an open neighbourhood of x in which the same conditions hold
and define U to be the union of I�.St / and the sets Vx for x 2 St . �

Lemma 11.13. Fix t; tC 2 R such that t < tC and let U � I�.StC/ be an open
neighbourhood of J�.St /. Then there exists a smooth function h� W M ! R with
�1 � h�.p/ � 0 for all p 2 M , such that

� supp h� � U ;

� if grad h�.p/ ¤ 0 at p 2 U , then grad h�.p/ is timelike and past pointing;

� h�.p/ D �1 for p 2 J�.St /.
Proof. Reverse time orientation and construct h as in Proposition 11.10 with S D St
and W D U . We then get a smooth function h W M ! Œ0;1/ such that supp h � U ,
if h.p/ > 0 for p 2 JC.St /, then grad h.p/ is future pointing timelike and finally,
h.p/ > 1=2 for p 2 St . Let h1 D �h and let � W R ! R be a smooth function such
that �.t/ D �1 for t � �1=2, �0.t/ > 0 for t 2 .�1=2; 0/, �.t/ D 0 for t � 0 and
�.t/ 2 Œ�1; 0� for all t . In order to prove that there is such a function �, let f be the
function defined in Lemma A.9 and  .t/ D f .t C 1=2/f .�t /. Then  is a smooth
function,  � 0,  .t/ > 0 for t 2 .�1=2; 0/ and  .t/ D 0 for t … .�1=2; 0/. Let

�.t/ D
Z t

�1=2
 .s/ ds

�Z 0

�1=2
 .s/ ds

��1
� 1:

Define h� D � B h1 on JC.St / and h�.p/ D �1 for p 2 J�.St /. Then h� has the
desired properties. �

Proposition 11.14. Fix t�; t; tC 2 R such that t� < t < tC. Then there is a smooth
function � W M ! R satisfying the first three conditions of Definition 11.11 and the
condition that St is contained in fp 2 M W grad �.p/ ¤ 0g.
Proof. According to Lemma 11.12 there is an open set U and a smooth function hC
with the properties stated in that lemma. Given thisU , constructh� as in Lemma 11.13.
Then hC � h� > 1=2 on U , so that we can define

� D 2
hC

hC � h� � 1
on U and � to be 1 on M � supp h�. Compute

grad � D 2
hC grad h� � h� grad hC

.hC � h�/2
;

which, at a given point, is past pointing timelike or zero. �
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Corollary 11.15. Fix t 2 R and let t˙ D t ˙ 1. Assume ta, tb are such that t� < ta <
t < tb < tC and that K is a compact subset contained in 	�1.Œta; tb�/. Then there is
a smooth function � W M ! R satisfying the first three conditions of Definition 11.11
and, furthermore, K is contained in fp 2 M W grad �.p/ ¤ 0g.
Proof. For each s 2 Œta; tb�, let �s be the function constructed in Proposition 11.14
with t�, t , tC replaced by t � 1, s, t C 1 and let Vs be the set on which grad �s is
non-zero. Then the sets Vs constitute an open covering of K. Let s1; : : : ; sk be such
that Vsi is an open covering of K and define

� D 1

k

kX
iD1

�si :

Then � has the desired properties. �

Before proceeding to add an infinite number of timelike vectors, let us note the
following.

Lemma 11.16. Let fvig be a sequence of timelike vectors and assume that they are all
future or all past pointing. If the sum v D P1

iD1 vi is well defined, then v is timelike.

Proof. Since
P1
iD2 vi is causal and future or past pointing according to the nature

of the vi , and since the sum of a future pointing causal vector and a future pointing
timelike vector is a future pointing timelike vector, the statement follows. �

Theorem 11.17. Fix t 2 R and let t˙ D t ˙ 1. Given ta, tb 2 R such that t� < ta <
t < tb < tC, there is a temporal step function around t , compatible with the outer
extremes t�, tC and the inner extremes ta, tb .

Proof. Choose a sequence Gj , j D 1; : : : , of open sets such that xGj is compact,
xGj � GjC1 and M is contained in the union of the Gj . Let

Kj D xGj \ JC.Sta/ \ J�.Stb /:

On the compact sets Kj , we get a smooth function �j with the properties stated in
Corollary 11.15. The idea is to take the sum of all these functions. The problem is then
to get convergence. LetUi and Vi be the open coverings whose existence is guaranteed
by Corollary 10.4, and let .Vi ; xi / be coordinates. Let Aj > 1 be constants such that
for each 1 � i � j and 0 � m � j ,ˇ̌̌̌

@m�j

@x
l1
i : : : @x

lm
i

ˇ̌̌̌
< Aj

on xUi for l1; : : : ; lm 2 f1; : : : ; ng. Define

� D
1X
jD1

1

2jAj
�j : (11.3)
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Since the series converges absolutely, it defines a continuous function. To prove dif-
ferentiability of this object, let p 2 M . Then p 2 Ui for some i . To prove that �
is C l , let j > i; l . Then �j =.2jAj / and all its derivatives of order � l with respect
to the coordinates xi are bounded by 2�j . Thus the series (11.3) and all its partial
derivatives up to order l converges uniformly. Thus � is smooth. What remains to be
done is to fix the normalization of � . We have �.p/ D �� < 0 for p 2 J�.S�/ and
�.p/ D �C > 0 for p 2 JC.SC/. Let W R ! R be such that .t/ D �1 for t � ��,
 .t/ D 1 for t � �C,  0.t/ > 0 for t 2 .��; �C/ and  .t/ 2 Œ�1; 1� for all t 2 R.
Then  B � is the desired function. �

Theorem 11.18. Let .M; g/ be an oriented, connected, time oriented and globally
hyperbolic Lorentz manifold. Then there is a smooth function T W M ! R such that
grad T is timelike and past pointing on all ofM and for each inextendible causal curve

 W .t�; tC/ ! M , T Œ
.t/� ! ˙1 as t ! t˙
. In particular, each hypersurface
T �1.t/ is a smooth spacelike Cauchy hypersurface.

Proof. Let tk D k=2, tk;˙ D tk ˙ 1, tk;a D tk � 1=2 and tk;b D tk C 1=2. Let �k
be the function constructed in Theorem 11.17 with t replaced by tk , t˙ replaced by
tk;˙ and ta; tb replaced by tk;a; tk;b respectively. Note that each p 2 M is such that
	.p/ 2 .tk;a; tk;b/ for some k. Define

T D �0 C
1X
kD1

.��k C �k/: (11.4)

Note that if k � 3, then .�k C ��k/.p/ D 0 if �k=2 C 1 � 	.p/ � k=2 � 1.
Consequently, for any p 2 M , there is a neighbourhood of p such that only a finite
number of the terms in the sum (11.4) are non-zero in that neighbourhood. Thus
(11.4) defines a smooth function. Since �k has a past directed timelike gradient at p
if 	.p/ 2 Œtk;a; tk;b�, we conclude that the gradient of T is everywhere timelike and
past directed. Assume now that 
 W .t�; tC ! M is a future directed inextendible
causal curve. Note first that T B 
 is strictly monotonically increasing. Since 
 has
to intersect every Cauchy hypersurface St , we conclude that given m � 1, there is an
sm 2 .t�; tC/ such that 	Œ
.sm/� D m. Let l D 2.mC 1/. By the above observation,
.��k C �k/Œ
.sm/� D 0 for k � l . Thus

T Œ
.sm/� D
h
�0 C

lX
kD1

.�k C ��k/
i
Œ
.sm/�:

Since m � 1, �0Œ
.sm/� D 1. Furthermore,

.�k C ��k/Œ
.sm/� � 0

for all k � 1, since ��kŒ
.sm/� D 1 and �kŒ
.sm/� � �1 for all k � 1. Finally, for
1 � k � 2.m � 1/, we have

.�k C ��k/Œ
.sm/� D 2:
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Adding up the above observations, we conclude that T Œ
.sm/� � 4.m � 1/ C 1 and
consequently, T Œ
.s/� � 4.m � 1/ C 1 for s 2 Œsm; tC/. Thus T Œ
.s/� ! 1 as
t ! tC�. The argument to prove that T Œ
.s/� ! �1 as t ! t�C is similar. �

Corollary 11.19. Let .M; g/ be an oriented, connected, time oriented and globally
hyperbolic Lorentz manifold. Then M has a smooth spacelike Cauchy surface S and
M is diffeomorphic to R � S .

Proof. Theorem 11.18 yields a smooth spacelike Cauchy hypersurface and Proposi-
tion 11.3 the desired diffeomorphism. �

11.4 Smooth temporal functions adapted to Cauchy hypersurfaces

The purpose of the present section is to prove that given a spacelike Cauchy hypersurface
S , there is a smooth temporal function T with the properties listed in Theorem 11.18
such that T �1.0/ D S . The arguments are taken from [6]. We begin with a lemma.

Lemma 11.20. Let .M; g/ be a globally hyperbolic time oriented Lorentz manifold
and let S be a Cauchy hypersurface. Then I�.S/ and IC.S/, regarded as spacetimes,
are globally hyperbolic.

Proof. If we regard IC.S/ as a spacetime, we conclude that the strong causality con-
dition holds on it, and that

JCŒp; IC.S/� \ J�Œq; IC.S/� D JC.p/ \ J�.q/

forp; q 2 IC.S/. Since the latter set is compact and contained in IC.S/, the statement
follows. �

Proposition 11.21. Let .M; g/ be a connected, oriented, time oriented globally hyper-
bolic Lorentz manifold and let S be an acausal Cauchy hypersurface. Then there is a
continuous onto function O	 W M ! R such that

� S D O	�1.0/;
� O	 is smooth and has past directed timelike gradient onM � S ;

� each O	�1.t/, t 2 R � f0g is a smooth spacelike Cauchy hypersurface;

� O	 is a timefunction.

Remark 11.22. Recall that a timefunction is a function which is strictly increasing
along all future directed causal curves.

Proof. Since I˙.S/ are time oriented globally hyperbolic Lorentz manifolds, there are
temporal functions T˙ on them with properties as stated in Theorem 11.18 (note that
I˙.S/ are connected, cf. Proposition 11.3). Define

O	.p/ D

8̂<̂
:

expŒTC.p/�; p 2 IC.S/;
0; p 2 S;
� expŒ�T�.p/�; p 2 I�.S/:
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Let us first prove that for each t 2 R � f0g, O	�1.t/ is a smooth spacelike Cauchy
hypersurface. Let 
 be an inextendible timelike curve inM . Then 
 has to intersect S
and consequently I˙.S/. Thus 
 restricted to 
�1ŒI˙.S/� is an inextendible timelike
curve in I˙.S/. Thus ifS1 is a Cauchy hypersurface in one of I˙.S/, 
 has to intersect
S1. Assume 
 intersects S1 twice. Assuming for example that S1 is a Cauchy hyper-
surface in IC.S/, one then gets a future directed timelike curve in IC.S/ intersecting
S1 twice, contradicting the fact that S1 was a Cauchy hypersurface of IC.S/. Since
O	�1.t/ is a smooth spacelike Cauchy hypersurface in I˙.S/ for t ¤ 0, depending on
the sign of t , we conclude that O	�1.t/ is a smooth spacelike Cauchy hypersurface inM
for t ¤ 0.

To prove continuity, let pk ! p with pk; p 2 M . If p … S , it is clear that
O	.pk/ ! O	.p/, so let us assume p 2 S . Let l � 1 be an integer, Sl;C D T �1C .�l/
and Sl;� D T �1� .l/. Then U D I�.Sl;C/ \ IC.Sl;�/ is an open set containing S .
For k large enough, we thus have pk 2 U so that O	.pk/ 2 Œ�e�l ; e�l �. Consequently
O	.pk/ ! 0, so that O	 is continuous.

The fact that O	 is onto follows from the fact that T˙ are onto. That S D O	�1.0/ is
clear from the definition. What remains to be proved is that it is a timefunction. Let 

be a causal curve. On 
�1.M � S/, O	 B 
 is strictly increasing due to the fact that T˙
have past directed timelike gradients. Due to the acausality of S , 
�1.S/ is a point.
The statement follows. �

Theorem 11.23. Let .M; g/ be an oriented, time oriented, connected and globally
hyperbolic Lorentz manifold and let S be an acausal Cauchy hypersurface. Then there
is a smooth onto function Q	 W M ! R such that

� S D Q	�1.0/;

� Q	 has past directed timelike gradient onM � S ;

� each Q	�1.t/, t 2 R � f0g is a smooth spacelike Cauchy hypersurface;

� Q	 is a timefunction.

Remark 11.24. The only improvement in comparison with Proposition 11.21 is the
smoothness of Q	 .

Proof. For each k � 1, let �˙
k

2 C1.R/ be such that

�C
k
.t/ D 0 for t � 1=k; �C

k
.t/ D t for t � 2;

d

C
k

dt
.t/ > 0 for t > 1=k

��
k .t/ D 0 for t � �1=k; ��

k .t/ D t for t � �2; d
�
k

dt
.t/ > 0 for t < �1=k:

Choose constants Ck � 1 such thatˇ̌̌̌
dm�C

k

dtm

ˇ̌̌̌
C
ˇ̌̌̌
dm��

k

dtm

ˇ̌̌̌
� Ck
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for allm D 1; : : : ; k. Define 	˙
k

D �˙
k

B O	 , where O	 is the function whose existence is
guaranteed by Proposition 11.21. Then grad 	˙

k
is timelike and past directed whenever

it is non-zero. Define

Q	 D
1X
kD1

1

2kCk
.	C
k

C 	�
k /:

Then Q	 is smooth, S D Q	�1.0/ and the gradient of Q	 is past directed and timelike on
M � S , since the sum of timelike vectors is timelike by Lemma 11.16. Since there is
a constant c0 > 0 such that Q	.p/ D c0 O	.p/ for all p such that j O	.p/j � 2, Q	�1.t/ are
smooth spacelike Cauchy hypersurfaces for jt j � 2c0. Let 
 be an inextendible causal
curve, then Q	 B 
 is strictly increasing since 
�1.S/ is a point. Since 
 has to intersect
Q	�1.t/ for every jt j � 2c0, Q	 B 
 is onto, so that Q	 is onto. Thus 
 intersects each set
Q	�1.t/ exactly once. Since Q	�1.t/ is a smooth spacelike hypersurface for t ¤ 0, all
the statements follow. �

Lemma 11.25. Let .M; g/ be a connected, oriented, time oriented globally hyperbolic
Lorentz manifold, let S be a smooth spacelike Cauchy hypersurface and let W be an
open neighbourhood of S . Then there are smooth functions h˙ onM such that

� ˙h˙ � 0 and supp h˙ � W [ J˙.S/;

� h˙ D ˙1 on J˙.S/;

� if grad h˙.p/ ¤ 0, then it is past directed timelike.

Proof. Constructh� exactly as in Lemma 11.13 withU replaced byW [J�.S/. Define
�hC to be the same function for the Lorentz manifold with opposite time orientation.

�

Proposition 11.26. Let .M; g/ be a connected, oriented, time oriented globally hy-
perbolic Lorentz manifold and let S be a smooth spacelike Cauchy hypersurface. Let
Q	 be a function with the properties stated in Theorem 11.23 and define Si D Q	�1.i/,
i D �1; 0; 1. Then S0 D S . There is a smooth function 	0 W M ! R such that

� grad 	0 is timelike and past directed in V D fp 2 M W grad 	0 ¤ 0g;

� 	0.p/ 2 Œ�1; 1� for all p 2 M ;

� 	0.p/ D ˙1 for p 2 J˙.S˙1/, so that V � Q	�1Œ.�1; 1/�;
� S D 	�1

0 .0/ � V .

Proof. In order to construct the function 	0, we shall use the concept of a normal
neighbourhood of a submanifold introduced on pp. 197–200 of [65]. The set of vectors
perpendicular toS can be viewed as a manifold, let us call itNS , and letZ be the subset
of zero vectors in NS . Then NS is a manifold and Z is a submanifold diffeomorphic
to S . We can define exp? on an open subset of NS by exp?.v/ D 
v.1/, where 
v is
the unique geodesic going through p with initial velocity v, assuming that v 2 TpM .
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Then exp? is a smooth function defined on an open subset of NS . A neighbourhood
W of S is said to be normal if it is the diffeomorphic image under exp? of an open
neighbourhood ofZ inNS . Due to Proposition 26, p. 200, of [65], S has such a normal
neighbourhood. Let us call it W . Let T be the future oriented timelike normal to S .
Then for every r 2 W , there is a unique p 2 S and t 2 R such that exp?.tTp/ D r .
Let hS .r/ D t C 1. Then hS is a smooth function on W . Let us prove that the
gradient is timelike, at least in a neighbourhood of S . Let p 2 S and let U be an
open neighbourhood of p in S such that there are coordinates � W U ! Rn, and let
us assume that �.p/ D 0. Define a map  which takes .t; x1; : : : ; xn/ to exp?.tTr/,
where r D ��1.x1; : : : ; xn/, wherever it is defined. Then  is a smooth map from
an open subset of RnC1 into M . Note that the image of T0RnC1 under  � is TpM .
Thus we can assume  to be a diffeomorphism onto its image by reducing the domain.
Letting x�, � D 0; : : : ; n be the coordinates defined by  �1, we see that @0jr D Tr
for r 2 S in the image of  and that @i jr is tangent to S for r 2 S . In particular,
g�� D h@�; @�i has the property that g00 < 0, g0i D 0 for i D 1; : : : ; n and gij ,
i; j D 1; : : : ; n are the components of a positive definite matrix. Consequently

hgrad hS ; grad hS i D hgrad t; grad ti D hgrad x0; grad x0i D g00 < 0;

so that the gradient of hS is timelike on an open neighbourhood of p. That it is
past oriented follows from the construction. For every p 2 S , there is thus an open
neighbourhood of p such that hS has a past directed timelike gradient on that open
neighbourhood. Thus, by restrictingW , we can assume hS to be smooth and have past
directed timelike gradient on W .

Note that hS .p/ D 1 for p 2 S . Without loss of generality, we can assume
W � Q	�1Œ.�1; 1/�. Furthermore, we can assume hS > 0 on W . Let h˙ be the
functions constructed in Lemma 11.25. Define

hC D hShC:

ThenhC is smooth onW [J�.S/, by defining it to be zero onJ�.S/�W . Furthermore,
its gradient is past directed timelike when it does not vanish. Define

	0 D 2
hC

hC � h�
� 1

and extend it to be 1 on JC.S/�W . Then the gradient of 	0 is past directed timelike
when it is non-zero and the desired properties hold. �

Theorem 11.27. Let .M; g/ be an oriented, time oriented, connected and globally hy-
perbolic Lorentz manifold and let S be a smooth spacelike Cauchy hypersurface. Then
there is a smooth function T on M which has past directed timelike gradient every-
where and satisfies the property that T �1.t/ is a Cauchy hypersurface for every t 2 R.
Furthermore T �1.0/ D S and for every inextendible causal curve 
 W .t�; tC/ ! M ,
T Œ
.t/� ! ˙1 as t ! t˙
.
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Proof. Let T D Q	 C 	0, where 	0 is the function constructed in Proposition 11.26 and
Q	 was the function constructed in Theorem 11.23. Then T has past directed timelike
gradient everywhere and T �1.0/ D S . Since Q	 tends to ˙1 along inextendible causal
curves and 	0 is bounded, the desired behaviour of T along inextendible causal curves
follows. This in its turn implies that T �1.t/ is a Cauchy hypersurface for every t 2 R.

�

11.5 Auxiliary observations

The purpose of this section is to make some observations concerning globally hyper-
bolic Lorentz manifolds that will be of use when proving uniqueness of constant mean
curvature hypersurfaces, cf. Chapter 18. The following result is essentially a direct
consequence of Theorem 11.27, cf. [5].

Lemma 11.28. Let .M; g/ be an oriented, time oriented, connected and globally
hyperbolic Lorentz manifold and let S be a smooth spacelike Cauchy hypersurface.
Then there is a diffeomorphism f W R � S ! M such that f .ftg � S/ is a Cauchy
hypersurface for every t 2 R and f .0; p/ D p. Furthermore, there is a timelike vector
field T onM such that .�2 B f �1/�1.p/ is the image of the maximal integral curve of
T through p, where �2 is projection to the second factor.

Proof. Due to Theorem 11.27, there is a smooth surjective function T W M ! R with
the following properties

� it has a past directed timelike gradient,

� T �1.0/ D S ,

� for every inextendible causal curve 
 W .t�; tC/ ! M , T Œ
.t/� ! ˙1 as t !
t˙
,

� T �1.t/ is a Cauchy hypersurface for all t 2 R.

Let T D � grad T . Then T is a smooth future directed timelike vector field. Let
ˆ W D ! M be the associated flow. The domain D is an open subset of R �M such
that if Ip�fpg D R�fpg\D , then Ip is the maximal existence interval of the integral
curve of T through p, cf. the bottom of p. 29 of [65]. Furthermore, ˆ is a smooth
map. Let us prove that if 
 W I ! M is an integral curve of T , where I D .t�; tC/
is the maximal existence interval, then 
 is inextendible. Assume 
 is extendible to
the future. If tC < 1, we can use Lemma 56, p. 30 of [65] to conclude that I is not
maximal, a contradiction. If tC D 1, we can use the argument presented in the proof
of Proposition 11.3 to conclude that T has to be zero somewhere, a contradiction.
The argument in the other time direction is similar. Thus 
 is inextendible. Let
DS D R �S \ D and let � W DS ! M be the restriction ofˆ to DS . Note that DS is
an open subset of R � S . Let us prove that � is bijective. Let p 2 M and let 
 be the
integral curve of T through p. Then 
 is an inextendible timelike curve and thus has
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to intersect S . Consequently, p is in the image of �. Assume �.t1; p1/ D �.t2; p2/.
If t1 and t2 had different signs, there would be a timelike curve intersecting S twice,
contradicting global hyperbolicity. Assume 0 � t1 � t2. Then p1 D �.t2 � t1; p2/.
If t2 > t1, we get a timelike curve from S to itself, a contradiction. Thus t1 D t2 so
that p1 D p2. The argument for t1 � t2 � 0 is similar. Let .t; p/ 2 DS and assume
t � 0. We wish to prove that

��jT.t;p/R�S W T.t;p/R � S ! T
.t;p/M (11.5)

is surjective. If t D 0, this is obvious, so let us assume t > 0. By the properties of the
flow, there is an open set U � M containing p and an " > 0 such that ˆ is defined on
.�"; t C "/ � U . Furthermore, ˆ.t; � / is a diffeomorphism from ˆŒ.�"; "/ � U � to
ˆŒ.t � "; t C "/ � U �. Note that for .s; q/ 2 .t � "; t C "/ � U \ S , we have

�.s; q/ D ˆŒt; �.s � t; q/�
ThusˆŒ�t; �.s; q/� D �.s� t; q/. Viewing this as a map taking .s; q/ 2 DS to a point
on the manifold, we can consider the push forward of this map at .t; q/. Since the push
forward of � at .0; q/ is surjective, we conclude that (11.5) has to be surjective. To
conclude, � is bijective and a local diffeomorphism. Thus � is a diffeomorphism.

Consider  W DS ! R � S defined by

 .t; p/ D .T Bˆ.t; p/; p/:
Due to the properties of T , one can check that  is injective, surjective and that  � is
always surjective. Thus  is a diffeomorphism. We define f ´ � B  �1. Then, by
definition, T B f .t; p/ D t , and f has the desired properties. �

Proposition 11.29. Let .M; g/ be a connected, oriented, time oriented and globally
hyperbolic Lorentz manifold. Assume .M; g/ has a smooth, compact, spacelike and
achronal hypersurface †. Then † is a Cauchy hypersurface.

Proof. Since .M; g/ is globally hyperbolic, we know that there is a smooth spacelike
Cauchy hypersurface S in M . Furthermore, we know that there is a diffeomorphism
f W R�S ! M with the properties stated in Lemma 11.28. Let � W M ! S be defined
by � D �2 B f �1, where �2 is the projection to the second factor. Note that � is a
smooth map which takes open sets to open sets. Let % denote the restriction of � to
†. Since † is compact, we conclude that % maps closed sets to closed sets. That %
is injective follows from the fact that if it were not, there would be a timelike curve
intersecting † twice, cf. Lemma 11.28, in contradiction with the assumptions. Note
that the image of % is closed and non-empty. We wish to prove that it is open. By an
argument similar to one presented in the proof of Lemma 11.28, there is, given ap 2 †,
an open set U � † containing p and an " > 0 such that the image of .�"; "/ � U

under ˆ is an open subset of M , where ˆ is the flow of T , cf. Lemma 11.28. Then

%.U / D �fˆŒ.�"; "/ � U �g;
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but the latter set is open by the above observations. Consequently, % takes open sets
to open sets. The image of † under % is thus non-empty, open and closed. SinceM is
connected and diffeomorphic to R�S , S is connected. Thus % W † ! S is an injective
and surjective map which takes closed sets to closed sets. Consequently, the inverse
is defined and continuous. Thus % is a homeomorphism. Note in particular that S
has to be compact. Let us define h W S ! R by h.p/ D �1 B f �1 B %�1, where �1
denotes projection onto the first factor. Since % is the restriction of � to a subset, we
have � B %�1.p/ D p for all p 2 S . Thus, keeping the definition of � in mind, we
have, for p 2 S ,

Œh.p/; p� D Œ�1 B f �1 B %�1.p/; � B %�1.p/�
D Œ�1 B f �1 B %�1.p/; �2 B f �1 B %�1.p/� D f �1 B %�1.p/:

Let
A D f.t; p/ 2 R � S W h.p/ D tg:

Then the above computation demonstrates that f .A/ D †.
Since h is a continuous function on a compact set, it attains a maximum and a

minimum. Let t1 and t2 be such that t1 < h.p/ < t2 for all p 2 S . Let 
 be an
inextendible timelike curve in M . Let si , i D 1; 2 be such that 
.si / 2 f .ftig � S/.
Consider

r.s/ D h B �2 B f �1Œ
.s/� � �1 B f �1Œ
.s/�:
We have r.s1/ > 0 and r.s2/ < 0. Since r.s/ is continuous and 
 is defined on
an interval, there has to be an s0 between s1 and s2 such that r.s0/ D 0. Then
f �1Œ
.s0/� 2 A so that 
.s0/ 2 †. In other words 
 intersects †. Since we already
know that it intersects† at most once, we conclude that† is a Cauchy hypersurface. �

It is of some interest to note that the assumptions of Proposition 11.29 can be
weakened. In fact, it is not necessary to assume achronality of †; connectedness
is enough. However, to prove this fact, one needs to appeal to intersection theory,
something we wish to avoid here. Nevertheless, let us state the result, which we shall
not use in what follows.

Proposition 11.30. Let .M; g/ be a connected, oriented, time oriented and globally
hyperbolic Lorentz manifold. Assume .M; g/ has a smooth, compact, connected and
spacelike hypersurface †. Then † is a Cauchy hypersurface.

Remark 11.31. That it is necessary to demand compactness follows by considering a
hyperboloid in Minkowski space. That it is necessary to demand connectedness is also
quite clear.

Proof. Proposition 7, p. 465 of [4] implies that if there is a Cauchy hypersurface S
in M which does not intersect †, then † is achronal. To prove that there is such a
hypersurface, let f be as in Lemma 11.28 and consider�1 Bf �1.†/. This is a compact
subset of the real numbers. Consequently, there is a t0 such that t0 > �1 B f �1.p/ for
all p 2 †. Thus f .ft0g � S/ is a Cauchy hypersurface in M which does not intersect
†. Proposition 11.29 yields the conclusion of the proposition. �



12 Uniqueness of solutions to linear wave equations

In this chapter, we wish to prove a geometric uniqueness statement for linear wave
equations on a globally hyperbolic Lorentz manifold. In particular, consider the equa-
tion

�guCXuC �u D f;

where �gu D r˛r˛u, r is the Levi Civita connection associated withg,X is a smooth
vector field and �; f are smooth functions onM . Say that we have two solutions u1; u2
to this equation and say that u1 and u2 and their normal derivatives coincide on a subset
� of a spacelike Cauchy hypersurface. The purpose of the present chapter is to prove
that under such circumstances, u1 D u2 on D.�/.

In Subsection 2.2.2 we gave an outline of the proof of uniqueness in the case
of Minkowski space. The purpose of the first section of the present chapter is to
provide the technical tools necessary for establishing that one has roughly speaking
the same picture in suitable convex neighbourhoods in the general case. In particular,
we need to know that the intersection of the past light cone of a suitable point and the
Cauchy hypersurface is a manifold in the context of interest. This is in part achieved
by Lemma 12.1. Consider the region above the t D 0 hypersurface and below the
hyperbola in Figure 2.1. We shall wish to apply (10.3) to this region. Unfortunately,
this formula does not apply, since the region is not a manifold with boundary. To
overcome this problem, one can subtract the intersection of the hyperbola and the t D 0

hypersurface from the region of interest and apply the result to the thus obtained region.
However, then we cannot assume the vector field of interest to have compact support.
Thus we need to multiply it with a suitable cut off function. This is achieved by a
construction carried out in a tubular neighbourhood of the intersection mentioned above,
and the purpose of Lemma 12.3 is to construct the needed tubular neighbourhood.

The purpose of the remaining lemmas of Section 12.1 is to ensure that some el-
ementary aspects of the intuitively obvious setup described in the Minkowski setting
hold in the general case as well, given one is prepared to restrict one’s attention to a
small enough convex neighbourhood.

12.1 Preliminary technical observations

LetM be ann-dimensional differentiable manifold. We refer to a subsetN ofM as a k-
dimensional submanifold, k < n, if for everyp 2 N , there is a chart .U; �/withp 2 U
and � D .x1; : : : ; xn/ such that q 2 U \N if and only if xkC1.q/ D � � � D xn.q/ D 0.
Due to the definition, we see that N can be given the structure of a differentiable
manifold. There are other, equivalent, definitions of the concept of a submanifold,
cf. pp. 15–18 of [65]. We shall need the following observation.

Lemma 12.1. Let N1 and N2 be two n dimensional spacelike submanifolds of an
.n C 1/-dimensional Lorentz manifold .M; g/. Assume that for each p 2 N1 \ N2,
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any two normals to N1 and N2 at p are linearly independent. Then N1 \ N2 is an
n � 1-dimensional submanifold ofM .

Remark12.2. The result is of course a trivial special case of the fact that the intersection
of transversal submanifolds is a submanifold, cf. Theorem 7.7, p. 84 of [8].

Proof. Let p 2 N1 \ N2. Since Ni is a submanifold, there are charts .Ui ; �i / such
that �i D .x0i ; : : : ; x

n
i / has the property that Ui \ Ni equals the set of p 2 Ui such

that xni .p/ D 0. Let U D U1 \ U2 and fi D xni . Then N1 \N2 \ U corresponds to
the set of p 2 U such that fi .p/ D 0, i D 1; 2. Note that a normal of Ni is given by
grad fi in U . If f is a smooth function, grad f is defined to be the vector field such
that for any vector X

hgrad f;Xi D X.f /:

Choose coordinates . zU ; y/ such that g�� jp D ��� , where ��� are the components of
the Minkowski metric and

grad f1jp D ˛
@

@y0

ˇ̌̌
p

grad f1jp D ˇ
@

@y0

ˇ̌̌
p

C 

@

@y1

ˇ̌̌
p
;

where ˛, ˇ and 
 are all non-zero (we have here used the fact that the normals are both
timelike). Recall that

@fi

@yj
D Dj .fi B y�1/ B y:

For the sake of simplicity, let us assume y.p/ D 0. Consider the smooth function
f W y. zU/ ! R2 defined by

f D .f1 B y�1; f2 B y�1/:

Differentiating this function with respect to the first two variables leads to a 2 � 2

matrix which is invertible. By the implicit function theorem there exists an open set
V � RnC1 containing 0 and an open setW � Rn�1 containing zero such that for every
w 2 W there is a unique z 2 R2 such that .z; w/ 2 V and f .z; w/ D 0. If this z is
defined to be g.w/, then g is a smooth function onW , g.0/ D 0 and f Œg.w/;w� D 0.
Reduce the domain of definition of the coordinates y to be U 0 D y�1.R2 �W \ V /.
On U 0 we define the coordinates v D .v0; : : : ; vn/ by

.v0; : : : ; vn/ D Œy0 � g0.y2; : : : ; yn/; y1 � g1.y2; : : : ; yn/; y2; : : : ; yn�:
By considering v B y�1, it is clear that v is a smooth map with a smooth inverse. Thus
.U 0; v/ is a coordinate chart. If q 2 U 0, v0.q/ D 0 and v1.q/ D 0, then q 2 N1\N2 by
the above construction. If q 2 U 0 \N1\N2, we can conclude that y.q/ 2 R2�W \V
so that, by the above construction, v0.q/ D 0 and v1.q/ D 0. With respect to the chart
.U 0; v/, N1 \ N2 is thus given by the condition v0 D v1 D 0. We conclude that
N1 \N2 is an n � 1-dimensional submanifold. �
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We shall also need the following.

Lemma 12.3. Assume M is a compact n � 2-dimensional spacelike submanifold of
an open subset U � Rn on which there is a Lorentz metric g. Assume that there are
smooth maps v;w W M ! Rn such that for every p 2 M , v.p/ D vp and w.p/ D wp
are orthonormal non-null vectors normal to TpM , where we identify TpU with Rn

using a fixed coordinate system on U . Define

f W M � R2 ! Rn by f .p; t; s/ D p C tvp C swp:

Then f is smooth and there is an " > 0 such that f , restricted to M � B".0/, is a
diffeomorphism onto a neighbourhood ofM .

Remark 12.4. Here B".0/ D f.t; s/ 2 R2 W t2 C s2 < "2g. The result is essentially a
special case of the existence of tubular neighbourhoods, cf. Theorem 11.4, p. 93 of [8].

Proof. Let p 2 M . Then there is a chart .V; x/, where V is an open subset of U ,
such that q 2 M if and only if xn�1.q/ D xn.q/ D 0. Then .V \ M;y/, where
y D .x1; : : : ; xn�2/, is a chart. In these local coordinates, f can be considered to be
a function Of from y.V \M/ � R2 into Rn defined by

Of .z1; : : : ; zn�2; t; s/ D y�1.z1; : : : ; zn�2/C tv B y�1.z1; : : : ; zn�2/
C sw B y�1.z1; : : : ; zn�2/:

Since this function is smooth, we conclude that f is smooth. Computing the deriva-
tive with respect to z1; : : : ; zn�2 at p we get the tangent space TpM . Computing the
derivative with respect to t and s at p, we get vp and wp respectively. By the inverse
function theorem, there is a neighbourhood W of p in M and an " > 0 such that f ,
restricted to W � B".0/, has a smooth inverse. By the compactness of M , there is a
finite number of open neighbourhoods W1; : : : ; Wm � M of points p1; : : : ; pm 2 M
and there are "1; : : : ; "m > 0 such that f , restricted to Wi � B"i

.0/, is a diffeo-
morphism onto an open subset of pi with respect to the topology on U , and M is
contained in the union of the Wi . Let "a D minf"1; : : : ; "mg. Then f , restricted to
Wi � B"a

.0/ is a diffeomorphism onto an open subset of pi . Let us prove that for "
small enough, f , restricted to M � B".0/, is injective. Assume this is not the case.
Then there are sequences .pl ; tl ; sl/ ¤ .ql ; 	l ; �l/ such that .tl ; sl/; .	l ; �l/ ! 0 and
f .pl ; tl ; sl/ D f .ql ; 	l ; �l/. Due to the compactness of M , there is a subsequence lk
such that plk ! p for some p 2 M . Since .tl ; sl/; .	l ; �l/ ! 0, we conclude that
qlk ! p. Consequently, there will sooner or later be a j such that both sequences are
in Wj � B"a

.0/. But then they have to equal by the above. We have a contradiction.
Thus, for " small enough, f is injective when restricted to M � B".0/. By the above
observations we conclude that f , restricted to M � B".0/, is a diffeomorphism onto
an open neighbourhood of M . �

Lemma 12.5. Let .M; g/ be an .n C 1/-dimensional Lorentz manifold and let † be
a smooth spacelike n-dimensional submanifold. If p 2 † there is a chart .U; x/ with
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p 2 U and x D .x0; : : : ; xn/ such that q 2 U \† if and only if q 2 U and x0.q/ D 0.
Furthermore @x0 jq is the future directed unit normal to † for q 2 † \ U . If we fix
" > 0 and let g�� D g.@x� ; @x� /, then we can assume U to be such that jg0i j � ",
i D 1; : : : ; n on U . If we let a D g00.p/ and b > 0 be such that gij .p/, considered as
a positive definite matrix, is bounded from below by b, we can assume that g00 < a=2
and that gij , considered as a positive definite matrix, is bounded from below by b=2.

Remark 12.6. One can of course construct the desired coordinates by using the concept
of a normal neighbourhood of a submanifold, cf. the proof of Proposition 11.26, but
that would be using more complicated methods than necessary.

Proof. Let .V; x/ be a chart with p 2 V such that q 2 V \ † if and only if q 2 V

and x0.q/ D 0. Let yi D xi jV\†, i D 1; : : : ; n and y D .y1; : : : ; yn/. Define
V 0 D x�1Œx.V /\ R � y.V \†/� and Ox W V 0 ! y.V \†/ by Ox D .x1; : : : ; xn/ (the
fact that the image of this map is in the right set follows from the definition of V 0).
Let g�� D g.@x� ; @x� /. Then gij , i; j D 1; : : : ; n are the components of a positive
definite matrix when restricted to V \ †. Let �ij be the components of the inverse
of this matrix, which are smooth functions on V \† and define r ij D �ij B y�1 B Ox.
Then r ij are smooth functions on V 0 and on V \†, r ijgjl D ıi

l
. Define ˛i D r ijg0j .

Then ˛i are smooth functions on V 0. Define

z D .z0; : : : ; zn/ D .x0; x1 C ˛1x0; : : : ; xn C ˛nx0/:

Then z defines coordinates in a neighbourhood W 0 � V 0 of p, since @z˛=@xˇ are the
components of an invertible matrix at a point where x0 D 0. Furthermore q 2 W 0 \†
if and only if q 2 W 0 and z0.q/ D 0. Let us compute, at a point q 2 W 0 \†,

@

@zi

ˇ̌̌
q

D @

@xi

ˇ̌̌
q
; i D 1; : : : ; n;

@

@z0

ˇ̌̌
q

D @

@x0

ˇ̌̌
q

� ˛i @
@xi

ˇ̌̌
q
:

Thus
g.@z0 jq; @zi jq/ D g0i .q/ � .r ljg0lgij /.q/ D 0:

Define ˛0 on W 0 \† by

˛0.q/ D ˙Œ�h@z0 jq; @z0 jqi�1=2:
We choose the plus sign if@=@z0 is future oriented and the minus sign if it is past oriented.
Note that ˛0 is a smooth function on†\W 0. Let Oz D .z1jW 0\†; : : : ; znjW 0\†/. Then
Oz are coordinates on † \ W 0. Let W D z�1Œz.W 0/ \ R � Oz.W 0 \ †/� and let
Nz W W ! Oz.W 0 \ †/ be defined by Nz D .z1; : : : ; zn/. Then ˛1 D ˛0 B Oz�1 B Nz is a
smooth function on W which coincides with ˛0 on † \W . Let us define

w D .w0; : : : ; wn/ D Œ˛1z
0; z1; : : : ; zn�:

Then w are coordinates on W since ˛1.q/ can be computed if one knows zi .q/, i D
1; : : : ; n. Furthermore, q 2 W \ † if and only if q 2 W and w0.q/ D 0. At a point
q 2 † \W , we get

@

@wi

ˇ̌̌
q

D @

@zi

ˇ̌̌
q
; i D 1; : : : ; n;

@

@w0

ˇ̌̌
q

D ˛�1
0 .q/

@

@z0

ˇ̌̌
q
:
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As a consequence @=@w0 jq is the future directed unit normal to † for q 2 †. All the
statements of the lemma follow by restricting W suitably. �

Lemma12.7. Let .M; g/ be an .nC1/-dimensional Lorentzmanifold and let us assume
that there is a smooth spacelike Cauchy hypersurface S . Then for every p 2 S there
is a neighbourhood U 3 p such that for every q 2 U which lies to the future of S ,
there are geodesic normal coordinates .V; �/ centered at q such that J�.q/\ JC.S/
is compact and contained in V .

Proof. Let .U; y/ be coordinates around p as constructed in Lemma 12.5. We can
assume, without loss of generality, that @=@y0 is future pointing. Given a causal
curve ˛ in U , we can parameterize it by its y0-component. The condition that the
curve be causal and the bounds on the components of g�� given in the above lemma
lead to the conclusion that the distance the curve can travel in the yi directions for
i D 1; : : : ; n is bounded by a constant times the distance it travels in the y0 direction.
By restricting the set U more and more, we see that the distance the causal curve can
travel in the y0 direction before intersecting S tends to zero. Therefore, the distance it
can travel in the yi directions, i D 1; : : : ; n tends to zero. Once the y0 component of
the curve is negative, we have reached the complement of JC.S/ since S is a Cauchy
surface (and we can never come back). LettingW be a convex neighbourhood of p, we
see that for U small enough a neighbourhood contained in W , the desired properties
hold. Note that the compactness follows from Lemma 40, p. 423 of [65]. �

12.2 Uniqueness of solutions to tensor wave equations

Let A be a tensorfield which is contravariant of order r and covariant of order s on a
Lorentz manifold .M; g/. Then we denote by �gA the tensor whose components are

.�gA/
˛1:::˛r

ˇ1:::ˇs
D r˛r˛A˛1:::˛r

ˇ1:::ˇs
;

where r is the Levi Civita connection associated with g. Alternately, one can define it
to be a suitable contraction of rrA.

Lemma 12.8. Let .M; g/ be an .n C 1/-dimensional Lorentz manifold and let us
assume that there is a smooth spacelike Cauchy hypersurface S . Let p be a point to
the future of S and assume that there are geodesic normal coordinates .V; �/ centered
at p such that J�.p/ \ JC.S/ is compact and contained in V . Assume u W V ! Rl

solves the equation
�guCXuC �u D 0;

whereX is an l � l matrix of smooth vector fields on V and � is a smooth l � l matrix-
valued function on V . Assume furthermore that u and grad u vanish on S \ J�.p/.
Then u and grad u vanish in J�.p/ \ JC.S/.

Remark 12.9. The equation need only be satisfied in J�.p/ \ JC.S/. By time
reversal, the analogous statement for p to the past of S holds.
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Proof. The setup we are about to describe is taken from p. 127-128 of [65]. The
exponential map exp gives a diffeomorphism of a neighbourhood zU of the origin in
TpM to a neighbourhood U of p. On TpM we have the function Qq.v/ D g.v; v/ and
we define q D Qq B exp�1

p on U . Note that Qq�1.c/ are hyperboloids for c < 0 and
the family of hyperboloids (c < 0) foliate the interior of the light cones in TpM . For
c < 0, let us denote the component of Qq�1.c/ corresponding to past directed timelike
vectors by zQc . The image of the hyperboloids under exp are q�1.c/. We shall use
the notation Qc for the component to the past of p and Q0 for the image of the past
directed null vectors under expp . Let us denote the position vector field in TpM by
zP , i.e., this is the vector field which with v 2 TpM associates the vector v (based

at v). We denote the vector field transferred under the exponential map by P . As a
consequence of the Gauss lemma, grad q D 2P , cf. Corollary 3, p. 128 of [65].

LetD D J�.p/\JC.S/ andDc D J�.Qc/\JC.S/. This should be compared
with Figure 2.1 in which D is the triangle and its interior and Dc is the region below
the hyperboloid and above the t D 0 hypersurface. Let us make some observations
concerning these objects. First of allQc � I�.p/ for c < 0 so that J�.Qc/ � J�.p/
for c < 0. Thus Dc � D for c < 0 so that Dc � V . Let q 2 Dc . Then there is
a timelike curve from p to q in V . Due to Proposition 34, p. 147 of [65], the radial
geodesic is the unique longest timelike curve fromp to q inV . Since there is an r 2 Qc
such that q � r 	 p, we conclude that q 2 Qc1

for some c1 � c. Thus

Dc D S
��c

Q� \ JC.S/: (12.1)

As a consequence, if q 2 Qc \ JC.S/, then q 2 @Dc , the boundary of Dc . If
q 2 J�.Qc/ \ S , then considering a timelike curve through q and using the fact
that S is a Cauchy hypersurface leads to the conclusion that q 2 @Dc . Note that
I�.Qc/\ IC.S/ is an open set contained inDc . SinceQ� � I�.Qc/ for 
 < c and
since (12.1) holds, we see that

Dc D Qc \ JC.S/ [ I�.Qc/ \ JC.S/
D Qc \ JC.S/ [ I�.Qc/ \ S [ I�.Qc/ \ IC.S/:

As a consequence, the interior of Dc is I�.Qc/ \ IC.S/ and the boundary is Qc \
JC.S/ [ J�.Qc/ \ S . Let us prove that if cl is a sequence of negative numbers
converging to zero, then

intD � S
l

Dcl
� D: (12.2)

One of the inclusions is trivial. Let q 2 intD. Since intD is open, we conclude that
there is a t > 0 such that 
.t/ 2 D. Thus q 2 I�.p/ so that q 2 Qc for some c < 0

by arguments similar to ones given above. The conclusion follows.
Let � be any Riemannian metric onV and let d be the associated topological metric.

Let " > 0 and

R" D fr 2 S \D W d.r;Q0/ < "g; d.r;Q0/ D inf
s2Q0

d.r; s/:
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ThenR" is an open neighbourhood ofQ0\S inS\D. LetL" D S\J�.p/�R". Since
D D JC.S/\J�.p/ is compact andS is closed, we conclude thatD\S D S\J�.p/
is compact. Since L" is a closed subset of S \ D, we conclude that it is compact.
Furthermore, for every r 2 L", exp�1

p r is timelike. Consequently, exp�1
p L" is a

compact subset of the interior of the past lightcone in TpM . Consequently, for c < 0
close enough to 0, Qc does not intersect L". The intersection of Qc and S thus has to
be in R" for c < 0 close enough to 0. Let T be a smooth unit normal to S . Then T
has to be timelike. Let us prove that for " > 0 small enough, P and T are linearly
independent in xR", the closure of R". Since P and T are non-zero vector fields on xR"
and xR" is compact, �.T; T / and �.P; P / are uniformly bounded away from 0 and 1
on xR". On the other hand g.P; P / < 0 tends to zero as " tends to zero, but g.T; T / < 0
is uniformly bounded away from zero on xR". Assume T andP to be linearly dependent
at some point r 2 xR". Then there is an ˛r such that Tr D ˛rPr so that

g.Tr ; Tr/ D ˛2r g.Pr ; Pr/; �.Tr ; Tr/ D ˛2r �.Pr ; Pr/:

Due to the first equality, ˛r has to tend to infinity as " tends to zero. This contradicts the
second inequality and our uniform bounds. Consequently, for c < 0 close enough to
zero, every point inQc\S is such that the normal toQc and S at that point are linearly
independent. Since Qc and S are smooth spacelike n-dimensional submanifolds, we
conclude that the intersection is a smooth n�1 dimensional submanifold. To prove the
compactness of S \Qc , let ri 2 S \Qc . Then ri 2 D, so that there is a subsequence
converging to some point r . Since S is closed, r 2 S and sinceQc is the level set of a
function, r 2 Qc .

Note thatDc �S \Qc can be considered to be a Lorentz manifold with boundary,
the boundary being Qc \ IC.S/ [ S \ I�.Qc/. Let u be the solution assumed to
exist in the statement of the lemma. Define

Q˛ˇ D r˛u � rˇu � 1

2
g˛ˇ .g

��r�u � r�u/; f D �1
2
q; N D �P:

Note that grad f D N . Furthermore, we define

�˛1 D g˛�Q�ˇN
ˇ ; � D �ekf juj2N; � D ekf �1;

where k is a constant to be determined. Note that inDc ,N is a future directed timelike
vector field and that on Qc \ IC.S/ it is the outward pointing normal relative to Dc .
Compute

r˛Q˛ˇ D �gu � rˇu:
Thus

div �1 D �gu �N.u/CQ˛ˇr˛N ˇ :

Let us introduce the quantity

E D 1

2
juj2 C

nX
˛D0

j@˛uj2;
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where the @˛ are associated with the normal coordinates in V . Then

j div �1j � CE

on Dc due to the equation. Compute

div � D ekf div �1 C �1.e
kf /

D ekf .div �1 C khgrad f; �1i/
D ekf Œdiv �1 C kQ.N;N /�:

We also have

div � D �2ekf u �N.u/ � ekf juj2 divN � kekf juj2hN;N i:
Due to the fact that N is timelike in all of Dc , we conclude that there is a constant
c0 > 0 and a constant C such that on Dc ,

div � � ekf .kc0juj2 � CE/:

For the same reason there is a constant c1 > 0 such that on Dc ,

c0juj2 CQ.N;N / � c1E:

We conclude that
div �C div � � ekf .kc1 � C/E:

For k large enough, it is clear that this object is positive and dominates ekf E . Let us
compute

hN; �i
hN;N i D ekfQ.N;N /

hN;N i ;
hN; �i
hN;N i D �ekf juj2:

Note that both these quantities are non-positive. If it were possible to apply (10.3), we
would be done. In fact, applying (10.3) to � C � with k large enough, the left-hand
side is non-negative and the right-hand side is non-positive. Consequently, both have
to equal zero, so that u D 0 inDc . By (12.2), we conclude that u D 0 and grad u D 0

in the interior of D, so that they equal zero in D by the smoothness of u.
The problem is of course that we are not allowed to apply (10.3). Let us apply

Lemma 12.3. In order to do so, we need to construct two smooth vector fields normal
to S \ Qc . Let T be a unit normal vector field to S . Then we can construct an
orthonormal vector field by normalizing

P � hP; T i
hT; T i T:

These two vector fields can then be used as the vector fields assumed to exist in the
statement of Lemma 12.3. As a conclusion, we get a smooth map

h W Qc \ S � B".0/ ! V;
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which is a diffeomorphism onto its image and contains an open neighbourhood of
Qc \S , assuming that " > 0 is small enough. Let � 2 C1

0 .R
2/ be such that �.x/ D 1

for jxj � 1=2 and �.x/ D 0 for jxj � 3=4, and let �ı.x/ D �.x=ı/. For ı � " we can
consider the function

 ı W Qc \ S � B".0/ ! R;  ı.p; x/ D �ı.x/;

to be a smooth function on V . Due to the existence of the diffeomorphism, the volume
of the support of  ı can be estimated by Cı2, where C is a constant independent of ı.
For the same reason, we can estimate j@˛ ı j � Cı�1, where @˛ are the derivatives
with respect to the normal coordinates. LetX be an arbitrary smooth vector field on V .
Note thatD0

c D Dc �S \Qc is a smooth manifold with boundary and that .1� ı/X
can be considered as a smooth vector field with compact support on this manifold.
Thus (10.3) is applicable to .1 �  ı/X . We haveZ
D0

c

divŒ.1 �  ı/X��g D �
Z
D0

c

X˛@˛ ı �g C
Z
D0

c

divX �g �
Z
D0

c

 ı divX �g ;

where �g D "D0
c
. In the first term of the right-hand side, j@˛ ı j � Cı�1, jX˛j � C

and the volume of the set on which the integrand is non-zero is bounded by Cı2. Con-
sequently, the first term converges to zero as ı ! 0C. The third term also converges
to zero. By Lebesgue’s dominated convergence theorem, the boundary integral con-
verges to what it should. Consequently, (10.3) holds onDc , and the desired conclusion
follows. �

Let us introduce the terminology that A 2 T r
s .M/ if and only if A is a smooth

tensorfield on M , contravariant of order r and covariant of order s.

Lemma 12.10. Let .M; g/ be an .n C 1/-dimensional Lorentz manifold and let us
assume that there is a smooth spacelike Cauchy hypersurface S . Let p be a point to
the future of S and assume that there are geodesic normal coordinates .V; �/ centered
at p such that J�.p/\ JC.S/ is compact and contained in V . Assume A 2 T r

s .M/,
B 2 T rCsC1

rCs .M/ and C 2 T rCs
rCs .M/ satisfy the equation

.�gA/
˛1:::˛r

ˇ1:::ˇs
C B

˛1:::˛r�1:::�sC1

ˇ1:::ˇsı1:::ır
r�1

Aı1:::ır
�2:::�sC1

C C
˛1:::˛r�1:::�s

ˇ1:::ˇsı1:::ır
Aı1:::ır
�1:::�s

D 0:

Assume furthermore that A and rA vanish on S \ J�.p/. Then A and rA vanish in
J�.p/ \ JC.S/.

Remark 12.11. When we say that A vanishes at a point p, we mean that for any
one-forms at p, say �1; : : : ; �r and vectors at p, say v1; : : : ; vs , we have

A.�1; : : : ; �r ; v1; : : : ; vs/ D 0:

When we say that A vanishes on S \ J�.p/, we mean that A vanishes at q for every
q 2 S \ J�.p/. The conventions for rA are similar. It should reasonably be possible
to prove similar uniqueness statements for equations where the unknown takes values
in a vector bundle. However, we shall limit our attention to the above case here.
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Proof. Writing out the equation on V in local coordinates, we see that it can be viewed
as an equation of the same sort as the one dealt with in Lemma 12.8. �

Corollary 12.12. Let .M; g/ be a connected, oriented, time oriented, globally hyper-
bolic .nC 1/-dimensional Lorentz manifold and let S be a smooth spacelike Cauchy
hypersurface. Let� � S . AssumeA 2 T r

s .M/,B 2 T rCsC1
rCs .M/andC 2 T rCs

rCs .M/

satisfy the equation

.�gA/
˛1:::˛r

ˇ1:::ˇs
C B

˛1:::˛r�1:::�sC1

ˇ1:::ˇsı1:::ır
r�1

Aı1:::ır
�2:::�sC1

C C
˛1:::˛r�1:::�s

ˇ1:::ˇsı1:::ır
Aı1:::ır
�1:::�s

D 0:

Assume furthermore that A and rA vanish on �. Then A and rA vanish inDC.�/.

Remark 12.13. The equation need only be satisfied in DC.�/. There is a similar
statement concerning D�.�/.

Proof. Let t be a temporal function such that all its level sets are spacelike Cauchy
hypersurfaces and t�1.0/ D S , cf. Theorem 11.27. Let us first prove that

DC.�/ �� � intŒDC.�/�: (12.3)

Note that O D I�ŒDC.�/� \ IC.�/ is an open set which is contained in DC.�/.
The reason for the latter statement is that if p 2 O and 
 is a past inextendible
causal curve through p, then there is a past inextendible causal curve from some point
q 2 DC.�/ that coincides with 
 on some subinterval. Since p 2 IC.�/, we can
use the definition ofDC.�/ and the fact that S is a Cauchy surface to conclude that 

has to intersect �. Thus p 2 DC.�/. We conclude that O � intŒDC.�/�. On the
other hand, if p 2 DC.�/ � �, we have p 2 IC.�/ since an inextendible timelike
geodesic through p has to intersect �, and the intersection point is certainly not p.
Furthermore, there is a sequence pi 2 I�ŒDC.�/� such that pi converge to p. Since
IC.�/ is open, the points pi have to belong to IC.�/ for i large enough. For i large
enough, we conclude that pi 2 O . Thus

DC.�/ �� � xO � intŒDC.�/�:

We wish to prove that A and rA vanish on DC.�/. Due to the assumptions, (12.3)
and the smoothness of A we conclude that it is enough to prove that A and rA vanish
in the interior of DC.�/.

Let p be in the interior of DC.�/. Due to Lemma 40, p. 423 of [65], K D
J�.p/\DC.�/ is compact. Given an interval I and a real number t0, let us introduce
the notation

RI D t�1.I / \K; St0 D t�1.t0/:

Note that if I is a closed interval, RI is compact. We shall use the notation Rt0 if the
interval I coincides with the point t0. Let t0 be a real number, " > 0, I" D Œt0�"; t0C"�,
assume that Rt0 is non-empty and that there is an open set U containing it. Then, we
claim, there is an " > 0 such that RI"

� U . Assume not. Then there are ri 2 RI"i
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with "i ! 0 such that ri … U . As a consequence ri 2 RI"
\U c for some fixed " > 0.

Since this set is compact, we conclude that there is a subsequence rik converging to
some r 2 RI"

\ U c . By construction, we have to have t .r/ D t0 and r 2 K so that
r 2 U . Since r 2 U c , we have a contradiction.

Define T by t .p/ D T > 0. Let 0 � t0 < T . For every q 2 Rt0 there is an open
neighbourhood Uq with the properties stated in Lemma 12.7. In this lemma, we take
the Cauchy hypersurface to be St0 . SinceRt0 is compact, there is a finite subcovering,
Uq1

; : : : ; Uql
. Let us denote the union by U . By the above observations there is an

" > 0 such that if I" D Œt0; t0 C "�, then RI"
� U . Assume that A and rA vanish on

Rt0 . Let q 2 Rs for some s 2 Œt0; t0 C "�. Then there are geodesic normal coordinates
at q such that the conditions of Lemma 12.10 hold. We conclude that A and rA equal
zero in Rs . Consider the set of s 2 Œ0; T / such that A and rA equal zero in R� for
	 2 Œ0; s�. By the assumptions this set is non-empty, by continuity it is closed and
by the above argument it is open. We conclude that A and rA equal zero at p. The
conclusion follows. �

Corollary 12.14. Let .M; g/ be a connected, oriented, time oriented, globally hyper-
bolic .nC 1/-dimensional Lorentz manifold and let S be a smooth spacelike Cauchy

hypersurface. Let � � S and let U be an open set containing DC.�/. Assume
u W U ! Rl solves the equation

�guCXuC �u D 0;

whereX is an l � l matrix of smooth vector fields on U and � is a smooth l � l matrix-
valued function onU . Assume furthermore that u and grad u vanish on�. Then u and
grad u vanish onDC.�/.

Remark 12.15. The equation need only be satisfied in DC.�/. There is a similar
statement concerning D�.�/.

Proof. The statement does, formally speaking, not follow from Corollary 12.12, but
the proof is identical. �

12.3 Existence

So far we have only discussed the question of uniqueness. Let us address the question
of existence. Before doing so, we need to carry out some preliminary constructions.

Lemma 12.16. Let .M; g/ be a connected, oriented, time oriented, globally hyperbolic
.nC 1/-dimensional Lorentz manifold and let S be a smooth spacelike Cauchy hyper-
surface. Let t be a temporal function constructed in Theorem 11.27 so that t�1.0/ D S

and let us use the notation St0 D t�1.t0/ for any real number t0. If p 2 St0 there is
an " > 0 and open neighbourhoods U;W of p such that

� the closure of W is compact and contained in U ,
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� if q 2 W and 	 2 Œt0�"; t0C"�, then JC.S� /\J�.q/ is compact and contained
in U ;

� there are coordinates .U; �/ with � D .x0; : : : ; xn/, where x0 D t , such that if
g�� D h@�; @�i for �; � D 0; : : : ; n, then there are positive constants a; b such
that g00 < �a and the matrix g[ with components gij for i; j D 1; : : : ; n is
positive definite with g[ � b, both inequalities holding on U ;

� for any compact K � U , there is a smooth Lorentz matrix-valued function h
on RnC1 such that h�� D g�� B ��1 on �.K/ and such that there are positive
constants a1; b1; c1 with h00 � �a1, h[ � b1 and jh�� j � c1 on all of RnC1.

Proof. Since grad t is timelike, we can construct coordinates .U; �/ at p with � D
.x0; : : : ; xn/where x0 D t , cf. Lemma 35, p. 20 of [65]. By modifying the coordinates
in the same way as was done in the beginning of the proof of Lemma 12.5, we can
assume that g00 < 0 uniformly in U , that g0i is arbitrarily small and that gij are the
components of a positive definite matrix. Since q 2 S� \ U if and only if q 2 U and
x0.q/ D 	 , we obtain the first three properties stated in the lemma by an argument
similar to the one given in the proof of Lemma 12.7, assuming that " and W are
small enough. In order to construct the function h�� , let � 2 C1

0 Œ�.U /� be such that
�.r/ D 1 for all r 2 �.K/. Define

h�� D �g�� B ��1 C .1 � �/g��.p/:
It is clear that h00 < 0 and that h[ is positive definite. Thus h�� is a smooth Lorentz
matrix-valued function due to Lemma 8.3. Furthermore, it is clear that the desired
properties hold. �

Theorem 12.17. Let .M; g/ be a connected, oriented, time oriented, globally hyper-
bolic .nC 1/-dimensional Lorentz manifold and let S be a smooth spacelike Cauchy
hypersurface. Let t be the temporal function constructed in Theorem 11.27 so that
t�1.0/ D S and let us use the notation St0 D t�1.t0/ for any real number t0. As-
sume B 2 T rCsC1

rCs .M/, C 2 T rCs
rCs .M/ and E 2 T r

s .M/. Given smooth tensorfields
A0; A1 2 T r

s .M/, there is a smooth tensorfield A 2 T r
s .M/ solving the initial value

problem

.�gA/
˛1:::˛r

ˇ1:::ˇs
C B

˛1:::˛r�1:::�sC1

ˇ1:::ˇsı1:::ır
r�1

Aı1:::ır
�2:::�sC1

C C
˛1:::˛r�1:::�s

ˇ1:::ˇsı1:::ır
Aı1:::ır
�1:::�s

D E
˛1:::˛r

ˇ1:::ˇs
;

A.p/ D A0.p/;

rNA.p/ D A1.p/

(12.4)

for all p 2 S , where N is the future directed unit normal to the hypersurfaces S� , i.e.,
N D � grad t=j grad t j.
Remark 12.18. It would perhaps have seemed more natural to require A0.p/ and
A1.p/ to be tensors of the correct type for every p 2 S and furthermore A0 and A1,
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evaluated on the correct number of smooth vector fields and one-forms (onM restricted
to S ), to be smooth maps from S to the real numbers. However, the two definitions
are equivalent.

Proof. Let us construct the solution to the future of S . Let us start by assuming that
the initial data have support in some compact set K1 � S and that the support of E is
contained in some compact set K2 � M . Let t1 > 0 and define Rt1 to be the set of
q such that 0 � t .q/ � t1. Note that this set is closed. Furthermore K3 D K2 \ Rt1
is compact. The union of IC.p/ for p 2 I�.S/ is an open covering of K1 [ K3.
Since this set is compact, there is a finite number of points p1; : : : ; pl 2 I�.S/ such
that K1 [ K3 � Sl

iD1 IC.pl/. Note that the set F D Sl
iD1 JC.pi / \ J�.St1/ is

compact, due to Lemma 40, p. 423 of [65], and that if there is a solution in Rt1 , it has
to equal zero in Rt1 � F by uniqueness. We are left with the problem of defining A
in the compact set Rt1 \ F . Let us use the notation F� D F \ S� . It is of interest to
note that if U is an open set containing F� , then there is an " > 0 such that Fs � U

for all s 2 Œ	 � "; 	 C "�. The argument is similar to an argument given in the proof of
Corollary 12.12.

Let 0 � 	 < t1 and assume we either have a solution on R� or on Rs for every
0 � s < 	 . We wish to construct a solution beyond 	 . For every p 2 F� there
are neighbourhoods Up; Wp and an "p with the properties stated in Lemma 12.16. By
compactness, there is a finite number of pointsp1; : : : ; pl such thatWp1

; : : : ; Wpl
cover

F� . Let 0 < " � minf"p1
; : : : ; "pl

g be such that

Fs �
lS
iD1

Wpi

for all s 2 Œ	 � "; 	 C "� and let s1 be a point in the interval Œ	 � "; 	� such that
there is a solution up to and including s1. Let p 2 Fs for any s 2 Œs1; 	 C "�.
Then Kp D J�.p/ \ JC.Ss1/ is compact and contained in one of the charts, say
.Upi

; �/. Let � 2 C1
0 .Upi

/ be such that �.q/ D 1 for all q 2 Kp . Define B 0 D �B ,
C 0 D �C , E 0 D �E and as initial data for A at Ss1 , we use A0

0 D .�A/jSs1
and

A0
1 D .�rNA/jSs1

. Note furthermore that we can extend the Lorentz metric g B ��1
to a smooth Lorentz matrix-valued function h�� on RnC1 coinciding with g�� B��1 on
�.Kp/. If we replace all the objects occurring in (12.4) with their primed counterparts
and replace the metric by h�� , then we can consider this equation as an equation on
RnC1. If we write it out in components, we see that it is of the same type as the
one dealt with in Theorem 8.6. We conclude that there is a smooth global solution.
Transferring this solution back to Upi

, we see that we have a smooth solution to the
original problem on Kp . For any point q 2 I�.p/ \ JC.Ss1/ D Vp , we define A to
be this solution. If r 2 Vp \ Vq , then we have two candidate definitions for A at r .
Since J�.r/\ JC.Ss1/ is contained in Vp \ Vq , Corollary 12.12 ensures that the two
possible definitions coincide. If we take the union of the Vp for p 2 Fs , s 2 Œs1; 	C"�,
let us call it O1, we get a set which contains Fs in its interior for any s 2 .s1; 	 C "/.
Let us defineO2 to be the set of q such that s1 � t .q/ < 	 C " for which q … F . Note
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that if q 2 O2 and t .q/ > s1 then there is an open neighbourhood of q contained inO2
and similarly for O1. In O1 we have already defined A and rA and in O2 we would
like to define these objects to be zero. We need to check that these two definitions are
consistent. If q 2 O1 \ O2 and t .q/ > s1, then A and rNA vanish at J�.q/ \ Ss1
by the above observation and E vanishes in J�.q/ \ JC.Ss1/. Furthermore, there is
an r such that q 2 Vr with Vr � O1. By uniqueness, the solution defined on O1 has
to vanish at q.

To conclude, given a solution on R� or on Rs for any s < 	 , we get a solution on
R�C" for some " > 0. Let A be the set of s 2 Œ0;1/ such that there is a solution on
Rs . By the above argument, this set is open, closed and non-empty. Consequently, we
get a solution for all future times. By time reversal, we get a solution on all of M .

What remains is to remove the condition that E and the initial data have compact
support. Let p be any point to the future of S . Then Kp D J�.p/ \ JC.S/ is
a compact set. Let � 2 C1

0 .M/ be such that �.q/ D 1 for all q 2 Kp . Define
E 0 D �E, A0

0 D �A0 and A0
1 D �A1. Solve the equation (12.4) with E, A0 and A1

replaced by E 0, A0
0 and A0

1 respectively. This leads to a smooth tensorfield A0. Define
A to equal A0 in I�.p/ \ JC.S/ D Vp . If r 2 Vp \ Vq , then for the same reasons as
before, the two candidate solutions have to coincide in r . The theorem follows. �

Since the statement below is not, strictly speaking, a consequence of the above
theorem, we write it down. The proof is however identical.

Theorem 12.19. Let .M; g/ be a connected, oriented, time oriented, globally hyper-
bolic .nC 1/-dimensional Lorentz manifold and let S be a smooth spacelike Cauchy
hypersurface. Let t be the temporal function constructed in Theorem 11.27 so that
t�1.0/ D S and let us use the notation St0 D t�1.t0/ for any real number t0. Assume
X is an k � k matrix of smooth vector fields on M , that � is a smooth k � k matrix-
valued function on M , that f is a smooth Rk-valued function on M and that u0; u1
are smooth Rk-valued functions on S . Then there is a unique smooth u W M ! Rk

solving the initial value problem

�guCXuC �u D f;

u.p/ D u0.p/;

.Nu/.p/ D u1.p/

for all p 2 S , where N is the future directed unit normal to the hypersurfaces S� , i.e.,
N D � grad t=j grad t j.
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General relativity





13 The constraint equations

13.1 Introduction, equations

We are interested in Einstein’s equations of general relativity, given by

G D T; (13.1)

whereG is the Einstein tensor of an .nC1/-dimensional Lorentz manifold .M; g/ and
T is the stress energy tensor of the matter. The Einstein tensor is defined by

G D Ric � 1

2
Sg;

where Ric is the Ricci tensor and S is the scalar curvature of .M; g/. There are many
possibilities for T , but we shall here only consider the case

T D d� ˝ d� �
�
1

2
hgrad �; grad �i C V.�/

�
g; (13.2)

where h � ; � i ´ g. We shall refer to this matter model as a non-linear scalar field,
where the potential V is a given smooth function from R to itself and � is a smooth
function onM , referred to as the scalar field. Note that (13.1), in this case, is equivalent
to

Ric D d� ˝ d� C 2

n � 1V.�/ g:
This equation should of course be coupled to a matter equation for �, which is given
by

�g� � V 0.�/ D 0;

where �g� D r˛r˛�. Note that this equation implies that the stress energy tensor
is divergence free. Consequently, it ensures the compatibility of the choice of matter
model with the Einstein equations. The system of equations of interest is thus

Ric � d� ˝ d� � 2

n � 1V.�/ g D 0; (13.3)

�g� � V 0.�/ D 0: (13.4)

We shall refer to the system consisting of (13.3) and (13.4) as the Einstein non-linear
scalar field system.

We would like to formulate an initial value problem for these equations. The
question is then what the initial data should be. Let us discuss this issue informally in
order to develop some intuition. Let us assume we have a solution .M; g; �/. We wish
to view this solution as the development of initial data on some hypersurface †. If
there are causal curves in †, the physical interpretation indicates that what happens at
one point of † might affect what happens at another point of †; consider the ordinary
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wave equation in Minkowski space. To avoid this situation, we restrict our attention to
spacelike hypersurfaces. As was mentioned in the outline, (13.3) and (13.4) constitute
a system of wave equations when viewed in appropriate coordinates. Naively, one then
expects it to be necessary to specify the metric, the scalar field and their first normal
derivatives as initial data. However, the equations are diffeomorphism invariant: if we
have a diffeomorphism W M ! M , then .M; �g; � B / is also a solution; in fact, it
should be considered as the same solution. Consequently, it seems natural to insist that
the initial data be geometrically defined. The simplest piece of geometric information
induced on † is of course the induced metric. Since we assume † to be spacelike,
the induced metric is a Riemannian metric. Note, however, that if we view (13.3) and
(13.4) as a system of wave equations (after an appropriate choice of coordinates), it
would seem natural to specify all the metric components on the initial hypersurface,
not just the components tangent to the initial hypersurface, which is the information
the induced metric amounts to. In other words, the induced metric would naively seem
to be less information than required. Another geometric quantity induced on † is the
second fundamental form. Written down in local coordinates, this yields information
concerning the normal derivative of some components of the metric, though, as with
the case of the metric itself, not all the components one would naively wish to have.
From a naive point of view, it would thus seem that, at the very minimum, the initial
data concerning the metric would have to include the induced metric and the second
fundamental form. The situation concerning the scalar field is more straightforward;
since the equation for the scalar field is a wave equation, the natural quantities to specify
are the induced function and normal derivative of the function on†. We refer the reader
interested in a further discussion of these issues to [87] and [41].

To conclude, a suggestion would be to demand that the initial data consist of a
smooth n-manifold † with a Riemannian metric g0, a symmetric covariant 2-tensor
k0 and two functions �0 and �1, all assumed to be smooth. The problem would be
to construct an .n C 1/-manifold M with a Lorentz metric g, a smooth function �,
satisfying (13.3)–(13.4), and an embedding i W † ! M such that if k is the second
fundamental form of i.†/ inM andN is the future directed unit normal to i.†/ inM ,
then i�g D g0, i�k D k0, i�� D �0 and i�.N�/ D �1.

Note that the preceding discussion was purely informal and does not justify calling
the above mentioned objects initial data for the Einstein non-linear scalar field system.
The only proper justification for calling the above objects initial data is that one can
prove that given these objects, there is a corresponding development; in fact, a unique
maximal globally hyperbolic development (a concept we shall define in Chapter 16).

The initial value problem as stated above cannot have a solution in all generality. The
reason is that the Riemannian metric, the second fundamental form and the functions
� and N� induced on i.†/ by g and � are related by certain equations, assuming
that (13.1) is satisfied. If the initial data do not satisfy the corresponding equations,
it is clear that there will not be a development. In this chapter, we shall derive the
corresponding constraint equations.
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13.2 The constraint equations

We shall use the Gauß and Codazzi equations, as formulated in Theorem 5, p. 100, and
Proposition 33, p. 115, of [65] respectively, in order to derive the constraint equations.
Consequently, we shall use the notation of O’Neill in the current section. However, in
the end we wish to formulate the equations as they are usually formulated in general
relativity, and this requires a translation. To begin with, let us define the second
fundamental form.

Definition 13.1. Let . xM; Ng/ be a time oriented Lorentz manifold, letM be a spacelike
hypersurface in . xM; Ng/, let i W M ! xM be the embedding and let N be a future
directed unit timelike vector field such that for every p 2 M , Ng.Np; i�v/ D 0 for every
v 2 TpM . Then the second fundamental form of M is the covariant 2-tensor field k
on M defined by

k.v;w/ D Ng. xDi�vN; i�w/;
for v;w 2 TpM , where xD is the Levi-Civita connection of . xM; Ng/ .

Remark 13.2. The second fundamental does not depend on the choice of N . In what
follows, we shall not make a distinction between v and i�v for v 2 TpM .

Proposition 13.3. Let . xM; Ng/ be a time oriented Lorentz manifold, letM be a spacelike
hypersurface with induced metric g, let N be as in Definition 13.1 and let k be the
second fundamental form ofM . Then

xG.Np; Np/ D 1

2
ŒS � kijkij C .trg k/

2�.p/; (13.5)

xG.Np; v/ D ŒDjkj i �Di .trg k/�vi ; (13.6)

where xG is the Einstein tensor of . xM; Ng/, p 2 M , v 2 TpM , D is the Levi-Civita
connection and S the scalar curvature of .M; g/.

Proof. As the proof will be based on results from [65], let us use the corresponding
notation. First of all, we let h � ; � i D Ng. A smooth map X W M ! T xM such that
� B X.p/ D p, where � W T xM ! xM is the standard projection, will be referred to
as an xM vector field on M . The restriction of a vector field on xM to M is clearly
an xM vector field on M , and it is possible to divide an xM vector field on M , say X ,
into its normal and tangential components, which we shall denote norX and tanX
respectively. We shall not distinguish between vector fields onM and xM vector fields
on M that are tangent to M . The shape tensor is defined by

II.V;W / D nor xDVW (13.7)

for vector fields V;W on M , cf. p. 100 of [65]. Here xDVW should be interpreted as
follows: first one extends V and W to become vector fields on xM , then one computes
the covariant derivative and finally one restricts the result to M . That this operation is
independent of the choice of extensions is a consequence of Lemma 1, p. 99 of [65].



150 13. The constraint equations

Due to Lemma 4, p. 100 of [65], II is bilinear over the smooth functions on M and
symmetric. Let e0 D N and let V and W be vector fields on M . Extending W to a
vector field SW which is always orthogonal to e0, we have, at a point p 2 M ,

hII.V;W /; e0i D h xDVW; e0i D xDV h SW ; e0i � h xDV e0; W i D �k.V;W /: (13.8)

Thus
II.V;W / D k.V;W /e0:

We wish to compute xG.e0; e0/, where xG is the Einstein tensor of . xM; Ng/. Let us, in
a neigbourhood of a point of M , assume ei , i D 1; : : : ; n, is an orthonormal basis for
the tangent space of M . Let Ric denote the Ricci curvature of . xM; Ng/. Then one can
compute that

xG.e0; e0/ D 1

2

nX
�D0

Ric.e�; e�/:

However, recalling Lemma 52, p. 87 of [65] and the difference in conventions concern-
ing the Riemann curvature tensor, one can compute that

nX
�D0

Ric.e�; e�/ D
nX

i;jD1
h xReiej ej ; ei i;

where xR denotes the Riemann curvature tensor of . xM; Ng/. Due to the Gauß equations,
cf. Theorem 5, p. 100 of [65], we have

nX
i;jD1

h xReiej ej ; ei i D
nX

i;jD1
hReiej ej ; ei i C

nX
i;jD1

hII.ei ; ej /; II.ej ; ei /i

�
nX

i;jD1
hII.ei ; ei /; II.ej ; ej /i;

where R is the Riemann curvature tensor of .M; g/. Thus, due to the above observa-
tions, we obtain (13.5).

We also wish to compute xG.e0; ei / D Ric.e0; ei /. Again, recalling Lemma 52,
p. 87 of [65] and the difference in conventions, we have

Ric.e0; ei / D
nX

jD1
h xReiej ej ; e0i: (13.9)

In order to compute the right-hand side, we shall use the Codazzi equation, cf. Propo-
sition 33, p. 115 of [65], which states that

nor xRVWX D .rV II/.W;X/ � .rW II/.V;X/; (13.10)

for vector fields V , W and X on M , where

.rV II/.X; Y / D D?
V ŒII.X; Y /� � II.DVX; Y / � II.X;DV Y /; (13.11)
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and
D?
VZ D nor xDVZ

for a vector field V onM and an xM vector fieldZ onM such that norZ D Z. Let us
express rV II in terms of k. We have

D?
V ŒII.X; Y /� D D?

V Œk.X; Y /e0� D V Œk.X; Y /�e0 C k.X; Y /D?
V e0:

Since

hD?
V e0; e0i D h xDV e0; e0i D 1

2
xDV he0; e0i D 0;

we conclude that

D?
V ŒII.X; Y /� D D?

V Œk.X; Y /e0� D V Œk.X; Y /�e0

D .DV k/.X; Y /e0 C k.DVX; Y /e0 C k.X;DV Y /e0:

Combining this observation with (13.11), we obtain

.rV II/.X; Y / D .DV k/.X; Y /e0:

Thus, due to (13.9) and (13.10), we have

Ric.e0; ei / D
nX

jD1
h.Dei

k/.ej ; ej /e0 � .Dej k/.ei ; ej /e0; e0i:

Thus (13.6) holds. �

13.3 Constraint equations, non-linear scalar field case

Let . xM; Ng/ be a time oriented Lorentz manifold, let� be a smooth function on xM , letM
be a smooth spacelike hypersurface, let g and k be the metric and second fundamental
form induced on M by Ng and let N be the future directed unit normal to M . Finally,
let D be the Levi-Civita connection on M induced by g. Assume that Ng and � satisfy
(13.1). Combining (13.5) with (13.1), we obtain

1

2
ŒS � kijkij C .trg k/

2� D �; (13.12)

where S is the scalar curvature of g and

� D 1

2
Œ.N�/2 CDi�Di��C V.�/:

We refer to (13.12) as the Hamiltonian constraint. For any vector v tangent to M , we
have (13.6). Combining this with (13.1), we obtain

Djkj i �Di .trg k/ D ji ; (13.13)

the so-called momentum constraint in the non-linear scalar field case, where

ji D N.�/Di�:
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When proving local existence of solutions, it would be convenient if the Einstein non-
linear scalar field system were a system of non-linear wave equations for the metric
components and the scalar field. As we mentioned in the outline, this is unfortunately
not the case. However, it is in practice possible to consider an associated (or gauge
fixed) system, specified by choosing so-called gauge source functions, which is of such
a type. In Section 14.1, we describe the associated system in detail. Furthermore, we
construct gauge source functions that are convenient in proving local existence. The
initial data for Einstein’s equations do not uniquely determine the initial data for the
gauge fixed system. However, in order for the solution to the associated system to yield
a solution to the original equations, the data for the gauge fixed system have to satisfy
certain conditions, which we specify at the end of Section 14.1. In Section 14.2, we then
describe how to determine initial data for the associated system (given initial data for
Einstein’s equations) such that these conditions are satisfied. After these preliminary
observations have been made, it is possible to proceed to the main result of the present
chapter: the existence of a globally hyperbolic development of initial data to Einstein’s
equations. We present a proof of this fact in Section 14.3. It is of course also of
interest to have a local uniqueness result. However, it is not as obvious how to state
such a result in the present setting as in the case of the wave equation on Minkowski
space. The reason for this is that a development of initial data consists of an abstract
manifold, with a smooth Lorentz metric and a smooth function on it, together with a
smooth embedding of the initial hypersurface into the manifold. How to compare two
developments is thus not immediately obvious. One way to define local uniqueness
is, however, to demand that, given two developments, there be a third development
which embeds isometrically into the first two in such a way that the embeddings of the
initial hypersurface are respected. We provide a proof of this fact in Section 14.4. It is
interesting to note that the proof of local uniqueness (in the above sense of the word)
is more involved than the proof of the existence of a development.

14.1 Gauge choice

There is of course a problem with (13.3)–(13.4) when expressed in local coordinates.
These equations cannot yield unique solutions given initial data; R�� , considered as a
differential operator acting on the metric, is not hyperbolic. We shall use the ideas of
[41] to overcome this problem. Let us consider the following modified system:

yR�� � r��r�� � 2

n � 1V.�/g�� D 0; (14.1)

r�r�� � V 0.�/ D 0; (14.2)
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where we have modified the Ricci tensor according to the formula

yR�� D �1
2
g˛ˇ@˛@ˇg�� C r.�F�/ C g˛ˇg�ı Œ
˛��
ˇı� C 
˛��
ˇ�ı C 
˛��
ˇ�ı �;

(14.3)
or, in other words,

yR�� D R�� C r.�D�/; (14.4)

where
D� D F� � 
�

cf. (10.13). Note that 
� are not necessarily the components of a covector. However,
by a judicious choice of F�, we can ensure that D� are the components of a covector.
Let h be a fixed reference Lorentz metric on M . Let xr be the associated Levi-Civita
connection. Define A by

A.X; Y; �/ D �.rXY � xrXY /; (14.5)

for vector fields X; Y and a 1-form field �. We see that A is multilinear over the
functions, so that it is a tensor field. Writing it out in components, we get

A
�

˛ˇ
D A.@˛; @ˇ ; dx

�/ D 

�

˛ˇ
� x
�

˛ˇ
;

where
x
�
˛ˇ

D 1

2
h��.@˛hˇ� C @ˇh˛� � @�h˛ˇ /:

Compute
g��g

˛ˇA
�

˛ˇ
D 
� � g��g˛ˇ x
�

˛ˇ
:

The left-hand side are clearly the components of a covector, so if we let

F� D g��g
˛ˇ x
�

˛ˇ
; (14.6)

then
D� D �g��g˛ˇA�˛ˇ

are the components of a covector. There is one obvious objection to this choice of F ;
it depends on g, which is unknown. It is therefore not clear why the resulting equation
should be better. However,F only depends on the metric and not on the first derivatives
of the metric, and consequently OR, considered as a differential operator acting on g, is
of a form that we can deal with using the methods described earlier in these notes.

Let us assume .M; g/ is a globally hyperbolic Lorentz manifold, that† is a smooth
spacelike Cauchy hypersurface, that there is a smooth function � onM and that g and
� satisfy (14.1) and (14.2) where F� has been chosen as in (14.6) for some Lorentz
metric h on M . We then wish to demonstrate that if D� and r�D� vanish on some
subset � of †, then D vanishes on D.�/. Due to (14.1), we have

G�� � T�� D �r.�D�/ C 1

2
.r�D� /g�� : (14.7)
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Furthermore, G�� is divergence free, cf. (10.12), and T�� is divergence free due to
(14.2). Consequently,

r�r�D� CR �
� D� D 0; (14.8)

cf. (10.9). Using Corollary 12.12, we conclude that D� D 0 in D.�/. Consequently,
g and � solve Einstein’s equations (13.3) and (13.4) inD.�/. In the case that� D †,
we get a solution in all ofM . The problem of solving (13.3) and (13.4) is thus reduced
to the problem of solving (14.1) and (14.2) and finding initial data for these equations
such that D� and r�D� D 0 initially.

14.2 Initial data

Definition 14.1. Initial data to (13.3)–(13.4) consist of an n dimensional manifold†,
a Riemannian metric g0, a covariant 2-tensor k and two functions �0 and �1 on †, all
assumed to be smooth and to satisfy

r � kijkij C .tr k/2 D �21 CDi�0Di�0 C 2V.�0/; (14.9)

Djkj i �Di .tr k/ D �1Di�0; (14.10)

where D is the Levi-Civita connection of g0, r is the associated scalar curvature and
indices are raised and lowered by g0. Given initial data, the initial value problem
is that of finding an n C 1 dimensional manifold M with a Lorentz metric g and a
� 2 C1.M/ such that (13.3) and (13.4) are satisfied, and an embedding i W † ! M

such that i�g D g0, � B i D �0, and if N is the future directed unit normal and K
is the second fundamental form of i.†/, then i�K D k and .N�/ B i D �1. Such a
triple .M; g; �/ is referred to as a development of the initial data, the existence of an
embedding i being tacit. If, in addition, i.†/ is a Cauchy hypersurface in .M; g/, we
say that .M; g; �/ is a globally hyperbolic development.

In the end, we shall mainly be interested in globally hyperbolic developments. In
that case, M is diffeomorphic to R �†, and the constructions we shall carry out will
always be on subsets of this topological space.

Let .†; g0; k; �0; �1/ be initial data to (13.3)–(13.4) and let us set up initial data
for (14.1) and (14.2). When setting up initial data for the latter equations we have an
additional freedom, which we shall use to obtain D� D 0 initially. Since we wish to
construct a globally hyperbolic development, let us takeM D R�† and let us specify
the initial data on the hypersurface f0g �† (in the end we shall only get existence for
a subset of R �†). Let

h D �dt2 C g0:

This is our fixed Lorentz metric on M . Let us fix a coordinate system .x1; : : : ; xn/

on an open subset U of †. We then obtain coordinates .x0; : : : ; xn/ on R � U with
x0 D t . When we speak of g�� , we shall mean h@�; @�i, etc. Let us consider the initial
data for g�� . The spatial part of the metric, gij , is determined by g0:

gij jtD0 D g0.@i ; @j /: (14.11)
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However, we are free to choose g00 and g0i . We make the choice

g00jtD0 D �1; g0i jtD0 D 0: (14.12)

Due to this choice, the future directed unit normal to the hypersurface t D 0 is @t , so
that if we had a metric g whose second fundamental form wereK, then we would have

Kij D 1

2
@0gij :

The natural definition to make is thus

@0gij jtD0 D 2kij D 2k.@i ; @j /: (14.13)

The only objects that remain to be determined are @0g00 and @0g0i . We shall let the
condition D�jtD0 D 0 determine these quantities. Assuming we had a metric g, we
would obtain, for t D 0,


0 D �1
2
@0g00 � tr k;

where we have used (14.12) and (14.13). We thus require

@0g00jtD0 D �2F0jtD0 � 2 tr k (14.14)

(note that F� is well defined for t D 0 since the metric has been specified for t D 0).
We also have, assuming we had a metric g, at t D 0,


l D �@0g0l C 1

2
gij .2@igjl � @lgij /:

Consequently we require, for t D 0,

@0g0l jtD0 D
�

� Fl C 1

2
gij .2@igjl � @lgij /

�ˇ̌̌
tD0: (14.15)

Concerning �, we require

�jtD0 D �0; .@t�/jtD0 D �1: (14.16)

Due to (14.14) and (14.15), we know that D� D 0 for t D 0. However, in order to
be allowed to conclude that D� is zero in the development of the data, we need to
know that @0D� is zero for t D 0. On the other hand, we have no more freedom left
in specifying initial data. Let us disregard this and assume that we have a solution to
(14.1) and (14.2) in some coordinate patch, where the initial data for these equations
are given by (14.11)–(14.16). The original initial data are of course required to be
solutions of the constraint equations. The solution we obtain solves (14.7). Let us
contract this equation with n�X� for t D 0, where X is orthogonal to n. Then the
left-hand side is zero since the constraints are fulfilled and the right-hand side is

�1
2
n�X�.@�D� C @�D�/:

Note that the part of the covariant derivative involving Christoffel symbols vanishes due
to the fact that D� D 0 originally. SinceX�@�D� D 0 for t D 0, we obtain @0Di D 0

for t D 0, i D 1; : : : ; n. If we contract (14.7) with n�n� , we obtain @0D0 D 0 by a
similar argument.
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14.3 Existence of a globally hyperbolic development

Theorem 14.2. Let .†; g0; k; �0; �1/ be initial data to (13.3)–(13.4). Then there is a
globally hyperbolic development of the data.

Proof. Define
h D �dt2 C g0 (14.17)

on R�†. Let p 2 †. LetU 3 p be an open subset of† such that we have coordinates
x1; : : : ; xn on U and define coordinates x0; : : : ; xn on R � U by x0 D t . Consider
the equations (14.1)–(14.2) where the initial data are given by (14.11)–(14.16) and
the F� are given by (14.6). We would like to apply the local existence result given
in Corollary 9.16, but this result does not immediately apply to the present situation
due to the global restrictions on g made and the fact that a Lorentz metric on RnC1
can never have compact support. Let V 3 p be an open set such that its closure
is compact and contained in U . Let A�� be the components of a Lorentz matrix-
valued function depending smoothly on the components g˛ˇ of g. Let A00 D g00 for
all g00 2 Œ�3=2;�1=2� and have the property that the range of A00 is contained in
Œ�2;�1=4�. Let A0i D g0i for g0i 2 Œ�1; 1� and have the property that the range of
A0i is contained in Œ�2; 2�. Finally, let U be an open subset of the set of symmetric
n� nmatrices such that the matrices with components gij .q/ for q 2 xV are contained
in U and that the closure of U in the set of all n�nmatrices is compact and contained
in the set of positive definite ones. Let Aij be such that Aij D gij for fgij g 2 U

and Aij is everywhere positive definite with a positive lower bound and an upper
bound. For convenience, we can assume the derivatives of A�� with respect to the
metric components to have compact support. In considering (14.1)–(14.2), we replace
g�� , wherever it appears, with A�� , the components of the inverse of A. Concerning
F�, we modify it by multiplying it with a function  1 2 C1

0 Œ.�1; 1/ � U � such that
 1.p/ D 1 for p 2 Œ�1=2; 1=2�� xV . As initial data we would ideally like to prescribe
that (14.11)–(14.16) hold. However, that does not lead to an equation of the type
considered in Corollary 9.16. Let  2 C1

0 .U / be such that  .q/ D 1 for all q 2 xV .
Modify all the initial data by multiplying them with  . Let u be the vector which
collects � and g�� for �; � D 0; : : : ; n. We can consider the resulting equation as an
equation on RnC1. Furthermore, it is of such a form that Corollary 9.16 is applicable.
We thus get a smooth local solution. Due to the smoothness of the solution, there is
an open neighbourhood W of p in R � † with the property that g�� are such that
A�� D g�� and  1 D 1 in W , and �.W / � V , where � is the projection to † so that
†p ´ W \ f0g �† � f0g � V . Furthermore, we can assume that every inextendible
causal curve in W intersects †, that W is contained in convex neighbourhood of p,
that grad t is timelike on W (since g00 < 0) and that J�.q/ \ JC.†p/ is contained
in W for every q 2 W with positive t -coordinate and similarly for points of W with
negative t -coordinate. Thus†p is a Cauchy hypersurface inW and J�.q/\ JC.†p/
is compact for every q 2 W , cf. Lemma 40, p. 423 of [65]. If we let D� D F� � 
�,
then D� D @0D� D 0 on†p due to the argument presented at the end of Section 14.2.
Furthermore, D� satisfies (14.8). We are allowed to apply Lemma 12.10 in order to
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conclude that D� D 0 in all of W . Let Wp be an open neighbourhood of p with the
same properties as W and whose closure is contained in W .

We would like to define the manifold M to be the union of all the Wp . The first
problem we are confronted with is that of constructing a metric on M . Say that
Wp\Wq ¤ ;. The closures ofWp andWq are compact and contained in open setsW1,
W2, with properties as above, on which we have coordinates x D .x0; : : : ; xn/ and
y D .y0; : : : ; yn/ respectively, where x0 D y0 D t . On W1 and W2, we have metrics
g1 and g2 and smooth functions �a and �b respectively, both satisfying (14.1)–(14.2)
when expressed with respect to the coordinates x and y respectively. Let us express
both g1 and g2 with respect to the coordinates x inW1\W2 and refer to the components
as g1�� and g2�� respectively. Let us use the notation †1 D †p and †2 D †q

Both are solutions. Since the equations (14.1)–(14.2) are geometric, both g1�� ; �a and
g2�� ; �b satisfy them. Furthermore, since Di� are the components of a covector and
vanishes with respect to one of the coordinate systems, it vanishes with respect to the
other coordinate system.

The initial data coincide. By the construction it is clear that g1ij D g2ij , g100 D g200
and that g20i D g10i for t D 0. Since Di� D 0 and the metrics coincide for t D 0, the
contracted Christoffel symbols for g1 and g2 with respect to the x-coordinates have
to coincide. Since we have (14.13) and the coordinates have the above special form,
we conclude that @tg1�� D @tg2�� for t D 0. Finally, it is clear that �a D �b and
@t�a D @t�b for t D 0.

The solutions coincide. We wish to prove that the solutions coincide in SWp \ SWq . For
t � 0, let

St D Œ0; t � �† \ SWp \ SWq :
Let A be the set of t 2 Œ0;1/ such that g1 D g2 and �a D �b in St and that for
r 2 St ,

J�
1 .r/ \ JC

1 .†1/ D J�
2 .r/ \ JC

2 .†2/; (14.18)

where J�
1 .r/ is the causal past of r with respect to the metric g1 in W1, etc. Note that

0 2 A, so that A is non-empty. Assume t 2 A and r 2 St with r D .t; �/. Note that
J�
i .r/ \ JC

i .†i / � W1 \W2. If 	 > t is close enough to t , the same is true with r
replaced by .	; �/ due to Lemma 10.10. Taking the difference of (14.1)–(14.2) for the
two solutions, keeping in mind that sg1 C .1 � s/g2 is a Lorentz metric for s 2 Œ0; 1�
due to the fact that gi00 < 0 and gi[ is positive definite for i D 1; 2, we conclude that
Lemma 12.8 is applicable with two choices for the coefficients of the highest order
derivatives; either g��1 or g��2 . We conclude that g1 D g2 and �a D �b in

J�
1 Œ.	; �/� \ JC

1 .†1/ [ J�
2 Œ.	; �/� \ JC

2 .†2/:

Consequently (14.18) holds with r replaced by .	; �/. This proves that A is open,
due to the following argument. Assume there is no " > 0 such that Œt; t C "� � A.
Then there is a sequence ri D .ti ; pi / such that ti ! tC and either g1.ri / ¤ g2.ri /,
�a.ri / ¤ �b.ri / or (14.18) does not hold for r D ri . Due to compactness, we
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can assume pi to converge to, say, p. Applying the above argument with � D p,
i.e., r D .t; p/, we arrive at a contradiction for i large enough. We conclude that
Œt; t C "� � A for " > 0 small enough. The closedness is less complicated to prove,
keeping in mind that (14.18) follows from Lemma 10.10. We conclude that A D Œ0;1/

so that g1 D g2 and �a D �b in SWp \ SWq . We conclude that we have a solution to
(13.3)–(13.4) onM , defined to be the union of all theWp . The embedding i W † ! M

is simply the inclusion i.p/ D .0; p/. By construction, it is clear that i�g D g0,
i�K D k, i�� D �0 and i�.N�/ D �1. Let 
 be an inextendible causal curve in
M . Then the image of 
 has to intersect some Wp and 
 j��1.Wp/

is an inextendible
causal curve inWp which by construction has to intersect†. Since grad t is timelike by
construction, the t -coordinate of 
 is strictly monotone, so that 
 intersects † exactly
once. �

14.4 Two developments are extensions of a common development

Theorem 14.3. Let .†; g0; k; �0; �1/ be initial data to (13.3)–(13.4). Assume that we
have two developments .Ma; ga; �a/ and .Mb; gb; �b/with corresponding embeddings
ia W † ! Ma and ib W † ! Mb . Then there is a globally hyperbolic development
.M; g; �/ with corresponding embedding i W † ! M and smooth time orientation
preserving maps  a W M ! Ma and  b W M ! Mb which are diffeomorphisms onto
their image such that  �

aga D g,  �
a�a D �,  �

b
gb D g and  �

b
�b D �. Finally,

 a B i D ia and  b B i D ib .

Remark 14.4. A less technical statement of the same thing would be to say that every
pair of developments of initial data are extensions of a common development.

Proof. Let us assume that we have constructed a solution .g; �/ as in the proof of
Theorem 14.2 on an open subset D of R � † containing f0g � †. Let furthermore
h be the reference metric (14.17). Then, in particular, if .V; y/ are coordinates with
V � D, we have


� D g��g
˛ˇ„�˛ˇ (14.19)

where 
� are the contracted Christoffel symbols of g with respect to y and „�
˛ˇ

are
the Christoffel symbols of h with respect to y.

Letp 2 ia.†/. Since ia.†/ is a spacelike hypersurface ofMa, there are coordinates
.U; x/ as in the statement of Lemma 12.5 and we can assume that x.p/ D 0. Let
Oxi D xi jU\ia.†/. Then Ox D . Ox1; : : : ; Oxn/ are coordinates on U \ ia.†/. Define
Oyi D Oxi Bia. Then . Oy1; : : : ; Oyn/ define coordinates onU† D i�1a .U /. Let y0.t; q/ D t

for .t; q/ 2 R � † and yi .t; q/ D Oyi .q/. Then y D .y0; : : : ; yn/ are coordinates on
R � U†. If we consider (13.3)–(13.4) on V D R � U† \ D with respect to the
coordinates y, we see that we can replace 
� by the right-hand side of (14.19). Note
that with respect to the coordinatesy, g00 D �1 andg0i D 0 on f0g�U†. Furthermore
gij and @0gij are determined on f0g � U† by g0 and k. Finally, @0g00 and @0g0i are
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determined by (14.19). Recall the convention that if f is a smooth function onU , then

@f

@x�
D D�.f B x�1/ B x;

where D� denotes differentiation with respect to slot number � of f B x�1, which is
a function on an open subset of RnC1.

General idea of the proof. Our wish is to set up a coordinate system Qx on a subset ofU ,
so that with respect to this coordinate system, ga has contracted Christoffel symbols
of the form

.a/z
� D Qg˛ˇa ‚
�

˛ˇ
;

where .a/z
�
˛ˇ

are the Christoffel symbols of ga with respect to the coordinates Qx, Qg˛ˇa
are the components of the inverse of the metric ga with respect to the coordinates Qx
and

‚
�

˛ˇ
D „

�

˛ˇ
B y�1 B Qx:

In the latter formula, one has to take care so that the right-hand side is defined. However,
we shall write down the details below. The point is that with respect to these coordinates,
.ga; �a/ would satisfy the same equation as .g; �/ with respect to the coordinates y.
Assuming we can construct the coordinate system in such a fashion that the initial data
coincide (computed with respect to the respective coordinates), then by uniqueness
Qga�� , considered as a function of Qx, would have to coincide with g�� , considered as
a function of y, and similarly for �a and �. But this would then define an isometry
from some open subset of i�1a .p/ to an open subset of p by simply mapping a point
q to its y-coordinates, identifying the y coordinates with the Qx coordinates and then
applying Qx�1. The resulting map, say p , would have the property that �

p ga D g and
 �
p�a D �. The idea is then to paste together such local isometries to get a global one.

Construction of coordinates. Let us proceed to the details. Note that

y.0; i�1a .p// D 0:

Let � 2 C1
0 .R

nC1/ have support in an open ball with center at the origin contained in
y.V /\x.U /. Assume furthermore that0 � � � 1 and� D 1 in an open neighbourhood
of 0. Define

‚
�

˛ˇ
.w/ D „

�

˛ˇ
B y�1Œ�.w/w�;

where „�
˛ˇ

are the Christoffel symbols of h with respect to the coordinates y. Then

‚
�

˛ˇ
is a smooth function on RnC1. Let

���.w/ D ga�� B x�1Œ�.w/w�;

where ga�� are the components of ga with respect to the coordinates x. Note that
then � defines a smooth Lorentz metric on RnC1. We can assume the support of � to
be small enough that �00 < 0 everywhere, with a uniform negative upper bound, and
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�ij to be the components of a positive definite matrix with a uniform positive lower
bound. Furthermore, all the components ��� are bounded. Let � 2 C1

0 .R
n/ be such

that it has support in a ball with center at the origin contained in OxŒU \ ia.†/�. Assume
furthermore that 0 � � � 1 and that � D 1 in a neighbourhood of the origin. Let us
set up the following initial value problem on RnC1:

�� Nx� D ��˛ˇ @ Nx�
@�˛

@ Nx�
@�ˇ

‚��� B Nx
Nx.0; �1; : : : ; �n/ D �.�1; : : : ; �n/.0; �1; : : : ; �n/

@ Nx
@�0

.0; �1; : : : ; �n/ D �.�1; : : : ; �n/.1; 0; : : : ; 0/:

(14.20)

In these equations, � is taken to be the identity coordinate system on RnC1, so that,
comparing with the above notation,

@ Nx�
@�ˇ

D Dˇ . Nx� B Id�1/ B Id D Dˇ Nx� :

Here �� should be interpreted as the scalar wave operator, i.e.,

�� D �˛ˇ .@�˛@�ˇ �ƒ�
˛ˇ
@��/;

where ƒ are the Christoffel symbols of �. Note that Corollary 9.16 is applicable to
this system of equations, so that we get a smooth local solution Nx. Furthermore Nx
satisfies @ Nx�=@�� D ı

�
� at the origin. In a neighbourhood of the origin, Nx are thus

coordinates. To be more precise, Nx B x defines coordinates on some open subset on
which it is defined. Let Qx be coordinates defined by restricting Nx B x to some open
subset W containing p. We can assume W to be small enough that

@ Qx�=@x�.q/ D ı�� (14.21)

for q 2 ia.†/\W . We can furthermore assume that ��� Bx D ga�� onW . Note that
then

@���

@�˛
B x D D˛.ga�� B x�1/ B x D @ga��

@x˛
;

etc. Using these sorts of observations, one can conclude that

.�ga
Qx� / B x�1 D �� Nx� D ��˛ˇ @ Nx�

@�˛
@ Nx�
@�ˇ

‚��� B Nx D � Qg��a B x�1„��� B y�1 B Nx;

where Qg��a are the components of the inverse of the metric ga with respect to the
coordinates Qx, and we only consider these equations on a suitably small neighbourhood
of 0. Thus

�ga
Qx� D � Qg��a „��� B y�1 B Qx:

Expressing this equation with respect to Qx-coordinates, we get

� .a/z
� D � Qg��a „��� B y�1 B Qx; (14.22)
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where .a/z
� are the contracted Christoffel symbols of ga computed with respect to the
coordinates Qx.

Comparing the initial data. Let us analyze what Qga�� , �a and their derivatives are
initially. Since (14.21) holds initially and due to the properties of the x-coordinate
system, we have

Qga00.q/ D �1; Qga0i .q/ D 0;

for q 2 ia.†/ \ W . Let us introduce the notation W† D i�1a ŒW \ ia.†/� and note
that for q 2 f0g �W†, we have y.q/ D x B ia.q/ D Qx B ia.q/ (by abuse of notation).
Thus on QxŒW \ ia.†/�, y�1 D i�1a B Qx�1 (by abuse of notation). Let us compute

ia�@yi jqf D @yi jq.f B ia/
D Di .f B ia B y�1/ B y.q/
D Di .f B Qx�1/ B Qx B ia.q/
D @ Qxi jia.q/f:

Thus, for q 2 f0g �W†,
ia�@yi jq D @ Qxi jia.q/;

so that

gij .q/ D g0.@yi jq; @yj jq/
D i�a ga.@yi jq; @yj jq/
D ga.@ Qxi jia.q/; @ Qxj jia.q//
D Qgaij Œia.q/�:

By the above discussions, we see that

Qga�� B Qx�1 D g�� B y�1 (14.23)

on QxŒW \ ia.†/�. Furthermore,

kij .q/ D i�a ka.@yi jq; @yj jq/ D ka.@ Qxi jia.q/; @ Qxj jia.q// D Qkaij Œia.q/�
for q 2 f0g � W† where ka is the second fundamental form of ia.†/ in Ma. Since
@ Qx0 jq is the future directed unit normal to ia.†/ for q 2 ia.†/, we get

.@tgij /.q/ D 2kij .q/ D 2 Qkaij Œia.q/� D .@ Qx0 Qgaij /Œia.q/� (14.24)

for q 2 f0g �W†. Note that


0 D 1

2
@tg00 C tr k;


 i D �gij @0g0j C gklgij @kglj � 1

2
gijgkl@jgkl
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on f0g �W† and similarly for ga. Note furthermore that due to (14.19), (14.22) and
(14.23), we have

.a/z
� B Qx�1 D 
� B y�1

on QxŒW \ ia.†/�. Since kij B y�1 D Qkaij B Qx�1, g�� B y�1 D ga�� B Qx�1 and

.@ykg��/ B y�1 D DkŒg�� B y�1� D DkŒ Qga�� B Qx�1� D .@ Qxk Qga��/ B Qx�1;

on the same set, we can conclude that

.@ Qx0 Qga��/ B Qx�1 D .@tg��/ B y�1 (14.25)

on QxŒia.†/ \W �, where we have also used (14.24). Similarly

�a B Qx�1 D � B y�1; .@ Qx0�a/ B Qx�1 D .@t�/ B y�1 (14.26)

on QxŒia.†/ \W �, since

.@t�/ B y�1 D Œi�a .@ Qx0�a/� B y�1 D .@ Qx0�a/ B Qx�1

on this set.

Existence of a local isometry. Note that .g�� By�1; � By�1/ and . Qga�� B Qx�1; �a B Qx�1/
satisfy the same equation on Qx.W / due to the fact that

�.a/z
� B Qx�1 D � Qg��a B Qx�1„��� B y�1;

cf. (14.22). We can assume thatW is such that Qx.W / is globally hyperbolic with respect
to the metric g�� By�1 and that Qx.W /\f0g�Rn is a Cauchy hypersurface. We can also
assume that g00 B y�1 and Qga00 B Qx�1 are bounded from above by a negative constant
on Qx.W /, that gij By�1 and Qgaij B Qx�1 are the components of positive definite matrices
on Qx.W / with a uniform positive lower bound and that g�� B y�1 and Qga�� B Qx�1 are
bounded on Qx.W /. Note that as a consequence,

sg�� B y�1 C .1 � s/ Qga�� B Qx�1

are Lorentz metrics on Qx.W / with a determinant uniformly bounded away from zero.
Taking the difference of the equation for .g�� By�1; �By�1/ and . Qga�� B Qx�1; �aB Qx�1/
we get an equation for the differences. The resulting equation is one to which we can
apply Lemma 12.8, since the initial data are zero, cf. (14.23), (14.25) and (14.26). We
get the conclusion that

.g�� B y�1; � B y�1/ D . Qga�� B Qx�1; �a B Qx�1/ (14.27)

on Qx.W /. On y�1Œ Qx.W /�we can define D Qx�1 By, which is a diffeomorphism onto
its image. Note that

 �@y� jqf D D�.f B  B y�1/ B y.q/ D D�.f B Qx�1/ B Qx B  .q/ D @ Qx� j .q/f:
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In other words,
 �@y� jq D @ Qx� j .q/:

Thus

 �ga.@y� jq; @y� jq/ D ga.@ Qx� j .q/; @ Qx� j .q// D Qga�� B Qx�1 B y.q/ D g��.q/;

Where we have used (14.27) in the last step. Thus  �ga D g. The relation  ��a D �

follows immediately from (14.27) and finally  B i D ia where both sides are defined.
By reducing the domainO of  suitably, we can assume thatO \ f0g �† is a Cauchy
hypersurface in O .

Patching together. For each p 2 ia.†/, we can construct an open set Op containing
i�1a .p/ and a diffeomorphism  p as above. We would like to defineO to be the union
of theOp and to be the map given by p onOp . In order to be allowed to do that, we
need to ensure that  p D  q on Op \Oq . Let r 2 Op \Oq and let us say that r is to
the future of f0g �†. Let 
 be a timelike geodesic with 
.0/ D r . Let s0 < 0 be such
that 
.s0/ 2 f0g � †. Then 
.Œs0; 0�/ � Op \ Oq . Furthermore,  p B 
 and  q B 

are both geodesics. Finally,  p B 
.s0/ D  q B 
.s0/ and similarly for the tangents
at s0, since  p and  q maps a vector tangent to f0g � † to the same tangent vector
and since both map the future directed unit normal to f0g � † to the future directed
unit normal to ia.†/. Consequently,  p B 
 D  q B 
 so that  p.r/ D  q.r/. We
have thus constructed a globally hyperbolic open neighbourhood Oa of f0g �† and a
diffeomorphism  a W Oa !  a.Oa/ such that  �

aga D g,  �
a�a D � and  B i D ia.

Similarly, we get  b and Ob and since Oa \ Ob is a globally hyperbolic Lorentz
manifold when endowed with the metric g, we get the desired maps by restricting  a
and  b to Oa \Ob . �



15 Cauchy stability

In the case of non-linear wave equations, we proved local stability of solutions in
Chapter 9. We now wish to prove an analogous result in the Einstein non-linear scalar
field setting. In order to be able to give a precise meaning to the concept of stability, we
need to specify a topology on the set of initial data. In Section 15.1, we do so by defining
Sobolev spaces on manifolds. There is no canonical choice of norm, but we demonstrate
that any two choices are equivalent, cf. Lemma 15.3. The purpose of Cauchy stability
is to compare two developments whose initial data are close. However, for reasons
mentioned in the introduction to the previous chapter, in the present setting it is not
completely obvious how to do so. In fact, it is necessary to choose a diffeomorphism
of a subset of one of the developments to a subset of the other in order to make the
comparison. In Section 15.2, we specify the structure of the background solutions we
are going to consider, and this structure amounts to choosing a class of diffeomorphisms.
In Section 15.3 we then prove Cauchy stability. Note that we shall use this result in
Chapter 21 in order to prove that there is an open set of initial data such that the
corresponding maximal globally hyperbolic developments are future and past timelike
geodesically incomplete (i.e., they recollapse).

15.1 Sobolev spaces on manifolds

Definition 15.1. Let M be a compact n dimensional manifold, and assume �i , i D
1; : : : ; l is a finite partition of unity such that supp�i � Ui for open sets Ui . Assume
furthermore that .xi ; Ui / are coordinates. Given T 2 T r

s .M/, define

kT kHk

D
� lX
iD1

nX
j1;:::;jr D1

nX
i1;:::;isD1

X
j˛j�k

Z
xi .Ui /

.�i j@˛T j1:::jr

i1:::is
j2/ B x�1

i dx1i : : : dx
n
i

	1=2
;

(15.1)

where T j1:::jr

i1:::is
are the components of T relative to the coordinates xi and @˛ signifies

differentiation with respect to xi .

Remark 15.2. In order not to get too cumbersome notation we abuse notation by not
clearly indicating with respect to which coordinates we compute components of tensors,
etc. That a partition of unity of the desired form exists follows from Lemma 10.3 and
the compactness of the manifold.

Note that in the context of the above definition, we can in fact define an inner
product .S; T / by the expression

lX
iD1

nX
j1;:::;jr D1

nX
i1;:::;isD1

X
j˛j�k

Z
xi .Ui /

.�i@
˛S

j1:::jr

i1:::is
@˛T

j1:::jr

i1:::is
/ B x�1

i dx1i : : : dx
n
i :
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Since (15.1) can be defined in terms of an inner product, it is clear that it defines a norm
on the space of smooth tensorfields T r

s .M/. By taking the completion of the smooth
tensorfields one obtains a real Hilbert space, but that will not be of any interest to us
here. If one uses a different partition of unity one clearly obtains a different norm, but
it is of some interest to note that different partitions of unity yield equivalent norms.

Lemma 15.3. Let .�i ; Ui /, i D 1; : : : ; l and . i ; Vi /, i D 1; : : : ; m be partitions
of unity satisfying the properties given in Definition 15.1. Let k � kHk and j � jHk be
the corresponding norms defined in analogy with (15.1). Then there are constants
Ci;k > 0, i D 1; 2, depending on k, r , s and on the partitions of unity, such that

C1;kjT jHk � kT kHk � C2;kjT jHk

for all T 2 T r
s .M/.

Remark 15.4. One consequence is that if Tj ! T with respect to j � jHk , then Tj ! T

with respect to k � kHk and vice versa. It thus makes sense to say that Tj ! T with
respect to H k without any reference to a partition of unity.

Proof. In order to relate the different norms, consider

kT k2
Hk

D
lX
iD1

nX
j1;:::;jr D1

nX
i1;:::;isD1

X
j˛j�k

Z
xi .Ui /

.�i j@˛T j1:::jr

i1:::is
j2/ B x�1

i dx1i : : : dx
n
i

D
lX
iD1

mX
jD1

nX
j1;:::;jr D1

nX
i1;:::;isD1

X
j˛j�k

Z
xi .Ui /

.�i j j@˛T j1:::jr

i1:::is
j2/ B x�1

i dx1i : : : dx
n
i :

We need to change coordinates inZ
xi .Ui /

.�i j j@˛T j1:::jr

i1:::is
j2/ B x�1

i dx1i : : : dx
n
i ;

which is not a problem, since �i j has compact support in Ui \ Vj . All the terms that
arise due to the change of coordinates are under control since we only need to estimate
them on a compact subset of Ui \ Vj . ThusZ

xi .Ui /

.�i j j@˛T j1:::jr

i1:::is
j2/ B x�1

i dx1i : : : dx
n
i

� Ck
X
ˇ�˛

nX
i 0
1
;:::;i 0sD1

nX
j 0

1
;:::;j 0

r D1

Z
yj .Vj /

. j j@ˇT j 0
1
:::j 0

r

i 0
1
:::i 0s

j2/ B y�1
j dy1j : : : dy

n
j ;

where the components and derivatives of T in the right-hand side are computed with
respect to the coordinates yj . This proves one inequality, and since the only difference
between the two partitions of unity are the labels of different objects, the other follows
as well. �
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Assume that Tj ! T in H k , let .U; x/ be coordinates, where U is an open set,
and let V � U be such that the closure of V is contained in U (note that the closure
is automatically compact). Then, by an argument similar to the proof of the above
lemma,

lim
j!1

nX
j1;:::;jr D1

nX
i1;:::;isD1

X
j˛j�k

Z
x.V /

j@˛ŒT j1:::jr

i1:::is
� .Tj /j1:::jr

i1:::is
�j2 B x�1 dx1 : : : dxn D 0;

where components and derivatives are computed with respect to the coordinates x. In
order to make a precise statement concerning stability, we need to be specific concerning
the requirements of the background solution.

15.2 Background solutions

Definition 15.5. Assume . xM;g/ is an nC 1 dimensional Lorentz manifold. A canon-
ical foliation of . xM;g/ is a diffeomorphism � W R � M ! xM for some smooth n-
manifoldM , such that @t is timelike and the hypersurfaces ftg �M are spacelike with
respect to ��g.

Remark 15.6. Here @t signifies differentiation with respect to the first coordinate in
R �M . Not all Lorentz manifolds admit canonical foliations.

Proposition 15.7. If . xM;g/ is an oriented, time oriented, connected and globally
hyperbolic Lorentz manifold, then . xM;g/ admits a canonical foliation. Furthermore,
if M0 is a spacelike Cauchy hypersurface, the n-manifold appearing in the definition
can be chosen to be M0 and �.0; p/ D p. On the other hand, if . xM;g/ allows
a canonical foliation � W R � M ! xM with M compact, then . xM;g/ is globally
hyperbolic.

Proof. Assuming . xM;g/ is an oriented, time oriented, connected and globally hyper-
bolic Lorentz manifold, let T be the function constructed in Theorem 11.27 where S
is replaced by M0. Define

T D grad T

hgrad T ; grad T i :

Let 
 W .t�; tC/ ! xM be an integral curve of T . We can assume that it is inextendible,
because if it is extendible, either it is extendible as an integral curve, or 
.s/ converges
to a point q as s tends to 1 or �1. In the latter case, Tq D 0, a contradiction. For
the details of these arguments, we refer the reader to the proof of Proposition 11.3. By
definition, 
 is timelike. Due to Theorem 11.27, we conclude that T Œ
.s/� ! ˙1 as
s ! t˙. On the other hand,

d

ds
.T B 
/.s/ D P
.s/ŒT � D dT Œ P
.s/� D h.grad T /�.s/; P
.s/i D 1:
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We conclude that t˙ D ˙1. Thus T is a complete vector field. Due to the proof of
Proposition 11.3, the map � defined by �.t; p/ D ˆ.t; p/ for p 2 M0, where ˆ is the
flow of T is a diffeomorphism onto xM . Since ��@t D T , @t is timelike with respect
to ��g, and since ftg �M0 is mapped to a level set of T , it is spacelike.

Assume now that . xM;g/ allows a canonical foliation with M compact. Let us
use � to identify xM with R � M and let t denote the function which maps .	; p/
to 	 . Let x be coordinates on U � M . Then t and x together form coordinates on
R �U . If we let @i D @=@xi , @0 D @=@t and g�� D g.@�; @�/, then the definition of a
canonical foliation implies that g00 < 0 and that gij are the components of a positive
definite matrix. Consequently, Lemma 8.5 implies that g00 is negative. Since this is
the inner product of the gradient of t with itself, we conclude that the gradient of t is
timelike. Consequently, t is strictly increasing along causal curves. Every f	g �M is
thus intersected at most once by every inextendible causal curve. Since ŒT1; T2� �M
is compact, every inextendible causal curve must leave such an interval and this can
be used to prove that every hypersurface f	g �M is a Cauchy hypersurface, which is
also spacelike. The proposition follows. �

Definition 15.8. Let M be a compact n dimensional manifold and let g be a smooth
Lorentz metric on I �M where I is an open interval. Let t be the function defined by
t .	; p/ D 	 and assume that g.@t ; @t / D g00 < 0 and that the hypersurfaces f	g �M
are spacelike with respect to g for 	 2 I . Finally, assume that � W I � M ! R is a
smooth function which, together with g, satisfies

R�� � r��r�� � 2

n � 1V.�/g�� D 0; (15.2)

r�r�� � V 0.�/ D 0: (15.3)

Then we shall call .I �M;g; �/ a background solution.

Definition 15.9. Letg be a Lorentz metric and� be a smooth function on .T�; TC/�M
and let 	 2 .T�; TC/. Assume f	g �M is spacelike with respect to g and let i W M !
R �M be defined by i.p/ D .	; p/. Let g0 be the Riemannian metric on M obtained
by pulling back the Riemannian metric induced on f	g � M by g by i , let k0 be the
covariant 2-tensor obtained by pulling back the second fundamental form induced on
f	g�M by g by i , let �0 D � B i and let �1 D .N�/B i , whereN is the future directed
unit normal to f	g � M with respect to g. Then we shall refer to .g0; k0; �0; �1/ as
the initial data induced on f	g � M by .g; �/, or simply the initial data induced on
f	g �M if the solution is understood from the context.

15.3 Cauchy stability in general relativity

Theorem 15.10. Let .I �M;g; �/ be a background solution. Let .g0; k0; �0; �1/ be
the initial data induced on f0g �M by .g; �/. Assume �j is a sequence of Riemannian
metrics onM , �j a sequence of covariant 2-tensors and  0;j and  1;j are a sequence
of smooth functions such that �j and  0;j converge to g0 and �0 respectively inH lC1



168 15. Cauchy stability

and �j and 1;j converge to k0 and �1 respectively inH l , where l > n=2C1. Assume
furthermore that .�j ; �j ;  0;j ;  1;j / satisfy the constraint equations (14.9)–(14.10)
with .g0; k; �0; �1/ replaced by .�j ; �j ;  0;j ;  1;j /. Then there are Tj;C; Tj;� 2 R,
a Lorentz metric hj on xMj D .Tj;�; Tj;C/ � M and a smooth function  j on xMj
such that .hj ;  j / satisfy (15.2)–(15.3) on xMj . Furthermore, the initial data induced
on f0g �M by .hj ;  j / are .�j ; �j ;  0;j ;  1;j /, @t is timelike with respect to hj and
f	g�M is a spacelike Cauchy hypersurface with respect to hj for all 	 2 .Tj;�; Tj;C/.
If T 2 I , then T 2 .Tj;�; Tj;C/ for j large enough and the initial data induced on
fT g �M by .hj ;  j / converge to the corresponding initial data of .g; �/.

Remark 15.11. When we speak of a time orientation, we take it for granted that @t is
future oriented.

Proof. Given the initial data .�j ; �j ;  0;j ;  1;j /, we wish to find a Lorentz metric h
and a smooth function  solving

yR�� � r� r� � 2

n � 1V. /h�� D 0; (15.4)

r�r� � V 0. / D 0 (15.5)

on .Tj;�; Tj;C/�M , for some Tj;� < 0 and Tj;C > 0, such that the initial data induced
on f0g � M by .h;  / are .�j ; �j ;  0;j ;  1;j /. Here, the gauge source functions F�
are given by

F� D h��h
˛ˇ x
�˛ˇ

and x
�
˛ˇ

are the Christoffel symbols of g. Note that

yR�� D R�� C r.�D�/;

where R�� is the Ricci tensor associated with h, D� D F� � 
� are the components
of a covector and 
� are the contracted Christoffel symbols of h. Concerning notation,
we shall denote the solution we obtain by .h;  / even though it clearly depends on the
label j of the initial data. The reason we do so is that we want to avoid cumbersome
notation. In the end we shall distinguish between the different solutions by giving them
a label j .

Construction of initial data. We wish to construct initial data for all the components
of h and their time derivatives. Concerning the spatial components, we demand that

himjtD0 D �j .@i ; @m/:

In order to specify the h00 and h0i components, we use the criterion that N should be
a unit normal to f0g �M for h as well as for g. Let

N D N 0@t CN i@i ;



15.3. Cauchy stability in general relativity 169

where @i D @=@xi for coordinates x on some open subset U of M . Then N i are the
components of a smooth vector field on M and N 0 is a smooth function. In local
coordinates, the condition that N be a unit normal to f0g �M translates into

h0mjtD0 D � 1

N 0
N ihimjtD0;

h00jtD0 D � 1

.N 0/2
f1 �N iNmhimjtD0g:

Note that h0i jtD0 transforms as a covector on M under change of coordinates on M
and that h00jtD0 is independent of choice of coordinates on M . Note that as j ! 1,
h�� jtD0 converges tog�� jtD0 inH lC1. Some care is required in making this statement,
since g�� and h�� are not intrinsic to f0g�M . On the other hand, we can interpret g��
as a Riemannian metric with components gij , a one form with components g0i and a
function g00. In this way, we can think of g�� jtD0 as consisting of three objects which
are intrinsic to f0g � M . In order to define @th�� jtD0, let us note that if we already
had a metric h, the associated second fundamental form would have the property that

k.@i ; @m/ D hr@i
N; @mi D @i .N

0/h0m CN 0hr@i
@0; @mi C hr@i

X; @mi;
where X is defined by N D N 0@0 C X . Let us make some observations. First,
@i .N

0/h0m transforms as a covariant 2-tensor under change of coordinates on M and
is already defined at t D 0, since h0mjtD0 is defined. The object hr@i

X; @mi is intrinsic
toM since all the vector fields appearing are tangent toM (and thus we can replace the
Levi-Civita connection of the spacetime, i.e. that of h, by the Levi-Civita connection of
M , i.e. that of �j ), so that it is already defined. It furthermore transforms as a covariant
2-tensor under change of coordinates on M . Finally, let us consider

hr@i
@0; @mi D 1

2
.@ihm0 � @mhi0/C 1

2
@0him:

Note that hi0 are the components of a covector and that @ihm0 � @mhi0 are the com-
ponents of the antisymmetrized covariant derivative of the corresponding 1-form with
respect to the Levi-Civita connection of �j . The expression @ihm0�@mhi0 can also be
viewed as the components of d� where � D 2h0mdx

m. Consequently, the expression
@ihm0� @mhi0 transforms as a covariant 2-tensor under changes of coordinates onM .
Furthermore, this expression has already been defined. As a consequence of the above
observations, we can define

@thimjtD0 D @mhi0 � @ihm0 C 2

N 0

�
�j .@i ; @m/ � @i .N 0/h0m � hr@i

X; @mi� ;
where r in r@i

X should be interpreted as the Levi-Civita connection of �j . The right-
hand side of this expression has already been defined and it transforms as a covariant
2-tensor under change of coordinates on M . Furthermore @thimjtD0 converges to
@tgimjtD0 in H l as j ! 1.
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We shall let the condition that D�jtD0 D 0 determine @0h00jtD0 and @0h0i jtD0.
Due to (8.6) and (8.8), h00 transforms as a function under changes of coordinates on
M and h0i transforms as a vector. Since

hklhlm C hk0h0m D ıkm;

and the inverse of the Riemannian metric with components him is a contravariant 2-
tensor, we conclude that him transforms as a contravariant 2-tensor under changes
of coordinates on M . Furthermore, h00, h0i and him converge to g00, g0i and gim

respectively in H lC1 as j ! 1. In order to facilitate our seeing that the expressions
@0h0i and @0h00 the condition that D�jtD0 D 0 implies transform as a covector and
scalar respectively under changes of coordinates on M , let us introduce a metric on
R �M by

Oh��.	; p/ D h��.0; p/

with respect to a coordinate system of the form .t; x/ on R�U , where x are coordinates
on U � M . Assuming we had a metric h, let us denote the corresponding Christoffel
symbols by 
�

˛ˇ
. Let O
�

˛ˇ
and x
�

˛ˇ
denote the Christoffel symbols of Oh and g respec-

tively. Note that due to the observations made in connection to (14.5), their difference
are the components of a tensor. We can write

Oh�� Oh˛ˇ x
�˛ˇ D Oh�� Oh˛ˇ .x
�˛ˇ � O
�˛ˇ /C O
�:
The first term on the right-hand side are the components of a tensor. Consequently, we
know that it transforms properly. At t D 0, Oh�� D h�� , so that at t D 0, the equality
we desire is


� D Oh�� Oh˛ˇ .x
�˛ˇ � O
�˛ˇ /C O
�: (15.6)

Compute


0 D 1

2
him.@ihm0 C @mhi0 � @0him/C h0i@ih00 C 1

2
h00@0h00:

Note that all the terms appearing which involve a spatial derivative of a component of
h cancel against the corresponding term in O
0. In the corresponding expression for Oh,
the terms which involve time derivatives vanish, so that after the cancellation, no terms
in O
0 remain. The remaining terms in 
0 are

�1
2
him@0him C 1

2
h00@0h00:

At t D 0, we have already defined the first term, and we know that it is independent
of the choice of coordinates on M . To conclude, we see that (15.6) for � D 0 defines
@0h00 at t D 0 and that the definition is independent of choice of coordinates on M .
Compute


i D 1

2
hkm.@khmi C @mhki � @ihkm/C h0m.@0hmi C @mh0i � @ih0m/

C 1

2
h00.2@0h0i � @ih00/:
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The terms that involve spatial derivatives of the components of h cancel against O
i and
what remains is

h0m@0hmi C h00@0h0i :

The first term transforms as a covector under changes of coordinates onM , and conse-
quently (15.6) defines @0h0i and demonstrates that this object transforms as a covector
under change of coordinates on M . Due to the above definitions, @0h00 and @0h0i
converge to @0g00 and @0g0i respectively in H l as j ! 1 in H l . Note that these
objects are a function and a covector respectively and that the convergence is most
easily seen by not introducing the metric Oh.

Finally,  jtD0 is defined by  0;j and @t is defined by

@0 jtD0 D 1

N 0
. 1;j �N i@i 0;j /:

Then  and @0 converge to � and @t� respectively in H lC1 and H l respectively as
j ! 1.

Geometric setup. In the end we shall be interested in proving that if T 2 I , then
it belongs to the existence interval of .hj ;  j / for j large enough and that the initial
data induced on fT g � M converges to the initial data of .g; �/. The problem is of
course that we have a compact manifold so that we have to carry out the analysis in
coordinate charts. Assume, without loss of generality, that T > 0 and let � be some
fixed Riemannian metric onM . Let " > 0 be such thatJ" D Œ�"; TC"� � I . For every
	 2 J", g induces a Riemannian metric on f	g �M . Let us denote the corresponding
metric onM by g[.	/. By for example looking at local coordinate systems of the form
I � V for suitably chosen V , one can convince oneself that there is a constant C1 > 1
such that

1

C1
� � g[.	/ � C1� (15.7)

onM for all 	 2 J". Note that the components g0i with respect to standard coordinates
on I � V define a 1-form on each hypersurface f	g �M . We shall denote the corre-
sponding 1-form on M by �.	/. By arguments similar to the ones that led to (15.7),
we can argue that there is a constant C2 such that

j�.	/j � C2 (15.8)

onM for all 	 2 J", where j�.	/j denotes the length of �.	/with respect to �. Finally,
there is a C3 > 1 such that

� C3 � g00 � � 1

C3
(15.9)

on J" �M . Let 
 be a causal curve with respect to g. We shall denote the projection
of this curve to M by 
[, so that 
 D .
0; 
[/. The fact that the curve is causal can be
expressed in terms of local coordinates as

g00 P
0 P
0 C 2g0i P
0 P
 i C gim P
 i P
m � 0:
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We get, using (15.7),

1

C1
�. P
[; P
[/ � �g00 P
0 P
0 � 2g0i P
0 P
 i � C3 P
0 P
0 C 2j�jj P
[jj P
0j;

where j P
[j denotes the length of P
[ with respect to �, j P
0j is the ordinary absolute value
of a real number and we have used (15.9). We conclude that

�. P
[; P
[/ � C1C3j P
0j2 C 1

2
j P
[j2 C 2C 21C

2
2 j P
0j2;

where we have used the Schwartz inequality. Consequently,

j P
[j2 � 2.C1C3 C 2C 21C
2
2 /j P
0j2:

Integrating this inequality, we conclude that there is a constant C > 0 such that for a
curve 
 W Œa; b� ! I �M , causal with respect to g, with the property that t B 
 takes
values in J",

l�.
[/ � C ft Œ
.b/� � t Œ
.a/�g; (15.10)

where l�.
[/ is the length of 
[ with respect to �. Furthermore, the constant C only
depends on the bounds (15.7)–(15.9). Consequently, if we have a family of metrics for
which bounds of this form holds, then we get an estimate of the form (15.10) with a
constant independent of the choice of Lorentz metric in the family under consideration.

Let, forp 2 M ,Br.p/ denote the set of points inM at a distance strictly less than r
from p, where the distance is measured with respect to �. Let pi 2 M , i D 1; : : : ; N

and r0 > 0 be such that for each i , B3r0.pi / is a normal neighbourhood of pi (with
respect to �) and Br0.pi /, i D 1; : : : ; N is a covering of M .

Local existence. Let Vi D I � B3r0.pi / and consider the equations (15.4)–(15.5)
on Vi . Let x1; : : : ; xn be normal coordinates on B3r0.pi / with respect to �, so that
we get coordinates x0; : : : ; xn, where x0 D t , on Vi . We shall call such coordinates
standard coordinates. In order to be able to prove local existence, we need to modify
the equations and the initial data similarly to the proof of Theorem 14.2. From now
on, we shall restrict our attention to the set Vi on which we have the above coordinates.
Consequently, we shall think of all the objects involved in the equations we are studying
to be identical with the components of these objects with respect to the specified
coordinates. We shall thus speak of g�� , h�� , etc., instead of the metrics. Let us
define a smooth function A mapping Lorentz matrices to Lorentz matrices. We shall
denote the components of A by A�� . Let I0 D Œa0; b0� be an interval with b0 < 0

such that g00.	; p/ and h00.0; p/ are contained in I0 for p 2 B2r0.pi /, 	 2 Œ0; T � and
i D 1; : : : ; N . Let A00, considered as a function of, say c˛ˇ , only depend on c00 and
have the properties thatA00 D c00 for c00 2 Œa0�1; b0=2� and that the range ofA00 is
contained in Œa0�2; b0=4�. Let r1 > 0 be such that the Euclidean lengths of g0m.	; p/
and h0m.0; p/ are less than r1 for 	 2 Œ0; T �, p 2 B2r0.pi / and i D 1; : : : ; N . Let
A0m be such that A0m D c0m as long as the Euclidean length of c0m is less than 2r1
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and let A0m have a range contained in the set of vectors of Euclidean length less than
3r1. Finally, let K0 be a compact subset of the set of positive definite n � n-matrices
such that the matrices whose components are given by gi1j1

.	; p/ and hi1j1
.0; p/ are

contained inK0 for 	 2 Œ0; T �, p 2 B2r0.pi / and i D 1; : : : ; N . LetK1 be a compact
subset of the set of positive definite n � n-matrices that contains K0 in its interior
and let Akm D ckm as long as ckm are the components of a positive definite matrix
contained inK1. Assume finally that the range of the matrices with componentsAkm is
contained in a compact subset of the positive definite n�n-matrices. Note that since the
constructed initial data for h�� converges to the initial data for g�� , we can in fact use
the sameA for all the different initial data. When considering (15.4)–(15.5) we replace
h�� , where ever it appears, by A�� , where A�� are the components of the inverse of
A and we take it for granted that we evaluate it on h˛ˇ . Furthermore, we replace F�
with �1F�, where �1 2 C1

0 ŒI �B3r.pi /� is such that �1 D 1 on J" �B2r.pi /. Thus
we have modified the equation in such a way that our local existence results apply.
However, we also need to modify the initial data. Let � be a smooth function with
compact support in B3r0.pi / such that � D 1 on B2r0.pi /. Modify all the initial data
by multiplying them by �, pull them back to Rn using the normal coordinates and
denote the collection of them u0 (for the initial function) and u1 (for the initial time
derivative). The resulting equation on RnC1 is of such a form that Corollary 9.16 is
applicable. Thus we get a local smooth solution u (in fact, it will be indexed by j ).
Before patching together these solutions, let us introduce some notation concerning
the sets we shall be working with. Let

Cr;s;�0;�1.p/ D f.u; q/ 2 R �M W q 2 Br�sju��0j.p/; ju � 	0j < 	1g:
Consider standard coordinates on some region � of R � B2r0.pi /. Assume that h is
a metric such that with respect to these coordinates, it takes values in the range of A.
Then h satisfies estimates of the form (15.7)–(15.9) on �. We conclude that there is
a constant C , only depending on A, such that if 
 is a causal curve with respect to h
which is contained in�, then (15.10) holds. Note that if Cr;s;�0;�1.p/ is contained in�
and s D C , we can thus conclude that Cr;s;�0;�1.p/ is globally hyperbolic with respect
to h and a Cauchy hypersurface is given by f	0g � Br.p/.

Patching together. In practice it will not be enough to start only at 	 D 0, we need
to start at any 	 2 Œ0; T �. Let us assume we have initial data h�� jtD� , @th�� jtD� ,
 jtD� and @t jtD� which are indexed by j (which we suppress in order to avoid
cumbersome notation) and converge tog�� jtD� , etc., respectively. Note that @th�� jtD�
should be interpreted as a Riemannian metric, a one form and a function, etc. Assume
furthermore that the initial data are such that D�jtD� D 0 and that the constraint
equations are satisfied. Assume that we start at f	g � B3r0.pi /. Let A be constructed
as above (note that it does not depend on the starting point 	 , only on g and on the
initial data at 	 D 0) and � be a cutoff function as above. After cutting off the initial
data, pulling them back to Rn and solving the modified equations, we get a solution
uj . After cutting off the initial data of g�� and �, pulling them back to Rn and solving
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the modified equations, we get a solution u. Note that the cut off initial data for g
and � satisfy a bound in suitable Sobolev spaces after having been pulled back to
Rn in the specific coordinates under consideration, and the bound is independent of
	 2 Œ0; T � and pi . Since the initial data of .h;  / converge to the initial data of .g; �/
where the norm used for the initial functions isH lC1 and the norm for the initial time
derivative is H l , we get an existence time for the solutions uj and u, independent of
	 , pi and j (for j large enough). Let this existence time be 2"b > 0. Our first goal
is to prove that the solution u coincides with .g; �/ on some suitable set. Consider
Ci;� D C2r0;C;�;"b

.pi /. Note that on this set .g; �/, expressed in terms of standard
coordinates and pulled back to RnC1, solve the modified equations (i.e., the ones in
which we replaced h�� byA��). Furthermore, Ci;� is globally hyperbolic with respect
to both g and A (evaluated on the metric belonging to the solution u). Finally, u and
.g; �/ have the same initial data on the Cauchy hypersurface f	g �B2r0.pi /. Deriving
an equation for the difference of the two solutions along the lines of the proof of
Lemma 9.7 and using Corollary 12.14, we conclude that u and .g; �/ have to equal on
Ci;� . For j large enough, uj will be arbitrarily close touwhen measured with respect to
theH lC1�H l norm of the data induced on spatial hypersurfaces, cf. Proposition 9.17.
As a consequence, A, when evaluated on the metric belonging to the solution uj will
coincide with the metric belonging to the solution uj for j large enough, if we restrict
our attention to Ci;� . Thus on Ci;� , we get a solution h.j;i;�/;  .j;i;�/ to the original
equation. Since D�jtD� D 0 and @tD�jtD� D 0 (since the constraints are satisfied,
cf. the argument at the end of Section 14.2) and since Ci;� is globally hyperbolic with
respect to h.j;i;�/, (14.8) implies that D� D 0 in Ci;� . Consequently, h.j;i;�/;  .i;j;�/
satisfy (15.2)–(15.3). Let us compare h.j;i;�/;  .i;j;�/ for two different i ’s, say i1; i2.
For the sake of brevity, let us introduce the notation hk D h.j;ik ;�/ and similarly for
 . If we change coordinates and express h1 in terms of the standard coordinates on
Ci2;� , say x, then the initial data of h1;  1 coincide with the initial data of h2;  2 when
expressed in terms of the coordinates x (if 	 D 0, we have proved this statement,
and if 	 ¤ 0, it is part of the assumptions). Furthermore, since D� are zero for both
solutions and since they transform as covectors, D� computed for h1 with respect to
x-coordinates vanishes. Thus hk;  k , both expressed with respect to x-coordinates
satisfy (15.4)–(15.5). Finally, Ci1;� \ Ci2;� is globally hyperbolic with respect to both
metrics hk by the above construction. We conclude that hk;  k , when expressed in
x-coordinates, coincide in this set. Consequently, we get a solution h.j;�/;  .j;�/ on

NS
iD1

Ci;� ;

which is a globally hyperbolic manifold with respect to h.j;�/. Let "0 � "b be such
that "0 � r0=C . Then we get a solution on

NS
iD1

C2r0;C;�;"0
.pi / D Œ	 � "0; 	 C "0� �M;

since Br0.pi / � B2r0�C"0
.pi / by the definition of "0 and the union of the Br0.pi /

cover M . Assuming the j th initial data at 	 converge to the initial data around which
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we are perturbing, the initial data induced on 	 0 2 .	 � "0; 	 C "0/, converges to the
initial data of the background solution, satisfy the constraint equations (since they are
solutions to the Einstein scalar field system) and have the property that D�jtD� 0 D 0.
The reason for the convergence is that in each Ci;� we get convergence. Consequently,
we get convergence on f	 0g � Br0.pi / for every i . Since Br0.pi /, i D 1; : : : ; N is an
open covering ofM , we can choose a partition of unity subordinate to this covering and
construct the correspondingH l norms. Patching up the local convergence, we thus get
convergence on f	 0g�M . Finally, starting at 	 D 0, we can progress a distance "0 into
the future by choosing j large enough, and we get convergence for all hypersurfaces in
between 0 and "0. Starting at 3"0=4, we can then progress to 3"0=2, etc. In the end, we
get convergence at 	 D T . Finally, the global hyperbolicity of hj on .Tj;�; Tj;C/�M
follows from the geometric setup. �



16 Existence of a maximal globally hyperbolic development

In the present chapter, we prove the main result of these notes. Since the axiom
of choice plays a central role in the argument, we begin by reminding the reader of
the terminology in Section 16.1. In Section 16.2 we then define the concept of a
maximal globally hyperbolic development and prove that it exists, given initial data.
The arguments presented in this chapter are taken from the paper [10] by Yvonne
Choquet-Bruhat and Robert Geroch.

16.1 Background from set theory

Definition 16.1. A partial ordering on a set X is a relation � on X such that

� a � a for all a 2 X , i.e., the relation is reflexive;

� a � b and b � a implies a D b, i.e., the relation is antisymmetric;

� a � b and b � c implies a � c, i.e., the relation is transitive.

A set together with a partial ordering is called a partially ordered set.

Definition 16.2. A partially ordered set is said to be totally ordered if a; b 2 X implies
a � b or b � a.

Definition 16.3. If .X;�/ is a partially ordered set and A � X , then x 2 X is an
upper bound for A if a 2 A implies a � x. A maximal element ofX is an x 2 X such
that x0 � x implies x0 D x.

Let us state the theorem we shall need. The reader interested in a proof is referred
to Theorem B.18, p. 526 of [8].

Theorem 16.4. The following statements are equivalent:

� (Maximality principle) If X is a partially ordered set such that every totally
ordered subset has an upper bound, then X has a maximal element.

� (Axiom of choice) If fS˛ W ˛ 2 Ag is an indexed family of nonempty sets S˛ , then
there exists a function f W A ! S

S˛ such that f .˛/ 2 S˛ for all ˛ 2 A.

Most people refer to the first statement as Zorn’s lemma. We have not done so
since, according to [8] p. 527, the result is due, independently, to R. L. Moore and
Kuratowski a dozen years before Zorn. If we accept the axiom of choice, we are thus
free to use the maximality principle.
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16.2 Existence of a maximal globally hyperbolic development

Definition 16.5. Let .†; g0; k; �0; �1/ be initial data to (13.3)–(13.4). Recall that a
development .M; g; �/ of these initial data such that i.†/ is a Cauchy hypersurface
in M is called a globally hyperbolic development of the initial data. We shall say
that a globally hyperbolic development .M; g; �/, with embedding i W † ! M , is a
maximal globally hyperbolic development of the initial data if for every other globally
hyperbolic development .M 0; g0; �0/ with embedding i 0 W † ! M 0 there is a map
 W M 0 ! M which is a time orientation preserving diffeomorphism onto its image
such that  �g D g0,  �� D �0 and  B i 0 D i .

Assume .M; g; �/ and .M 0; g0; �0/ are two maximal globally hyperbolic develop-
ments of the same data. Then there are maps  W M ! M 0 and  0 W M 0 ! M with
properties as in the statement of the definition. In particular . 0 B  /�g D g and
 0 B  is the identity map on i.†/. Let p 2 JCŒi.†/� and let 
 be a future directed
inextendible timelike geodesic with 
.0/ D p. Then there is an s0 < 0 such that

.s0/ 2 i.†/. Thus  0 B  B 
.s0/ D 
.s0/. Furthermore,  0 B  sends a tangent
vector to i.†/ to itself and since it is a time orientation preserving isometry, it sends the
future directed unit normal to itself. In other words, . 0 B  /� is the identity on TpM
for p 2 i.†/. We conclude that . 0 B B
/0.s0/ D 
 0.s0/ so that 0 B B
 D 
 . Thus
 0 B  .p/ D p. The argument is the same for p 2 J�Œi.†/� and we conclude that
 0 B  D Id. Similarly  B  0 D Id. As a consequence, we see that if .M; g; �/ and
.M 0; g0; �0/ are two maximal globally hyperbolic developments of the same data, M
and M 0 are diffeomorphic with a diffeomorphism  W M ! M 0 such that  �g0 D g,
 ��0 D � and  B i D i 0. If, given two developments of the same initial data, there
is a diffeomorphism with the above properties, we shall say that the developments are
isometric. Note that this means not only that the diffeomorphism is an isometry but also
that it preserves the scalar field and respects the embedding. With this terminology, a
maximal globally hyperbolic development is unique up to isometry.

Given initial data .†; g0; k; �0; �1/ to (13.3)–(13.4), we shall below speak of the
collection of all globally hyperbolic developments, denoted M, of the initial data. For
those readers who are uncomfortable about dealing with such a class, let us note that
due to Proposition 11.3, a globally hyperbolic development .M; g; �/ has the property
that M Š R � i.†/, where Š signifies the existence of a diffeomorphism, since i.†/
is a spacelike Cauchy hypersurface. Thus M Š R � †, since i is a diffeomorphism
from† to i.†/. Consequently, we can consider M as a subset of the set of pairs .g; �/
on R �†, where g is a Lorentz metric and � is a smooth function. Strictly speaking,
the reason for this is that in practice, we shall only be interested in the collection of
equivalence classes of globally hyperbolic developments where two developments are
defined to be equivalent if they are isometric. By the above observation, this collection
of equivalence classes can be considered to be a set.

Theorem 16.6. Let .†; g0; k; �0; �1/ be initial data to (13.3)–(13.4). Then there exists
a maximal globally hyperbolic development of the data which is unique up to isometry.
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Proof. Let M denote the collection of all globally hyperbolic developments of the
initial data. Due to Theorem 14.2, M is non-empty.

Let N and N 0 be elements of M (for the sake of brevity, we write N instead of
.N; g; �/ and similarly for N 0). Due to Theorem 14.3 there is an open subset U of
N and a time orientation preserving isometry  from U onto an open subset of N 0
such that U is a globally hyperbolic development of the initial data and  respects the
embedding. For technical reasons, it will be convenient to put additional conditions
on U . In fact we shall demand that if q 2 @U , then there is a spacelike hypersurface
S in N such that q 2 S and S � fqg � U . If U has this property, we shall say
that U has a spacelike boundary. Note that if U and U 0 are two globally hyperbolic
developments contained in N , which both have spacelike boundary, then the union is
a globally hyperbolic development with spacelike boundary. Let us prove that there
is a globally hyperbolic development U � N with a spacelike boundary, in addition
to the properties listed above. Let U � N be a globally hyperbolic development as
above, whose boundary is not necessarily spacelike. Assume that i W † ! N is the
embedding corresponding to the development N . Then, for q 2 i.†/, we can assume
there is a neighbourhoodOq � U of q such thatOq is globally hyperbolic with Cauchy
hypersurface Oq \ i.†/. By considering local coordinates of the form constructed in
Lemma 12.5, one can also convince oneself that one can construct Oq in such a way
that the boundary ofOq is spacelike (excepting the boundary points on i.†/; the shape
to keep in mind is roughly that of a lens in R2C1). Taking the union of theOq we get the
desired development (which we shall also denote U ). We shall denote the collection
of pairs .U;  / by C.N;N 0/. Let .U;  / and . zU ; Q / be two elements of C.N;N 0/ and
let p 2 U \ zU . Let 
 be an inextendible timelike geodesic in U \ zU . Since U \ zU
is globally hyperbolic, 
.s0/ 2 i.†/ for some s0. By arguments similar to ones given
earlier,  B
.s0/ D Q B
.s0/ and similarly for the first derivative. Thus B
 D Q B

so that  .p/ D Q .p/. Consequently, there exists an isometry from zU [ U into N 0,
and, as noted above, zU [ U is globally hyperbolic and has a spacelike boundary.

By the above, C.N;N 0/ is partially ordered by inclusion of the U ’s, and every
totally ordered subset of C.N;N 0/ has an upper bound. Due to Theorem 16.4, we
conclude that C.N;N 0/ has a maximal element .U;  /. By the above argument, the
maximal element is unique.

Write N � N 0 if U D N . Due to the uniqueness of maximal elements of
C.N;N 0/, the relation � introduces a partial ordering on M, where two elements
are taken to be identical if they are isometric (in other words, we are strictly speaking
not considering the class of globally hyperbolic developments, but, as we mentioned
above, the set of equivalence classes of globally hyperbolic developments, where two
globally hyperbolic developments are defined to be equivalent if they are isometric).
Let fN˛g, ˛ 2 A be a totally ordered subset of M. If N˛ � Nˇ , there is a map
 ˇ˛ W N˛ ! Nˇ with properties listed above. By uniqueness,  �ˇ B  ˇ˛ D  �˛
assuming that N˛ � Nˇ � N� . Define K to be the disjoint union of the N˛

K D `̨
2A
N˛:
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We define an equivalence relation on K by saying that p˛ 2 N˛ is equivalent to
pˇ 2 Nˇ , written p˛ � pˇ , if one of the following two statements are true:

N˛ � Nˇ ;  ˇ˛.p˛/ D pˇ ; or Nˇ � N˛;  ˛ˇ .pˇ / D p˛:

Let Q be the quotient of K under this equivalence relation.

Q is a Hausdorff topological space. We shall write q D Œp˛� for the equivalence
class containing p˛ 2 N˛ and we define � W K ! Q by �.p˛/ D Œp˛�. We define a
topology on Q by declaring the open sets to be the union of finite intersections of sets
of the form �.U˛/ for open sets U˛ � N˛ . Thus Q is a topological space. To prove
that it is Hausdorff, let q1; q2 2 Q be such that q1 ¤ q2. Let p˛ 2 q1 and rˇ 2 q2.
Either N˛ � Nˇ or vice versa. Let us assume the former. Then Œ ˇ˛.p˛/� D q1 and
 ˇ˛.p˛/ ¤ rˇ . Thus there are open neighbourhoods Uˇ and Vˇ of  ˇ˛.p˛/ and rˇ
respectively such thatUˇ and Vˇ are disjoint. Then �.Uˇ / and �.Vˇ / are disjoint open
neighbourhoods containing q1 and q2 respectively. Thus Q is Hausdorff.

Q has a differentiable structure. Let us define a differentiable structure on Q. If
q 2 Q, then there is a p˛ 2 q. Let U˛ be an open neighbourhood of p˛ and let x˛ be
coordinates on U˛ . Since, given any q 2 �.U˛/, there is a unique q˛ 2 U˛ such that
�.q˛/ D q, we can define an injective map y˛ on �.U˛/ by y˛.Œq˛�/ D x˛.q˛/. We
would like the y˛ to constitute coordinate charts. First we need to prove that y˛ is a
homeomorphism. Since y�1

˛ .W / D �Œx�1
˛ .W /�, we see that y˛ is continuous. Since

�.U˛/ \ �.Uˇ / D �ŒU˛ \  ˛ˇ .Uˇ /� or �.U˛/ \ �.Uˇ / D �ŒU˛ \  �1
ˇ˛ .Uˇ /�;

we see that any open subset of �.U˛/ can be written �.V˛/ for some open subset
V˛ � U˛ . Consequently, y˛ takes open sets to open sets, so that it is a homeomorphism.
Let yˇ be defined similarly on �.Uˇ / and assume that �.U˛/ \ �.Uˇ / is non-empty.
Assuming, without loss of generality, thatN˛ � Nˇ , we get yˇ By�1

˛ D xˇ B ˇ˛ Bx�1
˛

so that yˇ B y�1
˛ and y˛ B y�1

ˇ
are both smooth. Thus Œy˛; �.U˛/� constitutes an atlas

which can be extended to become maximal.

Existence of a Lorentz metric on Q. In order to define a Lorentz metric on Q, let
�˛ W N˛ ! Q be defined by �˛.p˛/ D Œp˛�. Note that �˛ is injective, and since
y˛ B �˛ B x�1

˛ equals the identity when defined, �˛ is a local diffeomorphism. We
conclude that �˛ is a diffeomorphism onto its image. Given p 2 Q and X; Y 2 TpQ,
let p˛ be such that p D Œp˛� and X˛; Y˛ 2 Tp˛

N˛ be such that �˛�X˛ D X and
similarly for Y . Note thatX˛ and Y˛ are unique since �˛ is a diffeomorphism. Define

g.X; Y / D g˛.X˛; Y˛/:

We need to prove that this definition makes sense. Assume Œpˇ � D p and defineXˇ ; Yˇ
analogously to the definition of X˛; Y˛ . We can, without loss of generality, assume
that N˛ � Nˇ . By uniqueness,  ˇ˛�X˛ D Xˇ and similarly for Yˇ . Thus

gˇ .Xˇ ; Yˇ / D gˇ . ˇ˛�X˛;  ˇ˛�Y˛/ D  �
ˇ˛gˇ .X˛; Y˛/ D g˛.X˛; Y˛/:
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The smoothness of g is immediate since

g.@y�
˛

jp; @y�
˛
jp/ D g˛.@x�

˛
j��1

˛ .p/; @x�
˛
j��1

˛ .p//:

To prove that we can define a smooth function � onQ is less demanding. Furthermore
we can define an embedding i W † ! Q and all the desired relations will hold. Assum-
ing all the maps ˛ˇ are time orientation preserving and orientation preserving, we can
assume Q to be time oriented and oriented. Furthermore, i.†/ is a spacelike Cauchy
hypersurface in Q. Assuming † to be connected, we conclude that Q is connected.

Q is second countable. What remains to be proved is that Q is second countable. We
shall do so using the geometric structures present. It is possible to define a vector field
G on TQ such that the projection �1 W TQ ! Q yields a one to one correspondence
between integral curves of G and geodesics ofQ, cf. Proposition 28, p. 70 of [65]. At
v 2 TQ,Gv is given by the initial velocity of the curve 
 0

v.s/, where 
v is the geodesic
satisfying 
v.0/ D �1.v/ and 
 0

v.0/ D v. Due to Theorem 4.26, p. 54 of [25], there is
an open subset D of R � TQ containing f0g � TQ and a smooth flow ˛ W D ! TQ,
i.e., ˛0.t; v/ D G˛.t;v/. In fact, �1 B ˛.t; v/ D 
v.t/ and ˛.t; v/ D 
 0

v.t/ with the
above notation. Let

E D S
p2i.†/

R � CpQ \ D ;

where CpQ is the set of timelike vectors in TpQ. Then E is second countable since
† is second countable. If † is n dimensional, E is a 2n C 2 dimensional manifold.
Let Wj be a countable basis for the topology of E and let Oj D �1 B ˛.Wj /. We
claim that the Oj form a basis for the topology of Q. Let q 2 Q be contained in an
open neighbourhood U . Due to the fact that i.†/ is a Cauchy hypersurface, there is a
.t; v/ 2 E such that �1 B ˛.t; v/ D q. By continuity of �1 B ˛, we conclude that there
is a Wj such that .t; v/ 2 Wj and �1 B ˛.Wj / � U . All that remains to be proved is
that the Oj are open. Before we do so, let us note the following fact. If v 2 TQ is a
timelike vector, let 
v be the geodesic with initial velocity v. Since i.†/ is a Cauchy
hypersurface, there is a unique sv 2 R such that 
v.sv/ 2 i.†/. In this way we get a
map � W T ! R given by �.v/ D sv , where T � TQ is the set of timelike vectors. We
wish to prove that � is continuous. Let vi ! v and assume that v is future directed.
Assume �.vi / � �.v/ � " for some " > 0. Then


vi
Œ�.vi /� � 
vi

Œ�.v/ � "� 	 
vŒ�.v/�

for i large enough, and we can choose " to be small enough that 
vi
Œ�.v/ � "� is well

defined. The reason for the last, strict, inequality is the fact that 
vi
Œ�.v/�"� converges

to 
vŒ�.v/ � "�. Since 
vi
Œ�.vi /� and 
vŒ�.v/� both belong to i.†/ we get a timelike

curve with endpoints in i.†/, contradicting the fact that i.†/ is a Cauchy hypersurface.
Similarly we cannot have �.vi / � �.v/ C ". We conclude that � is continuous. Let
q 2 Oj . Then there is a .t; v/ 2 E such that q D �1 B ˛.t; v/. Let w D ˛.t; v/, let O
be an open neighbourhood of w in TQ and assume O to be small enough that it only
consists of timelike vectors. In particular, �1.O/ is an open neighbourhood of q. Note
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that asO shrinks, ˛.�.u/; u/ converges to ˛.�.w/;w/ D v and �.u/ converges to �t
(for u 2 O). Thus

Œ��.u/; ˛.�.u/; u/� (16.1)

converges to .t; v/. For O small enough (16.1) is thus contained in Wj , so that �1.O/
is contained in Oj and Oj is open. We conclude that Q is second countable.

Existence of a maximal element. SinceQ is a development andN˛ � Q for all ˛ 2 A,
we conclude that Q is an upper bound for fN˛g, ˛ 2 A. In other words, each totally
ordered subset of M has an upper bound. We conclude that M has a maximal element
M . We know that the only extension ofM isM , up to isometry, but we need to prove
that it is an extension of every development.

The maximal element is a maximal globally hyperbolic development. Let M 0
be another development of the initial data. Let .U;  / be the maximal element of
C.M 0;M/. We can construct an equivalence relation on the disjoint union M qM 0
by requiring q � q for all q, q �  .q/ for q 2 U and  .q/ � q for q 2 U . Taking
the quotient of M q M 0 under this equivalence relation, we get a topological space
zM and we shall denote the projection from M q M 0 to zM by �2. This space has a

differentiable structure and it is second countable. If we were able to prove that it is
Hausdorff, it would thus be a manifold. That it is a globally hyperbolic development
of the initial data would then be immediate. Since it is an extension of M , we get the
conclusion that U D M 0, since the only extension of M is M itself.

Elementary consequences of non-Hausdorffness. In order to prove that zM is Hausdorff,
let us assume the opposite. Then there are p; p0 2 zM such that for every pair V; V 0
of open neighbourhoods of p and p0 respectively, the intersection of V and V 0 is non-
empty. We can then, without loss of generality, assume p0 2 @U \JC.i 0.†/;M 0/ and
p 2 @ .U / \ JC.i.†/;M/. Note that

I�.p;M/ \ JC.i.†/;M/ �  .U /; I�.p0;M 0/ \ JC.i 0.†/;M 0/ � U:

The reason is that if
q0 2 I�.p0;M 0/ \ JC.i 0.†/;M 0/

for example, and q0 … U , then IC.q0;M 0/ and its projection to zM are open neighbour-
hoods of p0 that belong to the complement of U , since otherwise one could construct
an inextendible timelike geodesic in U which does not intersect i 0.†0/. We obtain a
contradiction to the fact that p0 2 @U . The argument to prove the first inclusion is
identical. Let q0 	 p0. Then IC.q0;M 0/ and its projection to zM are open neigh-
bourhoods of p0 in M 0 and zM respectively. Let q 2 M be such that p 	 q. Then
I�.q;M/ and its projection to zM is an open neighbourhood of p. Since the inter-
section of these neighbourhoods has to be non-zero, we conclude that  .q0/ 	 q.
Since M is globally hyperbolic, the relation � is closed on M , so that  .q0/ � p.
However, if q0 	 p0, there is a q00 such that q0 	 q00 	 p0 so that  .q00/ � p and
thus  .q0/ 	 p. Analogously, if q 	 p and q 2  .U /, then  �1.q/ 	 p0. Let 
 be
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a future directed timelike curve in M 0 with the property that 
.0/ D p0. Let r 	 p.
Then  �1.r/ 	 p0 so that  �1.r/ 	 
.t/ for t close enough to 0. Thus there is an
" > 0 such that r 	  B 
.t/ 	 p for t 2 .�"; 0/. Since, for every neighbourhood
V of p there is an r 	 p such that JC.r;M/ \ J�.p;M/ is contained in V (note
that this statement is based on the fact thatM is globally hyperbolic), we conclude that
 B 
.t/ ! p as t ! 0�.

Definition of '. Since the boundary of U is spacelike, there is a smooth spacelike
hypersurface S such that p0 2 S and S � fp0g � U . Let us define ' W S ! M by
'.q/ D  .q/ for q 2 S � fp0g and '.p0/ D p.

The map ' is smooth. The only problem occurs at the point p0. Let n be the future
directed unit normal to S . There is a neighbourhood V of p0 in S and an " > 0 such
that geodesics starting at q 2 V with initial velocity nq are defined on the interval
.�"; "/. For reasons mentioned above the map taking q to 
 0

nq
.�"=2/ is a smooth map

from V into TM 0. Note that if " is small enough, 
nq
.�"=2/ belongs JCŒi 0.†/� and

thus to U , since one could otherwise construct an inextendible timelike geodesic in U
which never intersects i 0.†/. Thus �.q/ D  �
 0

nq
.�"=2/ defines a smooth map from

V to TM . We would now like to compute 

.q/."=2/. However, it is not clear that this
is defined. For q ¤ p0 it is defined due to the existence of the isometry, since



.q/.s/ D  B 
nq
.s � "=2/

for q ¤ p0 and for q D p0, the statement made at the end of the paragraph on
the elementary consequences of non-Hausdorffness ensures that it is defined. Since

v."=2/ is a smooth function of v on the open set on which it is defined, we conclude
that 

.q/."=2/ is a smooth function of q 2 V . Since this map coincides with ' on V ,
we conclude that ' is smooth.

The map ' is an embedding. Let ei , i D 1; : : : ; n be an orthonormal basis of TS in a
neighbourhood of p0. Then, for q ¤ p0 in this neighbourhood,

ıij D g0.ei jq; ej jq/ D  �g.ei jq; ej jq/ D g.'�ei jq; '�ej jq/:
By continuity, we conclude that the same equality holds for q D p0. Thus '� is
injective when restricted to Tp0S . In other words, ' is an immersion. By restricting S
if necessary, we can ensure that ' is an embedding, cf. p. 19 of [65]. Furthermore, the
pull back of the initial data induced on '.S/ by .g; �/ under ' coincides with the initial
data induced on S by .g0; �0/ due to the fact that  is an isometry and the smoothness
of '.

As a consequence of the existence of the embedding ',M andM 0 are both develop-
ments of S . Due to Theorem 14.3 we conclude that there is an open neighbourhoodD
of S such thatD is globally hyperbolic with respect to the metric g0 and S is a Cauchy
hypersurface, and an isometry � fromD intoM such that � D ' when restricted to S .
We can furthermore assume D has a spacelike boundary. By a uniqueness argument
of a type we have already gone through several times, � D  onD \U . Furthermore
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D [ U is a globally hyperbolic development of † with spacelike boundary. Thus
we can extend  to a larger domain, contradicting the maximality of .U;  /. As a
consequence, zM is Hausdorff so that zM is an extension of M . By the maximality of
M , we conclude that U D M 0 so that M 0 � M . �

The following two corollaries are of some interest. The proofs are similar to the
proof of the fact that the maximal globally hyperbolic development is unique up to
isometry.

Corollary 16.7. Let .M; g; �/ be the maximal globally hyperbolic development of
initial data .†; g0; k; �0; �1/ to (13.3)–(13.4) and let †0 be a Cauchy hypersurface in
M . Then .M; g; �/ is the maximal globally hyperbolic development of the initial data
induced on †0 by .g; �/.

Corollary 16.8. Let .M; g; �/ be a globally hyperbolic Lorentz manifold satisfying
(13.3)–(13.4). Let † and †0 be two Cauchy hypersurfaces in M . Then the maximal
globally hyperbolic developments of the initial data induced on† and†0 by .g; �/ are
isometric.

Finally, let us remark that an isometry of the initial data leads to an isometry of the
maximal globally hyperbolic development (MGHD) due to the abstract properties of
the MGHD. However, it is also of interest to consider the case that there is a smooth
Lie group action on the initial hypersurface under which the initial data are invariant.
Does such a smooth group action induce a smooth group action on the MGHD? We
shall not attempt to answer this question here, but rather refer to [69], pp. 176–177.
See also [22].





Part IV

Pathologies, strong cosmic censorship





17 Preliminaries

17.1 Purpose

In the previous chapter, we demonstrated that, given suitable initial data, there is a
unique maximal globally hyperbolic development (MGHD). It is then natural to ask
if the MGHD is extendible, and, if so, if the extension is unique. The purpose of the
current part of these notes is to demonstrate that there are examples of initial data for
which the MGHD is extendible in inequivalent ways. The examples we shall give are
certain initial data for Einstein’s vacuum equations on SU.2/which are invariant under
left translations. It is important to point out that the extensions we shall construct are in
themselves inextendible, and in this sense maximal; given one extension, removing a
suitable subset from it typically leads to a topologically inequivalent extension. If there
were always one unique maximal extension of the MGHD, the issue of predictability
would still have a satisfactory answer; given initial data there would then be a unique
maximal development. For this reason, the existence of inequivalent maximal exten-
sions of the MGHD is important, since it can be interpreted as a lack of determinism
of the general theory of relativity. However, one is naturally led to the so-called strong
cosmic censorship conjecture, which we shall briefly discuss in Section 17.2 below.

To prove the existence of the above mentioned extensions, it would suffice to de-
scribe the corresponding spacetimes and their properties. However, we here wish to
describe a somewhat more general situation: the case of initial data for Einstein’s
vacuum equations on 3-dimensional unimodular Lie groups, cf. Definition 19.1, that
are invariant under left translations. The reasons for wanting to consider this more
general situation are as follows. First of all, at some stage, it is necessary to verify
that Einstein’s vacuum equations are satisfied, and in order to do so, it is necessary to
compute the Ricci tensor. There is a perspective on solutions to Einstein’s equations
corresponding to initial data on unimodular Lie groups, due to Ellis and MacCallum
[37], that covers all the unimodular Lie groups at once. Consequently, considering all
the unimodular Lie groups at once is not much more complicated that considering only
SU.2/. Secondly, in all the cases where the initial data are such that the MGHD allows
an extension, the construction of the extensions is, from an abstract Lie group perspec-
tive, independent of the unimodular Lie group under consideration, cf. Section 17.3
for a more detailed explanation. Finally, it is of course of interest to ask if the MGHD
is inextendible for initial data that are generic in the class of left invariant initial data
(on a specific unimodular Lie group). To answer this question in case the Lie group
is SU.2/ is non-trivial. It is easier to do so in the case of some other unimodular Lie
groups. Consequently, we shall analyze the situation in the simpler cases, and only
quote the results in the case of SU.2/, the objective being to illustrate the type of ideas
involved in proving generic inextendibility in as simple a setting as possible.
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17.2 Strong cosmic censorship

The question asked at the end of the preceding section can of course be asked in greater
generality, and it naturally leads to the strong cosmic censorship (SCC) conjecture,
which we shall phrase as follows.

Conjecture 17.1 (Strong Cosmic Censorship). For generic initial data to Einstein’s
equations, the MGHD is inextendible.

Note that in order to make a precise statement, one must restrict one’s attention to a
specific matter model, and it is also necessary to specify what is meant by inextendibility
and genericity. Furthermore, it might be necessary to qualify the conjecture to state
that it only holds for matter models which do not develop singularities in the absence
of gravity. The above form of the statement is to be found in the work of Chruściel,
cf. [22], Section 1.3, based on ideas due to Eardley and Moncrief [32], and Penrose
[67]. At this stage, it is not realistic to hope to prove this conjecture in all generality, but
one can consider the same conjecture in classes of spacetimes with symmetries, as was
done at the end of the preceding section. To be more precise: given a manifold † and
a Lie group G acting smoothly on †, cf. p. 207 of [55], the conjecture would be that
for initial data that are generic in the class of initial data invariant under the Lie group
action, the MGHD is inextendible. In this way, one obtains a sequence of problems
corresponding to different Lie group actions, the difficulty, reasonably, increasing as
the dimension of G decreases, assuming the group action to be effective, i.e., the only
group element that fixes all points of † is the identity element. As we shall see, this
conjecture is not true for all Lie group actions; the left invariant vacuum initial data
on SU.2/ whose MGHD’s allow inequivalent extensions are exactly given by initial
data allowing an extra rotational isometry. Nevertheless, if the conjecture does not
hold in the case of a smooth action of a Lie group G on †, but it does hold if one
restricts the action to some subgroupH ofG, then the failure of the conjecture to hold
in the case of G is not of essential importance. This is what happens in the case of
SU.2/. Let us give a brief, imprecise and incomplete description of results that have
been obtained concerning strong cosmic censorship, the goal being to illustrate some
different techniques and notions of genericity and inextendibility that have been used.
Before doing so, it is, however, necessary to explain the division into asymptotically
flat and cosmological spacetimes.

For the purposes of the present discussion, we shall take asymptotically flat initial
data to mean initial data that are suitably close to those of a t D 0 hypersurface in
Minkowski space in the components of an asymptotic region. It is assumed that the
asymptotic region consists of a finite number of disjoint sets, each diffeomorphic to
R3 minus a ball, and that it is obtained by subtracting a compact subset from the ini-
tial manifold. The exact norm measuring the “closeness” to Minkowski initial data
depends on the situation under consideration. For a more precise definition in a partic-
ular context, cf. [81]. Asymptotically flat spacetimes are taken to be the MGHD’s of
asymptotically flat initial data. The asymptotically flat setting is intended to describe
isolated systems such as stars, black holes, etc., and the basic example of a (non-trivial)
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solution is Schwarzschild, cf. Chapter 13 of [65].
Cosmological spacetimes are, for the purposes of the present discussion, defined

to be the MGHD’s corresponding to initial data specified on compact manifolds. The
basic examples of solutions are suitable quotients of the Friedmann–Robertson–Walker
solutions, cf. Chapter 12 of [65]. In case the initial data are homogeneous or locally
homogeneous (i.e., the initial data induced on the universal covering space are ho-
mogeneous), the compactness/non-compactness is of no importance when analyzing
the asymptotics (in the expanding direction and in the direction of the big bang/big
crunch), and therefore, the restriction to compact initial manifolds may seem artificial.
However, in the non-compact case, the matter content, energies (to the extent they are
defined), etc., should be expected to be infinite. The reason for this is that the initial
data of interest are such that, as opposed to the asymptotically flat case, there are no
preferred regions in which the energy/matter density could be less than in other regions.
It should also be mentioned that, if one is interested in studying the case of initial data
that are close to, but not exactly, homogeneous, but do not admit compact quotients, one
first needs to develop a suitable theory for the existence of solutions to the constraint
equations in that setting, something which has, to the best of our knowledge, not been
achieved at this time.

17.2.1 The asymptotically flat case. Since homogeneity of the initial data is incom-
patible with asymptotic flatness, with the exception of Minkowski initial data, the first
natural type of symmetry to consider is that of spherical symmetry. In the case of
vacuum, the only spherically symmetric solution is the Schwarzschild solution. This
is a consequence of Birkhoff’s theorem, cf. Appendix B of [48]. To obtain a non-trivial
evolution problem, it is thus necessary to couple Einstein’s equation to some matter
field. This was done in the work of Christodoulou, who, in a series of papers [11]–[18],
studied Einstein’s equations coupled to a scalar field, i.e., the stress energy tensor is
assumed to be of the form (13.2) with V D 0. In [18], Christodoulou considered initial
data of bounded variation and demonstrated that solutions corresponding to initial data
that do not belong to an exceptional set E areC 0-inextendible. Furthermore, he proved
that E has the property that if # 2 E , then there is a 2-dimensional linear subspace…#

of the set of initial data such that the intersection of …# � f#g and E is empty. This
property defines the concept of genericity in [18]. However, it should be noted that
[18] is based on a characteristic initial value formulation of the equations, so that the
statement is not exactly of the form given in Conjecture 17.1.

In [26], [27], Dafermos considered the Einstein–Maxwell scalar field equations in
spherical symmetry and proved that, given certain conditions concerning the fall-off
of the data in a characteristic initial value problem setting, the corresponding solution
is C 0-extendible but C 1-inextendible. Finally, let us draw the attention of the reader
to the paper [28] containing related results.

17.2.2 The cosmological case. The natural Lie group actions to begin with in the
cosmological case are the transitive ones. In other words, it is natural to begin by a
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study of homogeneous initial data. In the paper [24], Chruściel and Rendall studied
the spatially compact, spatially locally homogeneous vacuum case. They proved that
the assumption that there is a smooth extension of the MGHD leads to the conclusion
that the local Killing vector algebra is at least four-dimensional. In other words, one
obtainsC1-inextendibility in the generic locally homogeneous case, i.e., if the Killing
vector algebra is at most three-dimensional. Here, we shall prove Theorem 24.12
concerning the case of left invariant vacuum initial data specified on a unimodular Lie
group. The statement is that either one can construct a smooth extension of the MGHD,
or the Kretschmann scalar, R˛ˇ�ıR˛ˇ�ı , is unbounded in the incomplete directions
of causal geodesics. Furthermore, the initial data leading to extendible MGHD’s will
be demonstrated to be non-generic in the sense that they constitute a set of positive
codimension in the set of initial data. As a consequence of the unboundedness of the
Kretschmann scalar, one obtains C 2-inextendibility of the MGHD, cf. Lemma 18.18.
This constitutes a small improvement of some of the results of [24]. However, the
main advantage of Theorem 24.12 is the conclusion concerning curvature blow up;
the singularity theorems of Hawking and Penrose demonstrate that Lorentz manifolds
have singularities in the sense of causal geodesic incompleteness under quite general
circumstances, but it is of interest to show that the gravitational fields are unbounded
in the approach to the singularities. In view of the above, it is natural to generalize
Conjecture 17.1 to the following statement.

Conjecture 17.2 (Curvature blow up). For generic initial data to Einstein’s equations,
the Kretschmann scalar, R˛ˇ�ıR˛ˇ�ı , is unbounded in the incomplete directions of
causal geodesics in the MGHD.

Due to Lemma 18.18, Conjecture 17.2 implies Conjecture 17.1, assuming that one
is content with the conclusion of C 2-inextendibility.

Turning to the inhomogeneous case, the natural starting point is to consider the
so-called polarized Gowdy spacetimes. For a definition of the Gowdy and polarized
Gowdy spacetimes, see [21] and the references cited therein. In [21], Chruściel, Isen-
berg and Moncrief proved that there is an open and dense subset of the space of smooth
initial data (for Einstein’s vacuum equations in the polarized Gowdy case) such that
the corresponding MGHD’s are inextendible. In fact, they also proved that the timelike
observers, in the generic case, experience curvature blow up, cf. [21] for the details. In
[72]–[76], the general Gowdy metrics were considered in the case of T 3-topology. The
result was that there is a set of initial data for Einstein’s vacuum equations in the case
of Gowdy symmetry which is open with respect to the C 1 � C 0-topology and dense
with respect to the C1-topology such that all causal geodesics in the corresponding
development are future complete and past incomplete (given a suitable time orientation)
and the Kretschmann scalar is unbounded along all past inextendible causal curves. In
other words, the results in the case of Gowdy are in the spirit of Conjecture 17.2.

Finally, let us mention the work of Dafermos and Rendall, [29]–[31]. In [29], the
authors considered Einstein’s equations coupled to matter of Vlasov type (in particular,
vacuum is included) in the case of a T 2 isometry group, proving that expanding solu-
tions cannot be extended to the future. Readers interested in the definition of Vlasov,



17.2. Strong cosmic censorship 191

i.e. collisionless matter, are referred to [29] and the references cited therein. Results
concerning future inextendibility in the case of surface symmetry are also contained in
[29]. In [30], the authors proved genericC 2-inextendibility of solutions to the Einstein–
Vlasov equations in the case of T 2-symmetry (this includes Gowdy as a special case).
However, the genericity assumption includes an assumption that the distribution func-
tion be non-zero for arbitrarily high momenta. In particular, the vacuum case is not
contained as a subcase of the results of [30]. Furthermore, the results do not address the
question posed by Conjecture 17.2, since the proof consists of a contradiction argument
starting with the assumption that there is an extension. Finally, one does not obtain
detailed information concerning the behaviour in the approach to the singularity. If
one is interested in proving curvature blow up along incomplete causal geodesics, it is
to be expected that one has to analyze the asymptotics. However, the fact that one can
obtain strong cosmic censorship without such an analysis is an advantage; analyzing
the asymptotics in detail is often quite complicated, and therefore, it is of great interest
to develop methods that yield the desired conclusion of inextendibility without such
an analysis. Further results concerning the surface symmetric situation are contained
in [31].

17.2.3 Genericity. Let us make some general comments concerning the concept of
genericity. In the spatially homogeneous case, the set of initial data can be given the
structure of a finite dimensional manifold. Consequently, there are in that case many
different concepts of genericity available: a subset can be said to be generic if, e.g.,

� the complement is of measure zero with respect to the measure induced by a
Riemannian metric on the manifold of initial data;

� the complement is a countable union of submanifolds of positive codimension;

� the set is open and dense;

� the set is a Gı set, i.e., a countable intersection of open and dense sets with
respect to some complete topological metric.

These concepts are of course quite different, but there is a minimal requirement: if a
subset satisfies the conditions of the definition of genericity, then the complement must
not satisfy these conditions. According to this requirement, to define a set to be generic
if it is dense is not appropriate since the rational and irrational real numbers would then
both be generic. That the complement of a Gı set (in a complete metric space) is not
a Gı set is a consequence of Baire’s theorem, cf. pp. 97–98 of [79].

In the inhomogeneous case, the set of initial data is infinite dimensional, so that
the measure theoretic notion of genericity becomes somewhat less clear. The notion
of genericity used by Christodoulou illustrates that it is possible to generalize the
definition based on the condition that the complement have positive codimension,
and the definition that the generic sets are the Gı sets of course generalizes trivially
(assuming that one has a natural complete metric on the set of initial data).
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17.3 Construction of extensions in the unimodular case

Let us describe the construction of the extensions in the unimodular vacuum case. All
the MGHD’s (corresponding to left invariant vacuum initial data on a 3-dimensional
unimodular Lie group) that allow extensions can be written in the form

gMGHD D �L
2

X
du2 CX�1 ˝ �1 C Y 2.�2 ˝ �2 C �3 ˝ �3/ (17.1)

onM D I �G, where I is an interval andG is a 3-dimensional unimodular Lie group.
Here, the � i are the duals of a basis ei of the Lie algebra with suitable properties, see
Chapter 24 for the details. Furthermore,L > 0 is a constant and Y 2 is a strictly positive
polynomial in u of degree at most 2. Finally, XY 2 is a polynomial in u of degree at
most 2, and the interval I is a proper subset of R on which this polynomial is strictly
positive. In order to construct an extension, one defines

h˙.u/ D ˙
Z u

ua

L

X.s/
ds

for some ua 2 I . Let 
 W R ! G be the smooth homomorphism which is the integral
curve of e1 which passes through the identity element of G. Then there are two
diffeomorphisms of M defined by

�˙.u; g/ D .u; g
Œh˙.u/�/;

and one can compute, cf. Corollary 24.4, that

��̇ gMGHD D ˙Ldu˝ �1 ˙ L�1 ˝ duCX�1 ˝ �1 C Y 2.�2 ˝ �2 C �3 ˝ �3/:

The metric on the right-hand side, which we shall denote gEXT;˙, is a Lorentz metric
on all of M˙ D R � G, and consequently, the MGHD is extendible. One can also
demonstrate that the extension is a solution to Einstein’s vacuum equations and, if the
Lie group G is compact, that it is C 2-inextendible.

Let us illustrate the above constructions in the simplest setting possible. Consider
the metric

gK D � 1
u
du2 C 4udx2 C dy2 C dz2

on RC � T 3, where RC D .0;1/ and T 3 is the 3-torus, cf. (23.5). Viewed as a metric
on RC � R3, it is isometric to an open subset of Minkowski space so that the Riemann
curvature tensor is identically zero, cf. the discussion in connection with (23.5). The
extension can then be written

gEK;˙ D ˙2du˝ dx ˙ 2dx ˝ duC 4udx2 C dy2 C dz2

on R � T 3. Observe that the circle corresponding to the @x direction is spacelike for
u > 0, null for u D 0 and timelike for u < 0. In other words, the extension has
closed timelike curves. Note that if one removes one point in .�1; 0� � T 3, one
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obtains an inequivalent extension, but the resulting extension is extendible and in this
sense not maximal. By removing more points, one obtains an infinite collection of
inequivalent extensions. For this reason we shall below be interested in the existence
of inequivalent maximal extensions. The precise definition of the concept maximal
is given in Definition 18.17. When considering the metric gK , the null geodesics
corresponding to an initial velocity in the @u@x-plane for u > 0 are of special interest.
After changing the parameter to u, they take the form


.u/ D
�
u; x0 ˙ 1

2
ln u; y0; z0

�
;

where x0, y0 and z0 are fixed and x0 ˙ ln u=2 in the second slot should be taken
mod 1. In other words, both geodesics wind an infinite number of turns around the
circle corresponding to the x direction as u tends to zero. The effect of �˙ on these
geodesics is to map one of them to a straight line 
.u/ D .u; x0; y0; z0/, whereas the
other still winds around the circle corresponding to the x-direction. Which geodesic is
straightened out depends on the choice of C and � in �˙.

17.4 Sketch of the proof of existence of inequivalent extensions

Let us sketch the proof of the statement that there are inequivalent maximal extensions
in the SU.2/-case. The argument, which is taken from [23], see also [62], is based on
considerations of the properties of null geodesics corresponding to an initial velocity
in the @ue1-plane. First of all, if a null geodesic starts in this plane, it remains in it. At a
given point in the MGHD, there are two future oriented null vectors in this plane. One
of the corresponding null geodesics is mapped to part of a complete null geodesic in the
extensions .M˙; gEXT;˙/ and the other is mapped to a geodesic which is future and past
incomplete. In all the cases except SU.2/, the MGHD is future causally geodesically
complete (assuming that one has chosen a suitable time orientation). However, in
the SU.2/ case, the Cauchy horizon of the MGHD, considered as a subset of the
extension, consists of two components, and this makes it possible to construct additional
extensions. If, in this case, the MGHD is .I �G; gMGHD/, where I D .u�; uC/, then
u� and uC are finite. Furthermore, we can construct an extension as follows: consider
the disjoint union of .�1; uC/�G and .u�;1/�G with metrics gEXT;� and gEXT;C
respectively. Using �˙ one can then identify the solutions on .u�; uC/�G. This leads
to an extension which solves the Einstein vacuum equations and is C 2-inextendible.
Let us denote the manifold MC� and the metric gEXT;C�. Considering a null vector
in the @ue1-plane in the MGHD, there are two possibilities for the corresponding null
geodesic in .MC�; gEXT;C�/: either it is future complete and past incomplete or it is
future incomplete and past complete. In other words, the situation is different from
the case .MC; gEXT;C/. In order to obtain a contradiction to the assumption that there
is an isometry from .MC; gEXT;C/ to .MC�; gEXT;C�/, it is thus enough to prove that
such an isometry would have to preserve the @ue1-plane of the globally hyperbolic part
of the respective Lorentz manifolds. In order to prove the latter statement, one first
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verifies that an isometry would have to preserve the globally hyperbolic part. Thus
an isometry would restrict to an isometry, say �, of .M; gMGHD/. In order to prove
that � would respect the @ue1-plane, one observes thatM is foliated by constant mean
curvature (CMC) hypersurfaces, cf. the next chapter for a definition. In the spacetimes
of interest, hypersurfaces with non-zero constant mean curvature are unique. Since �
would have to preserve CMC hypersurfaces, and since @u is orthogonal to the CMC
hypersurfaces, � would have to map @u to a function times @u. In order to prove that �
would have to map e1 to a multiple of itself, one notes that � would have to restrict to
an isometry from any given CMC hypersurface to some other CMC hypersurface. For
a generic CMC hypersurface, the vector space generated by e1 can be characterized
as a particular eigenspace of the Ricci tensor of the CMC hypersurface, viewed as a
Riemannian manifold, if we consider the Ricci tensor to be a linear operator from the
tangent space to itself. Thus �would have to map the @ue1-plane to itself, and we have
a contradiction.

17.5 Outline

Let us give an outline of the present part of these notes. In Chapter 18 we discuss com-
pact spacelike hypersurfaces of constant, non-zero mean curvature. The main result
is that such hypersurfaces are unique in globally hyperbolic Lorentz manifolds satis-
fying the timelike convergence condition (i.e., Ric.v; v/ � 0 for all timelike tangent
vectors v). As was noted above, this will be used in the proof of the fact that there
are MGHD’s with inequivalent maximal extensions. In Chapter 19 we analyze the
constraint equations in the unimodular case. We also compute the Ricci tensor of the
initial metric, something which is of use in the proof of the existence of inequivalent
extensions, cf. the above discussion. The perspective we take in this chapter and the
following is based on the one taken in [37]. In Chapter 20 we compute the Ricci
tensor for the spacetimes of interest, construct developments of initial data and estab-
lish the basic properties of the developments, e.g. proving that they are the maximal
globally hyperbolic developments of the initial data and analyzing to what extent they
are causally geodesically complete. Among the 3-dimensional unimodular Lie groups,
SU.2/ is special in that the MGHD’s corresponding to left invariant vacuum initial
data on SU.2/ are both future and past causally geodesically incomplete. Chapter 21
contains a proof of this fact, which is due to Lin and Wald, see [56], as well as a proof of
the fact that for any such initial data, there is an open neighbourhood of them such that
all timelike geodesics are past and future incomplete in the corresponding MGHD’s. In
Chapter 22 we introduce the Wainwright–Hsu variables, which are suited for analyzing
the asymptotics, and we carry out the analysis in case of the simpler unimodular Lie
groups. Concerning the more complicated cases, we simply state the results.

All the developments that allow extensions have an additional symmetry, referred
to as a local rotational symmetry. In Chapter 23 we demonstrate that, in all the cases for
which it was not already demonstrated in Chapter 22 that the MGHD is inextendible,
the metric can be written in the form (17.1). In Chapter 24 we then construct extensions
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of such metrics. We also establish the fact that given left invariant vacuum initial data
on a unimodular Lie group, there are two possibilities: either there is an extension
of the MGHD which solves Einstein’s vacuum equations or the Kretschmann scalar,
R˛ˇ�ıR

˛ˇ�ı , is unbounded in the incomplete directions of causal geodesics in the
MGHD, in which case the MGHD is C 2-inextendible. Since the MGHD is only
extendible for initial data that have an extra symmetry, it is clear that extendibility
of the MGHD is non-generic within the class of left invariant vacuum initial data on
unimodular Lie groups. Finally, in Chapter 25, we prove that in the cases of left
invariant vacuum initial data on SU.2/ for which the MGHD is extendible, there are
two non-isometric extensions which solve the Einstein vacuum equations and are C 2-
inextendible.



18 Constant mean curvature

As was pointed out in the introduction, we shall need to know that constant mean
curvature foliations are unique in the classes of spacetimes of interest. The main tool
for proving uniqueness is Proposition 18.8, and this is a consequence of the calculus
of variations, a subject to which we shall devote the first section of this chapter. There
is one situation in which it is not so clear that this proposition is of use; if the Ricci
tensor equals zero, one does not obtain a contradiction to the assumption that there are
different hypersurfaces with the same constant mean curvature, the main purpose of
Proposition 18.8. In the beginning of Section 18.2, we shall therefore prove a lemma
to the effect that one in that case can perturb one of the hypersurfaces in order to obtain
a contradiction. The remainder of Section 18.2 is concerned with writing down the
consequences of this. In order to prove that the MGHD is extendible, it is of course
necessary to provide conditions that ensure that a globally hyperbolic development is the
maximal globally hyperbolic development. In Section 18.3 we state such conditions.
In Section 18.4 we state conditions that ensure the inextendibility of the MGHD.

18.1 Calculus of variations

Let us recall and slightly generalize some results from [65] concerning the calculus of
variations. Let .M; g/ be a Lorentz manifold and let ˛ W Œa; b� ! M be a piecewise
smooth curve. We shall call a map x W Œa; b�� .�ı; ı/ ! M , where ı > 0, a piecewise
smooth variation of ˛ if the following holds:

� x.u; 0/ D ˛.u/ for all u 2 Œa; b�;
� x is continuous;

� there is a 0 � k 2 Z and breaks a < u1 < � � � < uk < b such that the restriction
of x to Œui�1; ui ��.�ı; ı/, i D 1; : : : ; kC1 is smooth, where we use the notation
u0 D a and ukC1 D b.

Note that we can assume ˛ and x to have the same breaks ui by inserting trivial
breaks. We denote the length of the curve u 7! x.u; v/ byLx.v/. The variation vector
field of a variation x is the vector field V on ˛ given by V.u/ D xv.u; 0/; cf. p. 216
and pp. 122–123 of [65] for the notation. The discontinuity of ˛0 at a break is measured
by

�˛0.ui / ´ ˛0.uiC/ � ˛0.ui�/ 2 T˛.ui /M:

The sign " of a curve ˛ is defined to be the sign of g.˛0; ˛0/ (we shall assume the sign of
this quantity to be constant for the curves under consideration) and the speed is defined
to be c D jg.˛0; ˛0/j1=2. Finally, we shall use the notation hv;wi ´ g.v;w/. Let us
recall Proposition 2, p. 264 of [65].
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Proposition 18.1. Let ˛ W Œa; b� ! M be a piecewise smooth curve segment with
constant speed c > 0 and sign ". If x is a piecewise smooth variation of ˛, then

L0
x.0/ D � "

c

Z b

a

h˛00; V i du � "

c

kX
iD1

h�˛0.ui /; V .ui /i C "

c
h˛0; V i

ˇ̌̌b
a
;

where u1 < � � � < uk are the breaks of ˛ and x.

For Lx to be zero for all fixed endpoint variations, i.e., variations x such that
x.a; � / D ˛.a/ and x.b; � / D ˛.b/, ˛ has to be a geodesic, cf. Corollary 3, p. 265 of
[65], and in that case, it is of interest to consider the second variation. Note that if ˛ is
a geodesic with j˛0j > 0 and Y is a vector field on ˛, then

.Y ?/0 D .Y 0/? DW
?
Y 0;

where Y ? is the component of Y perpendicular to ˛ and the last equality is a definition.
We shall call A.u/ D xvv.u; 0/ the transverse acceleration vector field of x. Let us
quote Theorem 4, p. 266 of [65], keeping in mind that our definition of the Riemann
curvature tensor differs from that of [65].

Theorem 18.2. Let � W Œa; b� ! M be a geodesic segment of speed c > 0 and sign ".
If x is a variation of � , then

L00
x.0/ D "

c

Z b

a

fh
?
V 0;

?
V 0i � hR� 0V V; �

0ig duC "

c
h� 0; Ai

ˇ̌̌b
a
;

where V is the variation vector field and A the transverse acceleration vector field
of x.

Let us describe the situation in which we shall be interested. Let .M; g/ be a Lorentz
manifold, let †i , i D 1; 2, be two spacelike hypersurfaces of .M; g/ and let Œ0; b� be
an interval with b > 0. Let �.†1; †2/ denote the set of all piecewise smooth curves
˛ W Œ0; b� ! M such that ˛.0/ 2 †1 and ˛.b/ 2 †2. We call a piecewise smooth
variation x W Œ0; b�� .�ı; ı/ ! M of ˛ such that the ranges of x.0; � / and x.b; � / are
contained in †1 and †2 respectively a .†1; †2/-variation of ˛.

Definition 18.3. The tangent space T˛.�/ to�.†1; †2/ at ˛ consists of all piecewise
smooth vector fields V on ˛ such that V.0/ 2 T˛.0/†1 and V.b/ 2 T˛.b/†2.

It will be of interest to know that given a V 2 T˛.�/, there is a .†1; †2/-variation
x of ˛ such that the variation vector field of x coincides with V .

Lemma 18.4. Let ˛ 2 �.†1; †2/ and let V 2 T˛.�/. Then there is a .†1; †2/-
variation x of ˛ such that the variation vector field of x is V .

Proof. Let E�, � D 0; : : : ; n, be a parallel transported orthonormal frame along ˛
and let 
i W .�ı; ı/ ! †i , i D 1; 2 be smooth curves such that 
 0

1.0/ D V.0/ and
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 0
2.0/ D V.b/ and such that they are contained in normal neighbourhoods of ˛.0/ and
˛.b/ respectively. LetWi , i D 1; 2, be the curves in T˛.0/M and T˛.b/M respectively
such that expŒWi .s/� D 
i .s/ for s 2 .�ı; ı/. Note that

W1.s/ D W
�
1 .s/E�.0/; W2.s/ D W

�
2 .s/E�.b/; V .u/ D V �.u/E�.u/

for smooth functionsW �
i and piecewise smooth functions V �. Observe thatW �

i .0/ D
0, that .W �

1 /
0.0/ D V �.0/ and that .W �

2 /
0.0/ D V �.b/. Let � 2 C1.R/ be such that

�.t/ D 1 for t � b=4 and �.t/ D 0 for t � 3b=4. Define

Z.u; v/ D f�.u/Œv.V �.u/ � V �.0//CW
�
1 .v/�

C Œ1 � �.u/�Œv.V �.u/ � V �.b//CW
�
2 .v/�gE�.u/:

Note that Z.0; v/ D W1.v/, that Z.b; v/ D W2.v/ and that if we write Z.u; v/ D
Z�.u; v/E�.u/, then for every fixed u 2 Œ0; b�we haveZ�.u; v/ D vV �.u/CO.v2/.
Consequently, x.u; v/ D expŒZ.u; v/� has the desired properties. �

Lemma 18.5. Let ˛ 2 �.†1; †2/ have constant speed c > 0. Then L0
x.0/ D 0 for

every .†1; †2/-variation x of ˛ if and only if ˛ is a geodesic normal to †1 and †2.

Proof. By Proposition 18.1, we see that if ˛ is a geodesic normal to †1 and †2, then
L0

x.0/ D 0 for every .†1; †2/-variation x of ˛. To prove the converse, note that a
fixed endpoint variation of ˛, i.e., a variation x such that x.0; � / and x.b; � / are
constant and equal to ˛.0/ and ˛.b/ respectively, is a .†1; †2/-variation of ˛. As a
consequence, we can apply Corollary 3, p. 265 of [65] in order to conclude that ˛ has
to be an unbroken geodesic. Thus

L0
x.0/ D "

c
h˛0; V i

ˇ̌̌b
a
;

Since, for every v 2 T˛.0/†1, we can choose a .†1; †2/-variation x such that the
corresponding variation vector field V has the property that V.0/ D v and V.b/ D 0,
cf. Lemma 18.4, we conclude that ˛ has to be normal to †1. For similar reasons, ˛
has to be normal to †2. �

Before we discuss the second variation for .†1; †2/-variations, let us introduce
some terminology.

Definition 18.6. Let .M; g/ be a time oriented Lorentz manifold, let † be a spacelike
hypersurface in .M; g/ and let k be the second fundamental form of †, cf. Defini-
tion 13.1. Then the mean curvature � of † is defined by

�.p/ D
nX
iD1

k.ei ; ei /;

for p 2 †, assuming that † is n-dimensional and feig is an orthonormal basis of Tp†
with respect to the induced metric. Finally, † is said to be a constant mean curvature
(CMC) hypersurface if � is constant on †.



18.1. Calculus of variations 199

Let † be a spacelike hypersurface of a time oriented Lorentz manifold .M; g/,
let 
 be a curve in †, let R
 denote the acceleration of 
 in M and let 
 00 denote the
acceleration of 
 in †. Then, due to Corollary 9, p. 103 of [65], we have

R
 D 
 00 C II.
 0; 
 0/;

where II is the shape tensor defined in (13.7), cf. also p. 100 of [65]. If T�.t/ is the
future oriented unit timelike normal at 
.t/, we thus get

h R
; T�.t/i D hIIŒ
 0.t/; 
 0.t/�; T�.t/i D �kŒ
 0.t/; 
 0.t/�; (18.1)

cf. (13.8).

Lemma 18.7. Let .M; g/ be a time oriented Lorentz manifold, let †i , i D 1; 2,
be spacelike hypersurfaces and assume there is a future directed timelike geodesic
� 2 �.†1; †2/ with speed c > 0 which is normal to both †1 and †2. Let x be a
.†1; †2/-variation of � with associated variation vector field V . Then

L00
x.0/ D �1

c

Z b

0

fh
?
V 0;

?
V 0i � hR� 0V V; �

0ig duC k2ŒV .b/; V .b/� � k1ŒV .0/; V .0/�;

where ki is the second fundamental form of †i .

Proof. The lemma follows from Theorem 18.2, once we have made the following
observations. First of all, " D �1 in the current context. Since � 0.0/=c is the future
directed unit normal to†1 and � 0.b/=c is the future directed unit normal to†2 at �.0/
and �.b/ respectively, we can use (18.1) in order to conclude that

"

c
h� 0; Ai.0/ D k1ŒV .0/; V .0/�;

"

c
h� 0; Ai.b/ D k2ŒV .b/; V .b/�:

The lemma follows. �

Proposition 18.8. Let .M; g/ be a time oriented Lorentz manifold, let †i , i D 1; 2,
be spacelike hypersurfaces and assume there is a future directed timelike curve � 2
�.†1; †2/ with constant speed c > 0 which has maximal length among the future
oriented timelike curves in�.†1; †2/. Then � is a timelike geodesic which is normal
to both †1 and †2. Furthermore,

1

c

Z b

0

RicŒ� 0.s/; � 0.s/� ds C �2Œ�.b/� � �1Œ�.0/� � 0;

where �i is the mean curvature of †i .

Proof. That � is a timelike geodesic normal to †1 and †2 follows from Lemma 18.5.
Let Ei , i D 1; : : : ; n, be parallel propagated vector fields along � such that fEi .0/g
is an orthonormal basis for T�.0/†1. Since � is a geodesic, we conclude that Ei .s/,
i D 1; : : : ; n, constitutes an orthonormal basis for � 0.s/? for all s 2 Œ0; b�. Let xi be
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a .†1; †2/-variation of � such that its associated variation vector field is Ei . Such a
variation exists due to Lemma 18.4. By definition, E 0

i D 0, so the fact that � is length
maximizing and Lemma 18.7 lead to the conclusion that

0 � L00
xi
.0/ D 1

c

Z b

a

fhR� 0Ei
Ei ; �

0ig duC k2ŒEi .b/; Ei .b/� � k1ŒEi .0/; Ei .0/�:

Summing over i , we obtain the desired conclusion, cf. Lemma 52, p. 87 of [65], keeping
the differences in conventions concerning the Riemann curvature tensor in mind. �

18.2 Constant mean curvature hypersurfaces

As has already been mentioned, it will be of interest to know that hypersurfaces of
constant mean curvature are unique in spacetimes satisfying a certain condition, the
timelike convergence condition, which we shall now define.

Definition 18.9. A Lorentz manifold .M; g/ is said to satisfy the timelike convergence
condition if Ric.v; v/ � 0 for all timelike vectors v 2 TM .

In preparation for the proof of uniqueness, let us make the following observation.

Lemma 18.10. Let .M; g/ be a time oriented Lorentz manifold satisfying the timelike
convergence condition and assume that there is a compact spacelike hypersurface †
in M with constant mean curvature � ¤ 0. Given an open set U containing †, there
are two compact spacelike hypersurfaces †i , i D 1; 2, such that †1 � U \ IC.†/,
†2 � U \ I�.†/ and if �i is the mean curvature of †i , then

sup
p2†1

�1.p/ < � < inf
p2†2

�2.p/:

Remark 18.11. This argument is to be found in [60], p. 119.

Proof. Due to Proposition 26, p. 200 of [65], there is a normal neighbourhood of †.
Since† is compact, there is thus an " > 0 and a map � W .�"; "/�† ! M defined by

�.t; p/ D exp.tNp/;

where exp is the exponential map andNp is the future directed unit timelike normal to
† at p, such that � is a diffeomorphism onto its image. It will be of interest to know
that tangent vectors to ftg � † are orthogonal to @t with respect to ��g. To this end,
let 
 W .�ı; ı/ ! † be a smooth curve for some ı > 0. Let x W .�"; "/� .�ı; ı/ ! M

be defined by x.t; s/ D �Œt; 
.s/�. Note that g.xt ;xt / D �1. Using the notation
on p. 122–123 of [65], we then have g.xts;xt / D 0. Due to Proposition 44, p. 123
of [65], we have xst D xts so that g.xst ;xt / D 0. Due to the fact that the curves
of constant s are geodesics, we have xt t D 0. Combining this observation with the
above, we conclude that the derivative with respect to t of g.xs;xt / equals zero. Since
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g.xs;xt / is zero for t D 0 it is thus always zero, so that the desired conclusion holds.
Let � be the smooth vector field defined on the image of � by

�jp D ��@t j
�1.p/:

Note that the integral curves of � are timelike geodesics and that �˛�˛ D �1. For a
fixed p 2 †, let 
.t/ D �.t; p/. Then 
 is a geodesic. Furthermore, 
 0.t/ D �j�.t/.
Due to Proposition 18, p. 65 of [65] and the fact that 
 is a geodesic, we have

0 D 
 00.t/ D r� 0.t/�:

As a conclusion, r�� D 0. In index notation, we thus have

�˛r˛�ˇ D 0; �˛rˇ �˛ D 0; (18.2)

where the latter equality is due to the fact that �˛�˛ D �1. DefineK˛ˇ D r˛�ˇ . Then
K˛ˇ are the components of a covariant 2-tensorfield on the image of �. Note that if it
is the inclusion map from†t ´ �.ftg�†/ toM , then i�t K is the second fundamental
form of †t . The reason why this is true is that the future directed unit normal to †t
is �. As a consequence of this and the fact that (18.2) holds, .g˛ˇK˛ˇ /.q/ is the mean
curvature of †t at q, assuming q 2 †t . Let us define K D g˛ˇK˛ˇ . In order to
compute the change of the mean curvature, let us compute

��r�K˛ˇ D ��r�r˛�ˇ D ��r˛r��ˇ C ��R
ı

�˛ˇ
�ı

D r˛.��r��ˇ / � .r˛�� /r��ˇ CR�˛ˇı�
ı��

D �K �
˛ K�ˇ �R˛�ˇı�ı�� ;

where we have used (10.9), (18.2) and (10.8). Note that this is the same computation
as (9.2.10), p. 218 of [87]. Contracting this identity with g˛ˇ , keeping (10.11) and
(10.8) in mind, we obtain

�K D �K˛ˇK˛ˇ �R˛ˇ �˛�ˇ :
Since .M; g/ satisfies the timelike convergence condition and since K.p/ D � ¤ 0 for
p 2 †, so that .K˛ˇK˛ˇ /.p/ ¤ 0 for p 2 †, we obtain the conclusion of the lemma
by choosing †i D �.ti ; †/ for suitable ti , i D 1; 2, such that t1 > 0 and t2 < 0. �

Proposition 18.12. Let .M; g/ be a time oriented, globally hyperbolic Lorentz mani-
fold satisfying the timelike convergence condition. Assume .M; g/ has two compact
spacelike hypersurfaces †i , i D 1; 2, and let �i be the associated mean curvatures. If

sup
p2†1

�1.p/ < inf
p2†2

�2.p/;

then there is no future directed timelike curve from †1 to †2.
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Proof. Assume there is a future directed timelike curve from †1 to †2. Note that the
time separation function 	 , cf. Definition 15, p. 409 of [65], is a continuous map from
M � M to Œ0;1/, cf. Lemma 21, p. 412 of [65]. As a consequence, 	 , restricted to
†1 � †2, attains its maximum on †1 � †2. Let us denote one such point by .p; q/.
Due to our assumption, the maximum is positive and by Proposition 19 (recalling the
different characterizations of global hyperbolicity), p. 411 of [65], there is a future
oriented timelike geodesic � from p to q of length 	.p; q/. The conclusions of Propo-
sition 18.8 then contradict the assumptions of the present proposition. The conclusion
follows. �

Proposition 18.13. Let .M; g/ be a time oriented, globally hyperbolic Lorentz man-
ifold satisfying the timelike convergence condition. Assume .M; g/ has two compact
spacelike hypersurfaces †i , i D 1; 2, with the same constant mean curvature � ¤ 0.
Then there is no future directed timelike curve from †1 to †2.

Proof. Assume there is a future directed timelike curve from †1 to †2. Due to
Lemma 18.10 there is a compact spacelike hypersurface †3 in M such that

sup
p2†3

�3.p/ < �;

where �3 is the mean curvature of †3. Furthermore, there is a future directed timelike
curve from †3 to †2. We get a contradiction to Proposition 18.12. �

Corollary 18.14. Let .M; g/ be a time oriented, globally hyperbolic Lorentz manifold
satisfying the timelike convergence condition. Assume .M; g/ has two compact space-
like Cauchy hypersurfaces†i , i D 1; 2, with the same constant mean curvature � ¤ 0.
Then †1 D †2.

Proof. Assume †1 ¤ †2. Then there is a p 2 †1 such that p … †2. Let 
 be an
inextendible timelike geodesic passing through p. Since†2 is a Cauchy hypersurface,

 has to intersect †2. Thus, without loss of generality, we can assume there is a
future directed timelike curve from †1 to †2. This contradicts the conclusion of
Proposition 18.13. �

The above corollary is all we shall need in connection with the discussion of the
pathological example. Nevertheless, it is of interest to note that one can drop the
assumption that†i be Cauchy hypersurfaces; this follows from the remaining assump-
tions.

Corollary 18.15. Let .M; g/ be a connected, oriented, time oriented, globally hyper-
bolic Lorentz manifold satisfying the timelike convergence condition. Assume .M; g/
has two compact spacelike hypersurfaces †i , i D 1; 2, with the same constant mean
curvature � ¤ 0. Then †1 D †2.

Proof. Due to Proposition 18.13,†1 and†2 are achronal. By Proposition 11.29, they
are thus Cauchy hypersurfaces so that Corollary 18.14 yields the desired result. �
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18.3 Conditions ensuring maximality

We are interested in the extendibility properties of maximal globally hyperbolic devel-
opments of initial data. In order to be able to discuss this issue, we need to have criteria
that ensure that a globally hyperbolic development is the maximal globally hyperbolic
development. The purpose of this section is to provide such criteria.

Proposition 18.16. Let .M; g/ be a connected and time oriented Lorentz manifold and
assume that one of the following conditions is satisfied:

� .M; g/ is future causally geodesically complete and there are real numbers �j
such that �j ! 1 as j ! 1 and smooth spacelike Cauchy hypersurfaces †j
in .M; g/ with constant mean curvature �j .

� .M; g/ is past causally geodesically complete and there are real numbers �j such
that �j ! �1 as j ! 1 and smooth spacelike Cauchy hypersurfaces †j in
.M; g/ with constant mean curvature �j .

� There are real numbers �˙;j such that �˙;j ! ˙1 as j ! 1 and smooth
spacelike Cauchy hypersurfaces †˙;j in .M; g/ with constant mean curvature
�˙;j .

Assume . xM; Ng/ to be a time oriented and connected Lorentz manifold satisfying the
timelike convergence condition and i W M ! xM to be a smooth embedding such that
i.M/ is an open set. Furthermore, assume that there is a Cauchy hypersurface S in
.M; g/ such that i.S/ is a Cauchy hypersurface in . xM; Ng/. Then i.M/ D xM .

Proof. Let us first note that for any Cauchy hypersurface † in M , i.†/ is a Cauchy
hypersurface in xM . The reason is as follows. Let 
 be an inextendible timelike curve in
xM . Let � be 
 restricted to 
�1Œi.M/�. Note that since i.S/ is a Cauchy hypersurface

in . xM; Ng/ and i.M/ is open, 
�1Œi.M/� is a non-empty open subset of R. Furthermore,
we can consider � to be a map intoM . Restricting � to any connected component of its
domain, we get an inextendible timelike curve in M . Consequently � has to intersect
†, and thus 
 has to intersect i.†/. In order for 
 to intersect i.†/ twice, the domain
of � has to have at least two components; since � restricted to one component is an
inextendible timelike curve in M , it can only intersect † once. But then � has to
intersect S twice, which implies that 
 has to intersect i.S/ twice, contradicting the
fact that i.S/ is a Cauchy hypersurface.

Assume i.M/ ¤ xM . Then there is a pointp 2 xM�i.M/. Let 
 be an inextendible
timelike geodesic passing through p and � be as above. By the above argument, we
know that the domain of � only consists of one component, and that � is an inextendible
timelike curve in M . Thus, the image of � is either to the future or the past of p. By
changing the time orientation, we can assume it to be to the past. Then IC.p/, which
is an open set, cannot intersect i.M/ for reasons similar to ones given above. Thus we
might as well assumep … i.M/. Let q be the point of intersection between � andS . By
the above assumption, q 	 p. IfM is future causally geodesically complete, we get a
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contradiction. We can thus assume there is a sequence of CMC Cauchy hypersurfaces
†j such that the CMC of †j tends to �1 as j ! 1. By the above observations, �
intersects all the hypersurfaces †j . Let pj be the point of intersection between � and
†j and let tj and t be such that 
.tj / D i.pj / and 
.t/ D p. Note that the length of
the curve 
 jŒtj ;t� has a positive lower bound independent of j , namely the length of the
curve outside i.M/. We then get a contradiction to Hawking’s singularity theorem,
Theorem 55A, p. 431 of [65]. In the application of this theorem, note that the concept
future convergence used in the statement is the same as the constant mean curvature,
except for a factor 1=n, where nC 1 is the dimension of M , and a minus sign. �

18.4 Conditions ensuring inextendibility

We shall prove the inextendibility of certain spacetimes in what follows, but in order
to be able to do so, we shall need criteria ensuring inextendibility.

Definition 18.17. Let .M; g/ be a connected Lorentz manifold which is at least C 2.
Assume there is a connected C 2 Lorentz manifold . yM; Og/ of the same dimension as
M and an isometric embedding i W M ! yM such that i.M/ ¤ yM . ThenM is said to
be C 2-extendible. If .M; g/ is not C 2-extendible, it is said to be C 2-inextendible or
maximal.

Lemma 18.18. Let .M; g/ be a connected Lorentz manifold which is at least C 2.
Assume that the Kretschmann scalar,

R˛ˇ�ıR
˛ˇ�ı ;

i.e., the Riemann curvature tensor of .M; g/ contracted with itself, is unbounded in the
incomplete directions of timelike geodesics. Then .M; g/ is C 2-inextendible.

Remark 18.19. When we say that the Kretschmann scalar is unbounded in the incom-
plete directions of timelike geodesics, we mean the following: for any unit timelike
geodesic � (i.e., curve satisfying � 00 D 0 and h� 0; � 0i D �1) with maximal existence
interval .s�; sC/, we have

lim sup
s!sC�

j.R˛ˇ�ıR˛ˇ�ı/ B �.s/j D 1

if sC < 1 and
lim sup
s!s�C

j.R˛ˇ�ıR˛ˇ�ı/ B �.s/j D 1

if s� > �1.

Proof. Assume .M; g/ to be C 2-extendible and let . yM; Og/ be an extension with em-
bedding i W M ! yM . In order to obtain a contradiction, all we need to prove is that
there is a timelike geodesic 
 which intersects both i.M/ and yM � i.M/. The rea-
son is as follows. Consider 
 on an open interval I D .s�; sC/ such that 
Œ.s�; s0/�,
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where s0 2 I , is contained in i.M/ but 
.s0/ … i.M/ (by reversing the orientation
of 
 if necessary, we can assume ourselves to be in this situation). Then 
 j.s�;s0/ is
inextendible in one time direction, corresponding to increasing s, if we consider it to
be a causal geodesic in M . Therefore, according to the assumptions of the lemma,
it is either complete in this direction or such that the Kretschmann scalar blows up
along the curve as s ! s0�. Neither of these possibilities is compatible with the fact
that the geodesic can be continued to s0 and beyond. In order to prove that there is a
timelike geodesic as described above, let p 2 yM � i.M/ be on the boundary of i.M/

and let 
 be a timelikegeodesic through p. If 
 intersects i.M/, we are done. If 
 is
contained in yM � i.M/, let U be a convex neighbourhood of p and let q D 
.s0/ 2 U
be such that there is a timelike geodesic from q to p. By the standard properties of
convex neighbourhoods and the fact that p is on the boundary of i.M/, we conclude
the existence of the desired geodesic. �



19 Initial data

In the present chapter, we discuss left invariant metrics on unimodular Lie groups and,
for a given left invariant metric, preferred bases for the Lie algebra. Furthermore,
we compute the Ricci and scalar curvature. The latter of these quantities is needed
when expressing the constraints in terms of the variables we shall be using, and the
former is needed in the proof of the existence of initial data such that the corresponding
MGHD has inequivalent extensions. Finally, we express the constraint equations for
left invariant vacuum initial data on a 3-dimensional unimodular Lie group in terms of
the variables we shall be using. The motivation for the perspective on initial data taken
here is that it should fit naturally together with the formulation of Einstein’s equations,
due to Ellis and MacCallum [37], presented in the following chapter. For a general
discussion of the curvature of left invariant metrics on Lie groups, the reader is referred
to the work of Milnor, cf. [61].

19.1 Unimodular Lie groups

LetG be an n dimensional connected Lie group and let g be the associated Lie algebra,
i.e., the vector space of left invariant vector fields on G. Define, given X 2 g, the
linear transformation adX W g ! g by adXY D ŒX; Y �.

Definition 19.1. A connected Lie group G is said to be unimodular if adX has trace
zero for every X 2 g.

Remark 19.2. Of course, the unimodularity is a property of the Lie algebra, so it is
also meaningful to speak of a unimodular Lie algebra. In [61], p. 316, a Lie group
is defined to be unimodular if the left invariant Haar measure is also right invariant.
Nevertheless, for connected Lie groups, this condition is shown to be equivalent to the
above in Lemma 6.3, p. 317 of [61]. However, we shall not need any characterization
of unimodularity other than the one given in the definition above.

Let ei , i D 1; : : : ; n, be a basis for g. The structure constants 
 i
jk

associated with
this basis are defined by

Œej ; ek� D 
 ijkei :

Note that the condition of unimodularity is equivalent to the condition that 
 ij i D 0,
where we use the Einstein summation convention. Here, we shall be interested in
3-dimensional Lie groups, and in that case, the information contained in the structure
constants can be reduced to a symmetric matrix.

Lemma 19.3. If G is a 3-dimensional unimodular Lie group, ei is a basis of g and

 i
jk

are the associated structure constants, there is a unique symmetric matrix with

components �ij such that 
 i
jk

D "jkl�
li .

Remark 19.4. The definition and elementary properties of the permutation symbols
"ijk are discussed in Section B.1.
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Proof. Define

�ij D 1

2


.i

kl
"j /kl ; (19.1)

where the parenthesis denotes symmetrization, i.e.,

�ij D 1

4
.
 ikl"

jkl C 

j

kl
"ikl/;

then, after some computations using the identities (B.1) and (B.2) and the fact that the
group is unimodular, we get

"nmi�
ij D 
jnm:

Furthermore, if there are two matrices � and � such that

"nmi�
ij D "nmi�

ij ;

then � D � due to (B.3). �

Definition 19.5. If G is a 3-dimensional unimodular Lie group and ei is a basis of g,
then the matrix � associated with the corresponding structure constants as described in
Lemma 19.3 will be referred to as the associated commutator matrix.

It will be of interest to know what happens to the commutator matrix under a change
of basis of the Lie algebra.

Lemma 19.6. Let G be a 3-dimensional unimodular Lie group, let ei and e0
i be two

bases of g and let � and Q� denote the associated commutator matrices respectively.
Then there is a non-degenerate constant matrix A such that

e0
i D A

j
i ej (19.2)

and
� D .detA/�1At Q�A: (19.3)

Proof. Let Q
 i
jk

be the structure constants associated with e0
i and 
 i

jk
the structure con-

stants associated with ei . Then

Q
 ilk D A
p

l
A m
k 
npmB

i
n D A

p

l
A m
k "pmq�

qnB i
n D A

p

l
A m
k A q

r B
r
s "pmq�

snB i
n ;

where B D A�1. In this expression,

A
p

l
A m
k A q

r "pmq D .detA/"lkr ;

so that
Q
 ilk D .detA/"lkr.B

r
s �

snB i
n /:

We conclude that (19.3) holds. �

Let us introduce the following terminology in order to conform with that used in
the relativity community.
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Definition 19.7. A Bianchi class A Lie group (algebra) is a 3-dimensional unimodular
Lie group (algebra).

The transformation rule (19.3) can be used to classify the Bianchi class A Lie
algebras; one can use it to diagonalize � and then put the diagonal elements in a
canonical form. When � is diagonal, we shall denote the diagonal elements by �1, �2
and �3.

Lemma 19.8. Table 19.1 constitutes a classification of theBianchi classALie algebras,
i.e., any Bianchi classA Lie algebra admits a basis such that the associated commutator
matrix is diagonal with diagonal components of one of the forms given in Table 19.1,
and two Bianchi class A Lie algebras are isomorphic if and only if they allow bases with
associated commutator matrices which are of the same form (as given in Table 19.1).
Consider an arbitrary basis ei of g. Then there is an orthogonal matrix A such that if
e0
i is defined by (19.2), the associated commutator matrix Q� is diagonal, with diagonal

elements of one of the types given in Table 19.1.

Table 19.1. Bianchi class A.

Type �1 �2 �3

I 0 0 0
II + 0 0
VI0 0 + �
VII0 0 + +
VIII � + +
IX + + +

Remark 19.9. The above lemma should be compared with Lemma 21.1, p. 488 of
[71]. Recall that simply connected Lie groups are determined up to isomorphism by
their Lie algebras, cf. Theorem 3.27, p. 101 of [88] or Theorem 20.15, p. 532 of [55].

Proof. Let ei be a basis for g and � be the associated commutator matrix. If we change
the basis according to e0

i D .A�1/ ji ej (i.e.,A�1 of the proof equalsA of the statement),
then � transforms to

Q� D .detA/�1At�A (19.4)

due to (19.3). Since � is symmetric, we assume from now on that the basis is such that
it is diagonal. The matrixA D diag.1 1 �1/ changes the sign of �. Suitable orthogonal
matrices perform permutations of the diagonal. The number of non-zero elements on
the diagonal is invariant under transformations (19.4) taking one diagonal matrix to
another. If the components of A are A j

i and the diagonal matrix Q� is constructed as in
(19.4), we have Q�kk D .detA/�1

P3
iD1.A k

i /
2�i i , so that if all the diagonal elements

of � have the same sign, the same is true for Q�. The statements of the lemma follow,
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except for the classification statement. However, using a suitably chosen (typically not
orthogonal) matrix A D diag.a1; a2; a3/, it is possible to transform every C sign in
Table 19.1 to 1 and every minus sign to �1, and the desired conclusion follows. �

19.2 Curvature

Definition 19.10. Let G be a Lie group. A left invariant Riemannian metric on G is
a Riemannian metric g on G such that for every h 2 G, left translation by h is an
isometry of g. IfG is a Bianchi class A Lie group and g is a left invariant Riemannian
metric on G, we shall call a basis ei of g such that

� g.ei ; ej / D ıij ,

� if � is the commutator matrix associated with ei , then � is diagonal and of one
of the forms given in Table 19.1

a canonical basis for the Lie algebra.

Due to Lemma 19.8, there is, given a Bianchi class A Lie group and a left invariant
Riemannian metric on it, a canonical basis for the Lie algebra. We wish to express the
Ricci and scalar curvature of g in terms of the matrix � corresponding to an orthonormal
basis of g.

Lemma 19.11. Let G be a Bianchi class A Lie group, let g be a left invariant metric
on G and let ei be an orthonormal basis of g. Then

Ric.ei ; em/ D 2�il�
l
m � .tr �/�im � �kl�klıim C 1

2
.tr �/2ıim; (19.5)

r D ��ij �ij C 1

2
.tr �/2; (19.6)

where � is the commutator matrix associated with ei and Ric and r denote the Ricci
and scalar curvature of g respectively.

For completeness, we have included the necessary computations in Section B.1,
cf. also [61].

Corollary 19.12. If g is a left invariant metric on a Bianchi class A Lie group G, the
scalar curvature of g can only be positive if G is of Bianchi type IX.

Proof. Let ei be a canonical basis for the Lie algebra and let � be the associated com-
mutator matrix. Expressing the scalar curvature in terms of the diagonal components
of �, we conclude that

r D �1
2
.�21 C �22 C �23 � 2�1�2 � 2�2�3 � 2�3�1/:
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Consider the Bianchi classification given in Table 19.1. In the case of Bianchi class I
and II, we see immediately that r � 0. In the case of class VI0 and VII0, we can assume
�1 D 0, and then we obtain

r D �1
2
.�2 � �3/2 � 0:

In the case of Bianchi VIII, we can assume �1 < 0 and �2; �3 > 0 and rewrite

r D �1
2
Œ�21 C .�2 � �3/2 � 2�1.�2 C �3/� � 0:

The statement follows. �

19.3 The constraint equations

Lemma 19.13. Let G be a Bianchi class A Lie group, let g and k be a left invariant
metric and symmetric covariant two tensor on G respectively and let � be a constant.
Finally, let ei be an orthonormal basis of g and let � be the associated commutator
matrix. Then the equations

1

2
Œr � kijkij C .trg k/

2� D �;

Dik
i
j �Dj trg k D 0; (19.7)

whereD is the Levi-Civita connection associated with g and r is the associated scalar
curvature and indices are raised and lowered with g, are equivalent to

��ij �ij C 1

2
.tr �/2 � kijkij C .trg k/

2 D 2�; (19.8)

K� � �K D 0; (19.9)

respectively, where the components of the matrix K in the last equation are given by
k.ei ; ej /.

Proof. Let kij D k.ei ; ej / and let us express (19.7) in terms of �ij and kij (note that
kij are constants due to the left invariance of k). Due to the fact that trg k is constant,
the second term on the left-hand side of (19.7) is zero. In order to compute the first
term, note that since the Levi-Civita connection commutes with contraction,

.Dk/.ei ; ej ; el/ D Dei
Œk.ej ; el/��k.Dei

ej ; el/�k.ej ;Dei
el/ D �
mij kml�
mil kjm;

where the relation 
 i
jk
ei D Dej ek defines 
 i

jk
. Contracting this identity with ıij , we

obtain
Dik

i
l D �
mii kml � 
mil kim;
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where it is understood that we sum over repeated indices and that the indices are with
respect to the orthonormal basis ei . Since the first term on the right-hand side is zero
by the observations made in Section B.1, we conclude that

Dik
i
l D �
mil kim D �1

2
.�
 ilm C 
 lmi C 
mil /kim D 
 ilmkim;

where we have used (B.4) and the fact that k is symmetric. Summing up, we conclude
that (19.7) is equivalent to


 ilmkim D 0:

Contracting with "lpq , this is equivalent to

0 D "lpq"lmr�
rikim D .ıpmı

q
r � ıpr ıqm/�rikim D �qikip � kqi�ip; (19.10)

where we have used (B.2). We conclude that (19.7) is equivalent to (19.9). The
remaining statement is a direct consequence of (19.6). �

Corollary 19.14. Let G be a Bianchi class A Lie group and let g and k be a left
invariant metric and symmetric covariant two tensor onG respectively. Then, if (19.7)
is satisfied, there is a canonical basis ei of the Lie algebra such that k.ei ; ej / are the
components of a diagonal matrix.

Proof. This is a direct consequence of (19.9). �

Definition 19.15. Bianchi class A initial data for Einstein’s vacuum equations are
given by .G; g; k/, where G is a class A Lie group and g and k are a left invariant
metric and symmetric covariant two tensor on G respectively satisfying the so-called
constraint equations

1

2
Œr � kijkij C .trg k/

2� D 0; (19.11)

Dik
i
j �Dj trg k D 0; (19.12)

where indices are raised and lowered with the Riemannian metricg,D is the Levi-Civita
connection associated with g and r is the associated scalar curvature.

Let us define a special class of initial data, which will be of great importance in
what follows.

Definition 19.16. Let .G; g; k/ be Bianchi class A initial data for Einstein’s vacuum
equations, let ei be a canonical basis for the Lie algebra such that k is diagonal with
respect to this basis, cf. Corollary 19.14, and let � be the associated commutator matrix.
Let �i and ki denote the diagonal components of � and K, where K is the diagonal
matrix with components k.ei ; ej /. Then, if �2 D �3 and k2 D k3 (or one of the
permuted conditions hold), we shall say that the initial data are locally rotationally
symmetric or of Taub type.
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Remark 19.17. The concept local rotational symmetry also makes sense in the non-
vacuum case. For the sake of brevity, we shall sometimes speak of LRS initial data.
Note that a rotation in the plane defined by e2 and e3 defines an isomorphism of the
Lie algebra if �2 D �3. To be more precise, let � 2 R and let L
 be defined by

L
e1 D e1; L
e2 D cos�e2 � sin �e3; L
e3 D sin �e2 C cos�e3:

Then L
 is a Lie algebra isomorphism. As was mentioned above, this Lie algebra
isomorphism arises from a Lie group isomorphism, assuming that the group is simply
connected, cf. [88], Theorem 3.27, p. 101 or [55], Theorem 20.15, p. 532. Furthermore,
we of course have L
1

L
2
D L
1C
2

. Consequently, we have an action of S1 on
G corresponding to rotations in the e2, e3 directions. If the initial data are LRS with
�2 D �3 and k2 D k3, then the isomorphismsL
 constructed above all yield isometries
of the initial data.
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In the previous chapter, we introduced variables suitable for treating the case of left
invariant vacuum initial data on a 3-dimensional unimodular Lie group. Furthermore,
we expressed the constraint equations in terms of them. The purpose of the present
chapter is to construct, and establish the basic properties of, the maximal globally
hyperbolic development of such data in the vacuum case.

In Section 20.1, we compute the Ricci curvature of a class of model metrics of the
form (20.1). The result is expressed in terms of a certain choice of variables due to
Ellis and MacCallum, cf. [37]. This choice is very convenient in that it covers all the
unimodular Lie groups at once.

In Section 20.2, we then use these computations in order to construct a development,
given initial data. The manifold on which the development is defined is of the form
I �G and the metric of the form (20.1). Here G is the Lie group on which the initial
data are specified and I is an interval determined as the maximal existence interval of a
solution to a certain system of ODE’s. The development so constructed will be referred
to as the Bianchi class A development. In order for this construction to be useful, it
is necessary to prove that the Bianchi class A development is the maximal globally
hyperbolic development. The proof of this fact proceeds in several steps. First of all,
it is proved that the Bianchi class A development is a globally hyperbolic development
such that every constant t hypersurface is a Cauchy hypersurface. Each constant t
hypersurface is of course also a CMC hypersurface, and it is of interest to compute the
interval exhausted by the mean curvature as t exhausts the interval I . This computation
is fairly straightforward for most of the unimodular Lie groups with one exception:
SU.2/. In the case of SU.2/, the mean curvature exhausts R and the development
recollapses; i.e., all timelike geodesics are both future and past incomplete, and there
is a moment of maximal expansion at which the mean curvature is zero. Note that
SU.2/ is the only 3-dimensional unimodular Lie group which allows a left invariant
metric of positive scalar curvature, cf. the previous chapter. In fact, there is a general
conjecture, called the recollapse conjecture, relating the existence of positive scalar
curvature metrics on the initial manifold with the issue of recollapse, cf. the following
chapter. The proof of the fact that there is recollapse in the case of left invariant vacuum
initial data on SU.2/, due to Lin and Wald, cf. [56], is rather lengthy, and we devote a
separate chapter to it.

Finally, we analyze the question of causal geodesic completeness/incompleteness
and conclude that the Bianchi class A development is the maximal globally hyperbolic
development. The presentation of the material given here should be compared with
that of [71].

20.1 Model metrics

Let G be a Bianchi class A Lie group and let e0
i be a basis of the Lie algebra such

that the associated commutator matrix � is diagonal and of one of the forms given in
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Table 19.1. Let � i be the basis dual to e0
i and consider a metric of the form

g D �dt2 C
3X
iD1

a2i .t/�
i ˝ � i ; (20.1)

on I�G, for some interval I , where the ai are positive functions of t . Then ei D a�1
i e0

i

together with e0 D @t form an orthonormal frame. Due to (19.3), we conclude that
if n is the commutator matrix associated with ei , then it is diagonal with diagonal
components

n1 D a1

a2a3
�1; n2 D a2

a1a3
�2; n3 D a3

a1a2
�3: (20.2)

We shall write nij when convenient, an object we define to be the components of the
diagonal matrix whose diagonal elements are given by n1, n2 and n3. Finally, define

�ij D hrei
@t ; ej i D hrei

e0; ej i; � D ıij �ij ;

where g D h � ; � i and r is the Levi-Civita connection associated with g. One can
easily compute that �ij are the components of a diagonal matrix, cf. Section B.2.

Lemma 20.1. With the above notation,

Ric.e0; e0/ D � P� � � ij �ij ; (20.3)

Ric.e0; em/ D "mjln
li�ij ; (20.4)

Ric.el ; em/ D P�lm C ��lm C 2n i
m nil � nijnij ılm C 1

2
.tr n/2ılm � .tr n/nlm;

(20.5)

where Ric is the Ricci tensor of the metric g, given by (20.1), and the dot signifies
differentiation with respect to t .

Due to the fact that �ij and nij are the components of diagonal matrices, (20.4)
implies that Ric.e0; em/ D 0. The necessary computations are presented in Section B.2.

Lemma 20.2. With the above notation,

Pnik � �klnli � � ijnjk C �nki D 0: (20.6)

This is a consequence of the Jacobi identity for the frame e˛ . The proof is to be
found in Section B.3. Given the above computations, one can write down the equations
in the case that the matter model is a perfect fluid, a scalar field, etc.

20.2 Constructing a spacetime

In the previous section we computed the Ricci tensor assuming that we had a metric
of the form (20.1). In this section we wish to start with initial data and construct
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a development. Let .G; g; k/ be Bianchi class A initial data for Einstein’s vacuum
equations. Due to Corollary 19.14, there is there is a canonical basis e0

i of the Lie
algebra such that kij D k.e0

i ; e
0
j / are the components of a diagonal matrix. Define

n.0/ D �, �.0/ D trg k and �ij .0/ D kij � �.0/ıij =3. Define n, � , � to be the
solution to

P� D �3
2
�ij�

ij � 1

2
nijn

ij C 1

4
Œtr n�2; (20.7)

P�lm D ���lm � slm; (20.8)

Pnij D 2�k.inj /k � 1

3
�nij (20.9)

with these initial data, where the parenthesis denotes symmetrization and

slm D blm � 1

3
.tr b/ılm; (20.10)

blm D 2n i
m nil � .tr n/nlm: (20.11)

Let I D .t�; tC/ be the maximal existence interval. Define ai by the conditions

Pai D
�
�i i C 1

3
�

�
ai ; ai .0/ D 1; (20.12)

(no summation) and define a metric on M D I �G by

Ng D �dt2 C
3X
iD1

a2i .t/�
i ˝ � i ; (20.13)

where � i are the duals of the e0
i .

Proposition 20.3. Let .G; g; k/ be Bianchi class A initial data for Einstein’s vacuum
equations. Then the Lorentz manifold .M; Ng/, where M D I � G, constructed above
is a solution to Einstein’s vacuum equations such that if i W G ! f0g�G is the natural
embedding and � is the second fundamental form induced on f0g � G by Ng, then
i� Ng D g and i�� D k. Furthermore, ftg � G is a Cauchy hypersurface for every
t 2 I .

Proof. Note that (19.11) is equivalent to

2

3
�2 � �ij� ij � nijnij C 1

2
.tr n/2 D 0 (20.14)

for t D 0, cf. Lemma 19.13. Considering (20.8) and (20.9), it is clear that if one
collects the off-diagonal elements of nij and �ij into one vector, say v, then v satisfies
an equation of the form Pv D Cv for some matrixC depending on the unknowns. Since
v.0/ D 0, we conclude that nij and �ij are the components of diagonal matrices as
long as the solution exists. Note also that � is trace free for all t 2 I . Finally, note that
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if we denote the left-hand side of (20.14) by f , then Pf D 0, due to (20.7)–(20.11).
To conclude: for all t 2 I , (20.7)–(20.11) and (20.14) are satisfied, nij and �ij are the
components of diagonal matrices and �ij are the components of a trace free matrix.

Below, we shall denote the diagonal components of nij and �ij by ni and �i respec-
tively. Define ei D a�1

i e0
i . Then e0 D @t and ei together constitute an orthonormal

frame for Ng. Note that

a1

a2a3
�1 D exp

�Z t

0

�
2�1 � 1

3
�

�
ds

�
n1.0/ D n1.t/;

where we have used (20.9) and the fact that � is trace free, and similarly for the
other expressions appearing on the right-hand sides of the equations in (20.2). As a
consequence, if we define 
 i

jk
by

Œej ; ek� D 
 ijkei ;

then

 ijk D "jkln

li ;

where nli are the same objects as the ones appearing in (20.7)–(20.11) and (20.14).
Let r be the Levi-Civita connection associated with Ng and define

O�.X; Y / D hrXe0; Y i; O��� D O�.e�; e�/:
Then, according to the arguments presented in the beginning of Section B.2, O�ij is
diagonal with diagonal components given by

O�i i D a�1
i Pai D �i C 1

3
�

(no summation). In other words,

O�ij D �ij C 1

3
�ıij :

Thus, we are exactly in the situation studied in Section 20.1, and the objects �ij and nij
appearing there coincide with the variables appearing in the equations (20.7)–(20.11)
and (20.14) if we define �ij D �ij C �ıij =3.

Let us check that .M; Ng/ satisfy the Einstein vacuum equations. Due to (20.4)
and the fact that nij and �ij are the components of diagonal matrices, we conclude
that Ric.e0; em/ D 0. Due to (20.8) and (20.5) we conclude that the trace free part of
Ric.el ; em/ is zero. The only components of Ric that could still potentially be non-zero
are thus

Ric.e0; e0/ D � P� � � ij �ij ;X
l

Ric.el ; el/ D P� C �2 � nijnij C 1

2
.tr n/2:
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Due to (20.14), we see that the sum of the right-hand sides vanishes. Due to (20.7)
we see that the sum of the first right-hand side plus a third times the second right-hand
side is zero. Consequently, Ric is zero, i.e., Einstein’s vacuum equations are satisfied.

Before turning to the question of global hyperbolicity, let us note that a left invariant
Riemannian metric, say �, on a Lie group G is geodesically complete. To prove this,
assume 
 W .t�; tC/ ! G is a geodesic satisfying �.
 0; 
 0/ D 1, with tC < 1. There
is a ı > 0 such that every geodesic � satisfying �.0/ D e, where e is the identity
element of G, and �0.0/ D v with �.v; v/ � 1 is defined on .�ı; ı/. If Lh W G ! G

is defined by Lh.h1/ D hh1, then Lh is by definition an isometry. Let t0 2 .t�; tC/
satisfy tC � t0 � ı=2. Let v 2 TeG be the vector corresponding to 
 0.t0/ under the
isometry L�.t0/. Let � be a geodesic with �.0/ D e and �0.0/ D v. Then L�.t0/ B � is
a geodesic extending 
 .

Let us introduce the notation Mv D fvg �G and let �1 W M ! I be projection to
the first factor. We wish to prove that for any v 2 I , Mv is a Cauchy surface. First of
all, note that a causal curve cannot intersect Mv twice since the t -component of such
a curve must be strictly monotone; in fact, we have

d�1 B 

ds

.s/ D �h@t j�.s/; 
 0.s/i
and the object on the right-hand side is either strictly positive or strictly negative
depending on the time orientation of 
 . Assume that 
 W .s�; sC/ ! M is an inex-
tendible causal curve that never intersects Mv . Let s0 2 .s�; sC/ and assume that
�1Œ
.s0/� D t1 < v and that h
 0; @t i < 0 where it is defined. Thus �1Œ
.s/� increases
with s and �1Œ
.Œs0; sC//� � Œt1; v�. Since we have uniform bounds on ai from below
and above on Œt1; v� and the curve is causal, we geth 3X

iD1
� i .
 0/2

i1=2 � �C h
 0; e0i (20.15)

on that interval, where C is a positive constant. SinceZ sC

s0

�h
 0; e0i ds D
Z sC

s0

d�1 B 

ds

ds � v � t1; (20.16)

the curve 
 jŒs0;sC/, projected to G, will have finite length with respect to the metric �
onG defined by making e0

i an orthonormal basis. Since � is a left invariant metric on a
Lie group, it is complete by the above observations, and sets closed and bounded with
respect to the corresponding topological metric must be compact by the Hopf–Rinow
theorem, Theorem 21, p. 138 of [65]. Adding the above observations, we conclude that

.Œs0; sC// is contained in a compact set, and thus there is a sequence sk 2 Œs0; sC/
with sk ! sC such that 
.sk/ converges. Since �1Œ
.s/� is monotone and bounded
it converges. Using (20.15) and an analogue of (20.16), we conclude that 
 has to
converge as s ! sC. Consequently, 
 is extendible contradicting our assumption. By
this and similar arguments covering the other cases, we conclude that Mv is a Cauchy
surface for each v 2 .t�; tC/. The proposition follows. �
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Definition 20.4. Let .G; g; k/ be Bianchi class A initial data for Einstein’s vacuum
equations. Then the Lorentz manifold .M; Ng/ constructed above is referred to as the
Bianchi class A development of .G; g; k/.

Remark 20.5. We shall also speak of Bianchi type I developments, etc., if we wish to
specify the Bianchi type of the initial data. If the initial data are locally rotationally
symmetric (LRS, of Taub type), we shall also speak of LRS or Taub type Bianchi
class A developments.

20.3 Elementary properties of developments

Let us sort out the elementary properties of Bianchi class A developments. It will be
of interest to know that the Raychaudhuri equation,

e0.�/C �ij �
ij D 0; (20.17)

holds. This is simply a consequence of (20.3) and the fact that Ng is a solution to the
vacuum equations. Before stating any results, let us observe that if I D .t�; tC/ is the
maximal existence interval of a solution to an ODE of the form x0 D f B x for some
f 2 C1.Rn;Rn/, then the only possibility for tC to be finite is if the solution blows
up to the future, i.e., if jx.t/j ! 1 as t ! tC, cf. Lemma 56, p. 30 of [65]. The
statement concerning t� is similar.

Lemma 20.6. Consider a Bianchi class A development which is not of type IX. Let the
existence interval be I D .t�; tC/. Then there are two possibilities:

(1) � ¤ 0 for the entire development. We then time orient the manifold so that
� > 0. With this time orientation, t� > �1 and tC D 1. Furthermore, � is a
monotone function and �.t/ ! 1 as t ! t� and �.t/ ! 0 as t ! 1.

(2) The initial data are a quotient of R3 with Riemannian metric given by the stan-
dard Euclidean metric and symmetric covariant 2-tensor given by 0, so that the
development is a quotient of 4-dimensional Minkowski space.

Remark 20.7. In particular, in case the Bianchi class A development is not a quotient
of Minkowski space, there is a CMC foliation of the spacetime, the constant mean
curvature exhausting the range .0;1/.

Proof. Since nij is diagonal we can formulate the constraint, (20.14), as

�ij�
ij C 1

2
Œn21 C .n2 � n3/2 � 2n1.n2 C n3/� D 2

3
�2; (20.18)

where the ni are the diagonal components of nij . Considering Table 19.1, we see that,
excepting type IX, the expression in the ni is always non-negative (this is of course the
same observation that led to Corollary 19.12). Thus we deduce the inequality

�ij�
ij � 2

3
�2: (20.19)
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Combining this observation with (20.17), we conclude that je0.�/j � �2. Conse-
quently, if � is zero once, it is always zero; this is an immediate consequence of
Grönwall’s lemma. Time orient the developments with � ¤ 0 so that � > 0. Due to
(20.17), we have

@t� � �1
3
�2: (20.20)

This inequality proves that � has to blow up in finite time to the past. Note also that
the solution exists until � blows up; by the constraint, �ij is bounded as long as � is
bounded and (20.9) then implies that nij remains bounded as long as � is bounded
(since � is bounded to the future, this also implies that tC D 1). Thus t� > �1
and since � is strictly monotonic, it exhausts some interval .�0;1/. We know that
�0 � 0 and by (20.20) it is clear that �0 can not be positive; �0 positive would imply
�.t/ ! �1 as t ! 1.

Consider the possibility � D 0. Due to (20.19), we see that �ij D 0 so that (20.9)
implies that nij is constant. Furthermore, due to (20.18), the only Bianchi types that
can come into consideration are types I and VII0 and the ai are independent of t . In
the case of Bianchi I, all the ni are zero. In the case of Bianchi VII0, two are non-
zero, say n2 and n3, and in that case (20.18) implies that they have to equal. Due
to Lemma 19.11, we see that the metric induced on Mt D ftg � G has zero Ricci
tensor regardless of whether the Bianchi type under consideration is I or VII0. Since
Mt is 3-dimensional, this implies that the induced metric has zero Riemann curvature
tensor. Since the induced metric is complete by an argument presented in the proof of
Proposition 20.3, we conclude that the universal covering space ofMt with the induced
metric is isometric to Euclidean space, cf. Proposition 23, p. 227 of [65]. �

It is significantly more difficult to compute the maximal existence interval and the
range of the mean curvature in the case of Bianchi IX than in the case of the other
Bianchi class A types. In fact, in order to be able to carry out this computation, it will
be necessary to appeal to a result of Lin and Wald [56], the proof of which we shall
need to devote an entire chapter to. Let us start by making a preliminary observation.

Lemma 20.8. Consider a solution to (20.7)–(20.11) and (20.14) on an interval of the
form IC D Œt0; tC/ where tC < 1. If � is bounded on this interval, the solution can
be extended beyond tC. A similar statement holds for intervals of the form .t�; t0�.

Proof. Let C� be an upper bound on j� j on IC and assume C� � 1. By (20.9),
.n1n2n3/

0 D ��n1n2n3, so that n1n2n3 is bounded on IC since tC < 1. Let Cn be
a constant such that n1n2n3 � Cn on IC. We wish to prove that this implies that �ij is
bounded on IC. Let us consider two cases. At a given point in time, either ni � 2C�
for all i or there is an i such that ni � 2C� . Note that there is a numerical constant
C� > 0 such that if ni � 2C� at one point in time, then j�ij j � C� at that point due
to (20.18). Assume now that, at one point in time, there is an ni such that ni � 2C� .
Labeling the ni in the right way, we can assume n3 � n2 � n1. There are in principle
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two cases. Either n2 � n3=10 or n2 > n3=10. In the former case,

n23 C .n2 � n1/2 � 2n3.n2 C n1/ � n23 � 4

10
n23 � 12

5
C 2� ;

which contradicts (20.18). In the latter case,

n1n2 � Cn

n3
� Cn

2C�
� 1

2
Cn; n1n3 � Cn

n2
� 10Cn

n3
� 5Cn;

where we have used the fact that C� � 1. Thus

1

2
Œn21 C .n2 � n3/2 � 2n1.n2 C n3/� � �n1.n2 C n3/ � �6Cn:

Thus (20.18) implies that

�ij�
ij � 2

3
�2 C 6Cn:

Since the right-hand side is bounded on IC, we conclude that �ij is bounded on IC.
By (20.9), we conclude that nij cannot grow faster than exponentially in IC, i.e., they
are bounded on IC. Due to Lemma 56, p. 30 of [65], we conclude that the solution can
be extended beyond tC. The argument in the other case is similar. �

Lemma 20.9. Consider a Bianchi IX development with I D .t�; tC/. Then there is a
t0 2 I such that � > 0 in .t�; t0/ and � < 0 in .t0; tC/. Furthermore, � exhausts the
interval .�1;1/ and limt!t˙� �.t/ D 
1. Finally, t˙ are finite.

Proof. Let us begin by proving that � can be zero at most once. If �.ti / D 0, i D 1; 2

and t1 < t2, then � D 0 in .t1; t2/ since it is monotone by (20.17). Thus (20.17) implies
�ij D 0 in .t1; t2/ as well. Combining this fact with (20.18) and (20.8), we get bij D 0,
which is impossible for a Bianchi IX solution. Assume � is never zero. By a suitable
choice of time orientation, we can assume that � > 0 on I . Let us prove that tC D 1.
Since � is decreasing on IC D Œ0; tC/ and non-negative on I it is bounded on IC. Due
to Lemma 20.8 and the fact that the solution restricted to IC is not extendible to the
future, we conclude that tC D 1. In order to use the arguments of Lin and Wald, we
define

ˇi .t/ D
Z t

0

�i .s/ ds C ˇ0i ;

˛.t/ D
Z t

0

1

3
�.s/ ds C ˛0;

ˇC D �1
2
ˇ3;

ˇ� D 1

2
p
3
.ˇ1 � ˇ2/;
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where 2ˇ0i � ˛0 D lnŒni .0/� and
P3
iD1 ˇ0i D 0. Then

ni D exp.2ˇi � ˛/:
Equations (20.14) and (20.17) then imply (20.21) and (20.22) below, and (20.8) implies
(20.23) and (20.24):�

d˛

dt

�2
�
�
dˇC
dt

�2
�
�
dˇ�
dt

�2
C 1

4
e�2˛.1 � V / D 0; (20.21)

d2˛

dt2
C
�
d˛

dt

�2
C 2

��
dˇC
dt

�2
C
�
dˇ�
dt

�2�
D 0; (20.22)

d2ˇC
dt2

C 3
d˛

dt

dˇC
dt

C 1

8
e�2˛ @V

@ˇC
D 0; (20.23)

d2ˇ�
dt2

C 3
d˛

dt

dˇ�
dt

C 1

8
e�2˛ @V

@ˇ�
D 0; (20.24)

where

V.ˇC; ˇ�/ D 1 � 4

3
e�2ˇC cosh.2

p
3ˇ�/C 1

3
e�8ˇC C 2

3
e4ˇC Œcosh.4

p
3ˇ�/ � 1�:

(20.25)
By Theorem 21.1, which we shall prove below, we obtain a contradiction. In other
words, there is a zero and since � is decreasing it must be positive before the zero and
negative after it. Due to (20.17), we conclude that � blows up in finite time both to
the future and to the past, assuming nothing else blows up first. However, the latter
possibility is excluded by Lemma 20.8. Thus � ! �1 as t ! tC�. Similarly
� ! 1 as t ! t�C. The lemma follows. �

20.4 Causal geodesic completeness and incompleteness

The lemma concerning causal geodesic completeness will be based on the following
estimate.

Lemma 20.10. Consider a Bianchi class A development. Let 
 W .s�; sC/ ! M be a
future directed inextendible causal geodesic, and

f�.s/ D h
 0.s/; e� j�.s/i: (20.26)

If � D 0 for the entire development, then f0 is constant. Otherwise,

d

ds
.f0�/ � 2 � p

2

3
�2f 20 : (20.27)

Remark 20.11. We consider functions of t as functions of s by evaluating them at
�1Œ
.s/�, where �1 W M ! R is the projection to the first factor.
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Proof. Using the computations of Section B.2, we have

df0

ds
D h
 0.s/;r� 0.s/e0i D

3X
kD1

�kf
2
k ;

where �k are the diagonal elements of �ij . If � D 0 for the entire development, then
�k D 0 for the entire development by Lemma 20.6 and Lemma 20.9, so that f0 is
constant. Compute, using Raychaudhuri’s equation (20.17),

d

ds
.f0�/ D 1

3
�2

3X
kD1

f 2k C
3X
kD1

��kf
2
k C f 20

3X
kD1

�2k C 1

3
�2f 20 ;

where �k are the diagonal elements of �ij . Let us assume that, at some point in time,
j�1j � j�2j � j�3j. Then, due to the fact that � is trace free, we have

3�23 D 2�23 C .�1 C �2/
2 D 2�23 C �21 C �22 C 2�1�2 � 2

3X
kD1

�2k :

Consequently, ˇ̌̌ 3X
kD1

�kf
2
k

ˇ̌̌
�
�
2

3

�1=2� 3X
kD1

�2k

	1=2 3X
kD1

f 2k : (20.28)

Let us consider the following three cases

� P3
kD1 �2k � �2=3. In this case,

1

3
�2

3X
kD1

f 2k C
3X
kD1

��kf
2
k � 1 � p

2

3
�2

3X
kD1

f 2k � 1 � p
2

3
�2f 20 ;

where we have used the causality of the curve and (20.28).

� �2=3 � P3
kD1 �2k � 2�2=3. In this case,

1

3
�2

3X
kD1

f 2k C
3X
kD1

��kf
2
k C f 20

3X
kD1

�2k � �1
3
�2

3X
kD1

f 2k C 1

3
�2f 20 � 0;

where we have used the causality of the curve and (20.28).

� 2�2=3 � P3
kD1 �2k . In this case,

3X
kD1

��kf
2
k C f 20

3X
kD1

�2k � �j� j
�
2

3

�1=2� 3X
kD1

�2k

	1=2 3X
kD1

f 2k

C j� j
�
2

3

�1=2� 3X
kD1

�2k

	1=2
f 20 � 0;

where we have used the causality of the curve and (20.28).
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Thus (20.27) holds. �

Lemma 20.12. Consider a Bianchi class A development for which � is not identically
zero (i.e., the development is not a quotient of Minkowski space), and let the existence
interval be I D .t�; tC/. There are two possibilities:

(1) The development is not of type IX and, by a suitable choice of time orientation,
� > 0. Then all inextendible causal geodesics are future complete and past
incomplete. Furthermore, t� > �1, tC D 1 and � exhausts the interval
.0;1/.

(2) If the development is of type IX, then all inextendible causal geodesics are past
and future incomplete. We also have t� > �1, tC < 1 and � exhausts the
interval .�1;1/.

Proof. The only statements that remain to be proved are the ones concerning causal
geodesic incompleteness. Let 
 W .s�; sC/ ! M be a future directed inextendible
causal geodesic and let f� be defined as in (20.26). Since everyMt D ftg �G, t 2 I ,
is a Cauchy surface by Proposition 20.3, �1Œ
.s/� must cover the interval I as s runs
through .s�; sC/. Furthermore, �1Œ
.s/� is monotone increasing so that

�1Œ
.s/� ! t˙ as s ! s˙: (20.29)

Let s0 2 .s�; sC/ and computeZ s

s0

�f0.u/ du D �1Œ
.s/� � �1Œ
.s0/�: (20.30)

Assume that the development is not of type IX and that � > 0. Since f0� is negative
on Œs0; sC/, its absolute value is bounded on that interval by (20.27). If sC were finite,
� would be bounded from below by a positive constant on Œs0; sC/, sinceˇ̌̌̌

d�

ds

ˇ̌̌̌
� �f0�2 � C�

on that interval for some C > 0, cf. (20.19) and the observations following that
equation. Since f0� is bounded, we then deduce that f0 is bounded on Œs0; sC/. But
then (20.29) and (20.30) cannot both hold, since tC D 1 by Lemma 20.6. Thus,
sC D 1 and all inextendible causal geodesics must be future complete. Since f0� is
negative on .s�; sC/, (20.27) proves that this expression must blow up in finite s-time
going backward, so that s� > �1.

Consider the Bianchi IX case. By Proposition 20.3 and 20.9, we conclude the
existence of an s0 2 .s�; sC/ such that f0� is negative on .s�; s0/ and positive on
.s0; sC/. By (20.27), f0� must blow up a finite s-time before s0, and a finite s-time
after s0. Every inextendible causal geodesic is thus future and past incomplete. �

Corollary 20.13. Given Bianchi class A initial data for Einstein’s vacuum equations,
the Bianchi class A development is the maximal globally hyperbolic development of
the data.
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Remark 20.14. Note that our definition of unimodular Lie groups is such that the
initial data are given on a connected manifold.

Proof. The statement is an immediate consequence of Lemma 20.12, Proposition 18.16
and the definition of the MGHD. �



21 Closed universe recollapse

That there is a maximal globally hyperbolic development, given initial data, is a fun-
damental result. However, this result does not provide any information concerning
the geometric properties of the MGHD. One of the most fundamental questions to ask
concerning a Lorentz manifold is if it is causally geodesically complete or incomplete.
If all timelike geodesics in the MGHD are past and future incomplete, we shall say
that it recollapses. There is a general conjecture relating the topology of the initial
hypersurface and the issue of recollapse, and it goes under the name of recollapse
conjecture, cf. e.g. [2]. The conjecture states that if the initial hypersurface admits
a Riemannian metric of positive scalar curvature, then the MGHD recollapses. The
conjecture does, of course, come with some caveats; it is not true regardless of the mat-
ter model and presence of a cosmological constant, as the example of de Sitter space
illustrates. However, if one restricts one’s attention to vacuum spacetimes, there are,
as far as we know, no counterexamples. Since SU.2/ certainly admits metrics, in fact
left invariant metrics, of positive scalar curvature, we expect the MGHD of vacuum,
left invariant initial data on SU.2/ to recollapse, and the purpose of the present chapter
is to provide a complete proof of this fact. The proof is due to Lin and Wald, cf. [56], a
paper which also deals with certain types of matter models, and the argument we shall
carry out below follows the presentation of [56] very closely.

As was demonstrated in the previous chapter, cf. Lemma 20.9, it is enough to prove
the following theorem.

Theorem 21.1. There is no solution to (20.21)–(20.25) on an interval of the form
Œt0;1/ such that d˛=dt > 0 on the entire interval.

We shall divide the proof of the theorem into several lemmas.

Lemma 21.2. Let

S D f.x; y; z/ 2 R3 W x > 0; y > 0; z > 0; xyz D 1g;
f .x; y; z/ D x2 C y2 C z2 � 2.xy C yz C zx/:

Then f � �3 on S . Furthermore, if 
 W Œt0;1/ ! S is a continuous map such that
limt!1 j
.t/j D 1 and f B 
 is bounded on Œt0;1/, then two of the components of

 have to converge to 1 and one has to converge to zero.

Remark 21.3. Even though it will be of no relevance in what follows, let us remark
that finding the minimum of f on S corresponds to maximizing the scalar curvature
of left invariant metrics on SU.2/ while keeping the volume fixed. The maximum is
attained by the standard metric on S3 with the prescribed volume.

Proof. Let us first prove that f attains its minimum in a compact subset of S . Let
.x; y; z/ 2 S and assume, without loss of generality, that x � y � z. We have two
exclusive possibilities. Either y � x=10, in which case

f .x; y; z/ D x2 C .y � z/2 � 2x.y C z/ � x2 � 4

10
x2 D 3

5
x2; (21.1)
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or y > x=10, in which case

f .x; y; z/ D .x � y/2 C z2 � 2z.x C y/ � � 2
x

� 2

y
� �22

x
:

Since f .1; 1; 1/ D �3, we conclude that f attains its minimum on S \ K, where
K D f.x; y; z/ W max.jxj; jyj; jzj/ � 10g. Thus

g.x; y/ D x2 C y2 C 1

x2y2
� 2xy � 2

x
� 2

y

attains its minimum on Q D f.x; y/ 2 R2 W x > 0; y > 0g in a compact subset of
Q. Consequently, we have to have @xg D @yg D 0 at the minimum, which implies
x D y D 1. The first statement of the lemma follows. Assume 
 W Œt0;1/ ! S

to be a continuous map such that limt!1 j
.t/j D 1 and assume that there is a
constant C0 � 1 such that jf B 
.t/j � C0 for t 2 Œt0;1/. Let T 2 Œt0;1/ be
such that maxf
1.t/; 
2.t/; 
3.t/g � 2

p
C0 C 10 for t � T . Then the second largest

component of
 has to be larger than a tenth of the largest component, since (21.1) would
otherwise hold and imply f B
 > C0 at the corresponding point in time, contradicting
our assumptions. In order for the second largest to be equal to the smallest, we thus
have to have


1.t/
2.t/
3.t/ � 1

100
.2C

1=2
0 C 10/3 > 1;

a contradiction. Thus, for t � T , the two largest will always remain the two largest and
the smallest will always remain the smallest. Since the second largest always has to be
greater than a tenth of the largest, we conclude that the two largest have to converge to
infinity. Since the product of the components equal 1, the smallest has to converge to
zero. �

Lemma 21.4. Let V be defined as in (20.25). Then V � 0. Assume that there is a
solution ˛, ˇC, ˇ� to (20.21)–(20.25) defined on an interval of the form Œt0;1/, where
t0 2 R. If �.t/ D ŒˇC.t/; ˇ�.t/� has the property that j�.t/j ! 1 as t ! 1 and
that V B � is bounded on Œt0;1/, then we can assume, without loss of generality, that
ˇC.t/ ! 1 as t ! 1.

Proof. Let us use the notation of the proof of Lemma 20.9. One can compute that

3.V � 1/e�2˛ D n21 C n22 C n23 � 2n1n2 � 2n2n3 � 2n3n1; e�2˛ D .n1n2n3/
2=3:

Introducing

x D
�
n21
n2n3

�1=3
D e2ˇ1 ; y D

�
n22
n1n3

�1=3
D e2ˇ2 ; z D

�
n23
n1n2

�1=3
D e2ˇ3 ;

we conclude that xyz D 1, x; y; z > 0, and

3.V � 1/ D x2 C y2 C z2 � 2xy � 2yz � 2zx:
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Due to Lemma 21.2, we conclude that V � 0. Let � be a curve with the properties
stated in the lemma. Note that the curve � determines a curve 
 in S with components
x, y, z given by the above relations; ˇ˙ determine ˇi , which in their turn determine
x; y; z. Furthermore, the fact that j�.t/j ! 1 as t ! 1 implies that j
.t/j ! 1
as t ! 1. Due to Lemma 21.2, we conclude that one of the components of 
 has to
converge to zero. Without loss of generality, we can assume this component to be the
z-component. This corresponds to ˇC converging to 1. �

Let us change time coordinate according to

d	

dt
D e�˛: (21.2)

Note that time coordinates labeled t and 	 appear in [56], but they correspond to the time
coordinates 	 and t , respectively, of our presentation. The equations (20.21)–(20.24)
imply

P̨2 � P̌2C � P̌2� C 1

4
.1 � V / D 0; (21.3)

R̨ C 2. P̌2C C P̌2�/ D 0; (21.4)

ŘC C 2 P̨ P̌C C 1

8

@V

@ˇC
D 0; (21.5)

Ř� C 2 P̨ P̌� C 1

8

@V

@ˇ�
D 0; (21.6)

where the dot signifies differentiation with respect to 	 . Note that (21.4)–(21.6) imply
that if (21.3) is satisfied at one point in time, it is always satisfied.

Lemma 21.5. Assume that we have a solution to (20.21)–(20.24) on Œt0;1/. Let
	0 2 R and define 	 by (21.2) and the condition 	.t0/ D 	0. Changing time coordinate
to 	 , we get a solution to (21.3)–(21.6). Furthermore, the existence interval in 	 -time
is Œ	0;1/.

Proof. The first statement follows by a computation. To prove the statement concerning
the existence interval, note that R̨ � 0 due to (21.4). Thus

˛.	/ � P̨0.	 � 	0/C ˛0;

for some constants P̨0 > 0 and ˛0 and 	 � 	0. By (21.2), we thus obtain

t � 1

P̨0 e
P̨0.���0/C˛0 C t0

for 	 � 	0. As t ! 1, we thus have to have 	 ! 1. �

Lemma 21.6. Let ˛C; ˇC; ˇ� be a solution to (21.3)–(21.6) on an interval of the
form Œ	0;1/ such that P̨ > 0 for all 	 2 Œ	0;1/. Let K be a compact subset of
the ˇCˇ�-plane. Then there is a 	1 2 Œ	0;1/ such that ŒˇC.	/; ˇ�.	/� … K for all
	 � 	1.
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Remark 21.7. This is the lemma on page 3282 of [56].

Proof. Let

� D f.ˇC;0; ˇ�;0; ˇC;1; ˇ�;1/ 2 R4 W ˇ2C;1 C ˇ2�;1 C 1
4
ŒV .ˇC;0; ˇ�;0/ � 1� � 0:

Note that we can view � as the space of initial data for (21.3)–(21.6); ˛ only appears in
differentiated form, so that we can think of � D P̨ as a new variable and the initial data
for P̨ are given by the non-negative solution of (21.3). Note that � is closed. Given an
x 2 � , we associate a solution to (21.3)–(21.6) to x by demanding that the initial data
at 	0 be x. We shall use the notation ˛. � ; x/; ˇC. � ; x/; ˇ�. � ; x/ to denote the solution
for which ˛.	0; x/ D 0. Let 	C.x/ be the maximal existence time to the future of the
corresponding solution and define

F.x/ D
Z �C.x/

�0

Œ P̌2C.	; x/C P̌2�.	; x/� d	:

Let K 0 be a compact subset of � . Let us prove that there is then an " > 0 such that
F.x/ � " on K 0. Note that by introducing new variables, we can consider (21.4)–
(21.6) as a system of first order equations, i.e., X 0 D G.X/. By the properties of the
flow of a vector field, we thus conclude that there is a T > 0 such that 	C.x/ � T C 	0
for x 2 K 0. Furthermore,

FT .x/ D
Z �0CT

�0

Œ P̌2C.	; x/C P̌2�.	; x/� d	

which is defined on K 0, is continuous, so that it attains its minimum, and bounded
from above by F.x/. If the minimum is positive, we are done, so assume not. Then
there is an x 2 K 0 such that FT .x/ D 0. Thus P̌2C. � ; x/ C P̌2�. � ; x/ D 0 on
Œ	0; 	0 C T �. By (21.5) and (21.6) we then conclude that @V=@ˇC D @V=@ˇ� D 0 on
this interval. Since V has only one critical point, namely ˇC D ˇ� D 0, we conclude
that ˇC. � ; x/ D ˇ�. � ; x/ D 0 on Œ	0; 	0 CT �. This contradicts (21.3) and the desired
conclusion follows.

Due to (21.4) and the fact that P̨ is bounded from below, we conclude that P̌2C C P̌2�
is integrable on Œ	0;1/. Thus, if x0 2 � are the initial data for the solution under
consideration, we have F.x0/ < 1. Thus

lim
�!1

Z 1

�

. P̌2C C P̌2�/.s/ ds D 0:

Let K be a compact subset of the ˇCˇ�-plane. Note that, due to (21.3) and the fact
that P̨ decays,

P̌2C C P̌2� C 1

4
V � P̨20 C 1

4
;

where P̨0 D P̨ .	0/. Define

K1 D ˚
.a; b/ 2 R2 W a2 C b2 � P̨20 C 1

4



; K 0 D .K �K1/ \ � :
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As argued above, there is then an " > 0 and a T such that FT .x/ � " for x 2 K 0. We
wish to prove that there is a T0 such that for t � T0, the ˇC; ˇ�-components of the
solution are always in the complement ofK. In order to do so, we assume the opposite.
Thus there is a sequence 	k ! 1 such that the ˇC; ˇ�-components of the solution
at 	k are contained in K. By the above observations, the initial data for the solution
corresponding to 	 D 	k are then contained in K 0. Thus we conclude thatZ 1

�k

. P̌2C C P̌2�/.s/ ds � "; lim
k!1

Z 1

�k

. P̌2C C P̌2�/.s/ ds D 0;

where the first inequality holds for all k and we have used the fact that the system of dif-
ferential equations (21.4)–(21.6) is autonomous. We obtain the desired contradiction.

�

Proof of Theorem 21.1. Due to Lemma 21.6, we know that ˇ2C C ˇ2� tends to infinity.
Due to the constraint (21.3) and the fact that P̨ is bounded to the future, we know that
V is bounded to the future. By Lemma 21.4, we thus conclude that we, without loss
of generality, can assume that ˇC.	/ ! 1 as 	 ! 1. We wish to prove that there is
no solution with P̨ > 0 and ˇC ! 1. To this end, add five times (21.4) to (21.3) and
(21.5) in order to obtain

ŘC C 5 R̨ D �9. P̌2C C P̌2�/ � 2 P̨ P̌C � P̨2 � 1

8

�
@V

@ˇC
C 2.1 � V /

�
: (21.7)

Note that

�1
8

�
@V

@ˇC
C 2.1 � V /

�
D �2

3
e�2ˇC cosh.2

p
3ˇ�/

� 1

6
e4ˇC Œcosh.4

p
3ˇ�/ � 1�C 5

12
e�8ˇC

< �1
3
e�2ˇC ;

(21.8)

assuming that ˇC > 1. Let 	1 2 Œ	0;1/ be such that ˇC.	/ > 1 for 	 � 	1. From
now on, we shall restrict our attention to the interval Œ	1;1/. The first three terms on
the right-hand side of (21.7) can be rewritten

�9. P̌2C C P̌2�/ � 2 P̨ P̌C � P̨2 D �. P̌C C P̨ /2 � 8 P̌2C � 9 P̌2�
D �6

5
P̌C. P̌C C 5 P̨ / � .2 P̌C � P̨ /2 � 19

5
P̌2C � 9 P̌2�:

(21.9)

Combining (21.7), (21.8) and (21.9), we get

PX < � 1

3
e�2ˇC ; (21.10)

PX < � 6

5
P̌CX (21.11)
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for 	 � 	1, where we have introduced X ´ P̌C C 5 P̨ . Note that (21.10) implies that
X > 0 on Œ	1;1/, since if it ever becomes zero, it has to be negative to the future.
Since P̨ > 0, this implies P̌C < 0 to the future in contradiction with the fact that
ˇC ! 1. Since X > 0 and P̨ > 0, we can multiply (21.10) with 2X and integrate in
order to obtain, for 	1 � 	 � 	2,

X2.	2/ �X2.	/ < �2
3

Z �2

�

e�2ˇCX d	

< �2
3

Z �2

�

e�2ˇC P̌C d	

D 1

3
Œe�2ˇC.�2/ � e�2ˇC.�/�;

so that
1

3
Œe�2ˇC.�/ � e�2ˇC.�2/� < X2.	/:

Letting 	2 tend to infinity, we obtain

1p
3
e�ˇC.�/ � X.	/: (21.12)

However, (21.11) implies
X.	/ < ce�6ˇC.�/=5

for some constant c > 0 and 	 � 	1, which, recalling that ˇC.	/ ! 1 as 	 ! 1,
contradicts (21.12). The theorem follows. �

21.1 Recollapse for an open set of initial data

Combining the recollapse result of Lin and Wald with Cauchy stability and Hawking’s
singularity theorem, we obtain the conclusion that there is an open set of initial data
on the 3-sphere such that all the timelike geodesics in the corresponding MGHD’s are
future and past incomplete.

Theorem 21.8. Let .G; g; k/ be arbitrary Bianchi type IX vacuum initial data. Let
k � kHk be a choice of Sobolev norms on G, cf. Definition 15.1. Then there is an " > 0
such that if .G; �; �/ are initial data to Einstein’s vacuum equations satisfying

k� � gkH4 C kk � �kH3 � "; (21.13)

then all timelike geodesics in themaximal globally hyperbolic development of the initial
data .G; �; �/ are past and future incomplete.

Proof. Note that the Bianchi type IX development of the initial data .G; g; k/ is a
background solution, in the sense of Definition 15.8, if we define the scalar field to be
zero and the potential to be zero. We wish to prove that there is an " > 0 such that if
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(21.13) holds, then the MGHD of the initial data .G; �; �/ has Cauchy hypersurfaces
†i , i D 1; 2, such that if �i is the mean curvature of †i , then

sup
p2†1

�1.p/ < 0; inf
p2†2

�2.p/ > 0:

Due to Hawking’s singularity theorem, Theorem 55A, p. 431 of [65], the existence of
such hypersurfaces implies that timelike geodesics in the MGHD are past and future
incomplete. In order to prove the existence of such hypersurfaces, let us assume
that the above statement is false. Then there is a sequence of vacuum initial data
.G; �j ; �j / converging to .G; g; k/ with respect to the norms given in (21.13) such
that the MGHD’s corresponding to .G; �j ; �j / do not contain Cauchy hypersurfaces as
above (and, therefore, nor does any other globally hyperbolic development of the data).
However, this leads to a contradiction to Theorem 15.10, since the background solution
has compact Cauchy hypersurfaces with strictly positive and with strictly negative mean
curvature. The theorem follows. �



22 Asymptotic behaviour

In the previous two chapters, we established the basic properties of Bianchi class A
developments. In the present chapter, we analyze some aspects of the asymptotic
behaviour of the solutions to the corresponding ODE’s. The main question of interest
here is the asymptotic behaviour in the causally geodesically incomplete directions, the
goal being to prove, with some exceptions, that the Kretschmann scalar R˛ˇ�ıR˛ˇ�ı

is unbounded in the incomplete directions of causal geodesics. Note that in these
directions, the trace of the second fundamental form tends to either C1 or �1.
Consequently, it is natural to normalize the variables to compensate for this. In a paper
by Wainwright and Hsu, [84], such variables were introduced, based on the variables
of Ellis and MacCallum which we have used in the previous chapters. Not only are
the variables divided by the trace of the second fundamental form, the time coordinate
is also changed in a similar fashion. In Section 22.1, we introduce the variables: Ni ,
i D 1; 2; 3 and†˙. TheNi are simply the ni we have used earlier, divided by the trace
of the second fundamental form, and the †˙ constitute information equivalent to the
trace free part of the second fundamental form, similarly normalized. One advantage
of these variables is that the state space becomes compact for the simpler Bianchi
classes; in case of Bianchi class I, II and VI0, this is an immediate consequence of the
constraint. Furthermore, the Bianchi type I solutions become a circle of fixed points,
referred to as the Kasner circle, with respect to the new variables. Finally, there is
a natural hierarchy with the simpler Bianchi types constituting the boundary of the
more complicated ones. Since there are monotone quantities which force the solutions
toward the boundary, this means that analyzing the simpler models is of importance
when considering the more complicated ones.

As was already mentioned, not only do we change the variables, we also introduce
a new time coordinate, and in Section 22.2, we relate the different time coordinates.
Before analyzing the asymptotics, we, in Section 22.3, introduce the basic terminology
in terms of which the results will be phrased. We also introduce one very important
tool for analyzing the asymptotics: the monotonicity principle. As we shall see in later
chapters, some of the Taub type initial data are such that the corresponding MGHD’s
are extendible. It turns out that if one considers the asymptotic behaviour of the
corresponding solutions with respect to the Wainwright–Hsu variables, then one can,
without loss of generality, assume that .†C; †�/ converges to .�1; 0/. Since the
curvature cannot become unbounded as one approaches a singularity in a spacetime
which is extendible beyond the singularity, it is clear that, if one wants to prove that the
curvature generically blows up in the approach to a singularity, there could potentially
be a problem if .†C; †�/ converges to .�1; 0/. It is therefore of interest to characterize
the solutions for which .†C; †�/ converges to this value. This is done in Section 22.5.
In the remaining sections, we then analyze the asymptotics, with the exception of
Bianchi class VIII and IX for which we only state the relevant results. The main
references for this chapter are [84], [68], [70], [71], and [85].
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22.1 The Wainwright–Hsu variables

Before introducing the Wainwright–Hsu variables, we exclude the Bianchi class A
developments isometric to Minkowski space, and in the case of Bianchi type IX, we
consider the two halves of the development, corresponding to the mean curvature
exhausting the intervals .�1; 0/ and .0;1/, separately.

In order to be able to define the Wainwright–Hsu variables, let us first define

†ij D �ij =�; Nij D nij =�:

Furthermore, let 	 be a function satisfying

dt

d	
D 3

�
: (22.1)

Let

†C D 3

2
.†22 C†33/ and †� D

p
3

2
.†22 �†33/: (22.2)

If we letNi be the diagonal elements ofNij , equations (20.8), (20.17) and (20.9) imply

N 0
1 D .q � 4†C/N1; (22.3)

N 0
2 D .q C 2†C C 2

p
3†�/N2; (22.4)

N 0
3 D .q C 2†C � 2p3†�/N3; (22.5)

†0C D �.2 � q/†C � 3SC; (22.6)

†0� D �.2 � q/†� � 3S�; (22.7)

where the prime denotes derivative with respect to the time coordinate 	 and

q D 2.†2C C†2�/; (22.8)

SC D 1

2
Œ.N2 �N3/2 �N1.2N1 �N2 �N3/�; (22.9)

S� D
p
3

2
.N3 �N2/.N1 �N2 �N3/: (22.10)

The constraint, (20.14), becomes

†2C C†2� C 3

4
ŒN 2
1 CN 2

2 CN 2
3 � 2.N1N2 CN2N3 CN1N3/� D 1: (22.11)

The equations (22.3)–(22.11) have certain symmetries described in [84]; by permuting
N1; N2; N3 arbitrarily, we get new solutions if we at the same time carry out appro-
priate combinations of rotations by integer multiples of 2�=3 and reflections in the
.†C; †�/-plane. We shall classify points .†C; †�; N1; N2; N3/ according to the val-
ues of N1; N2; N3 in the same way as in Table 19.1. Since the sets Ni > 0, Ni < 0

and Ni D 0 are invariant under the flow of the equation, we may classify solutions to
(22.3)–(22.11) accordingly. The Raychaudhuri equation (20.17) takes the form

� 0 D �.1C q/�: (22.12)
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Definition 22.1. The Kasner circle is defined by the conditions Ni D 0 and the
constraint (22.11). There are three points on this circle called special, defined by the
†C†�-coordinates being .†C; †�/ D .�1; 0/ and .1=2;˙p

3=2/. Define K1 to be
the segment of the Kasner circle with †C > 1=2.

If the Bianchi class A development we started with was LRS (of Taub type), then
we shall say that the corresponding solution to the equations of Wainwright and Hsu
is an LRS (or a Taub type) solution. In particular, if n2 D n3 and �2 D �3, we have
N2 D N3 and †� D 0.

22.2 Relation between the time coordinates

It will be of interest to relate the time coordinate 	 , which we shall refer to as Wain-
wright–Hsu time, to the time coordinate t .

Lemma 22.2. Consider a Bianchi class A development which is not of type IX and
for which � is not identically zero (i.e., it is not a quotient of Minkowski space). Due
to Lemma 20.6, we can then assume � > 0. If the existence interval is of the form
I D .t�; tC/, then the corresponding solution to the equations of Wainwright and Hsu
has existence interval R, and t ! t˙ corresponds to 	 ! ˙1, i.e.,

� … L1Œt0; tC/; � … L1.t�; t0� (22.13)

for t0 2 .t�; tC/.
Proof. Due to Lemma 20.6, tC D 1, and we have

lim
t!1 �.t/ D 0; lim

t!t�C �.t/ D 1: (22.14)

Due to the constraint, (22.11), q � 2 for all the Bianchi types except IX. Combining
this observation with (22.12) and (22.14), we conclude that

lim
t!t˙� 	.t/ D ˙1:

Since

	.t/ � 	.t0/ D 1

3

Z t

t0

�.s/ ds;

we conclude that (22.13) holds. �

Lemma 22.3. Consider a Bianchi type IX development with I D .t�; tC/. According
to Lemma 20.9, there is a t0 2 I such that � > 0 in I� D .t�; t0/ and � < 0 in
IC D .t0; tC/. The solution to the equations of Wainwright and Hsu corresponding to
the interval I� has existence interval .�1; 	�/with 	� < 1, and t ! t� corresponds
to 	 ! �1. Similarly, IC corresponds to .�1; 	C/ with 	C < 1 and t ! tC
corresponding to 	 ! �1. In particular, (22.13) holds.
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Proof. Let us relate the different time coordinates on I�. According to equation (22.1),
	 has to satisfy dt=d	 D 3=� . Define

Q	.t/ D
Z t

t1

�.s/

3
ds;

where t1 2 I�. Then Q	 W I� ! Q	.I�/ is a diffeomorphism and strictly monotone on
I�. Since � is positive in I�, Q	 increases with t . Since � is continuous beyond t0, it is
clear that Q	.t/ ! 	� 2 R as t ! t0. To prove that t ! t� corresponds to 	 ! �1,
note that, due to Lemma 20.6, �.t/ ! 1 as t ! t�. If Q	 were bounded from below
on I�, then the Ni would be bounded on .t�; t0�, since

N1.	/ D exp
² Z �

0

Œq.s/ � 4†C.s/� ds
³
N1.0/ � e�2�N1.0/

for 	 � 0 and similarly for N2 and N3. Consequently, q would be bounded on .t�; t0�
due to the constraint, (22.11), so that (22.12) would imply that � is bounded on .t�; t0�,
a contradiction. Similar arguments yield the same conclusion concerning IC. �

22.3 Terminology, asymptotic behaviour

Before we discuss the asymptotics, let us introduce some terminology.

Definition 22.4. Let f 2 C1.Rn;Rn/, and consider a solution x to the equation

dx

dt
D f B x; x.0/ D x0;

with maximal existence interval .t�; tC/. We call a point x� an ˛-limit point of the
solution x, if there is a sequence tk ! t� with x.tk/ ! x�. The ˛-limit set of x is the
set of its ˛-limit points. The !-limit set is defined similarly by replacing t� with tC.

Remark 22.5. If t� > �1 then the ˛-limit set is empty and similarly for the !-limit
set, cf. Lemma 56, p. 30 of [65]. Furthermore, it is clear that the ˛- and !-limit sets
are closed and invariant under the flow of the vector field f .

The following lemma, which we shall refer to as the monotonicity principle, will
be of central importance in the analysis of the asymptotics.

Lemma 22.6. Consider
dx

dt
D f B x (22.15)

where f 2 C1.Rn;Rn/. Let U be an open subset of Rn and M a closed subset
invariant under the flow of the vector field f . Let G W U ! R be a continuous
function such that G B x is strictly monotone for any solution x of (22.15), as long as
x.t/ 2 U \M . Then no solution of (22.15) whose image is contained in U \M has
an ˛- or !-limit point in U .
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Proof. Suppose p 2 U is an ˛-limit point of a solution x whose image is contained in
U \M . Then G B x is strictly monotone and there is a sequence tn ! �1 such that
x.tn/ ! p by our assumptions. Thus GŒx.tn/� ! G.p/. Since G B x is monotone,
we conclude that GŒx.t/� ! G.p/. Thus G.q/ D G.p/ for all ˛-limit points q of x.
SinceM is closed, p 2 M . The solution Nx of (22.15) with initial value p is contained
in M by the invariance property of M , and it consists of ˛-limit points of x so that
GŒ Nx.t/� D G.p/, which is constant. Furthermore, on an open set containing zero it
takes values in U contradicting the assumptions of the lemma. The argument for the
!-limit set is similar. �

22.4 Criteria ensuring curvature blow up

One way to prove that a MGHD is inextendible is to prove that the curvature, e.g. the
Kretschmann scalar, becomes unbounded in the incomplete directions of timelike
geodesics, cf. Lemma 18.18. Let us formulate a result which relates the issue of
blow up to the asymptotics of solutions to (22.3)–(22.11).

Lemma 22.7. Consider a part of a Bianchi class A development such that � ranges
between 0 and 1 (or between �1 and 0). If the corresponding solution to (22.3)–
(22.11) has a non-special ˛-limit on the Kasner circle, then the Kretschmann scalar,
R˛ˇ�ıR

˛ˇ�ı , is unbounded along causal curves along which � ! 1 (or � ! �1).

Remark 22.8. The definition of “unbounded along causal curves” is similar in vein to
the definition of “unbounded in the incomplete directions of timelike geodesics” given
in Remark 18.19.

The proof is to be found in Section B.4.

22.5 Limit characterization of the Taub solutions

Due to Lemma 22.7, we see that the special points on the Kasner circle play an important
role. Of course, the statement of the lemma is an implication, not an equivalence.
Nevertheless, as we shall see in Chapter 23, if the Wainwright–Hsu variables of a
Bianchi type I development is a special point on the Kasner circle, then the development
has an open subset of Minkowski space as a universal covering space. Similarly,
if the Wainwright–Hsu variables of a Bianchi type VII0 development are given by
.†C; †�/ D .�1; 0/ and N2 D N3 (or if one of the permuted conditions hold),
then the development has an open subset of Minkowski space as a universal covering
space. In the above mentioned cases, it is thus clear that the Kretschmann scalar is
identically zero. Consequently, even though we, at this stage, are not able to prove
that the statement of Lemma 22.7 can be improved to an equivalence, it is clear that
the special points on the Kasner circle play an essential role, and that it is important
to characterize the solutions the †C†�-variables of which converge to, say, .�1; 0/.
The purpose of the present section is to provide such a characterization. Finally, let us
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note that, in the end, it will be possible to improve Lemma 22.7 to an equivalence. The
arguments of the present section are taken from [70], pp. 721–722.

Let us start by making an elementary observation that will be of importance in what
follows.

Lemma22.9. Consider apositive functionN such thatN 0 D hN , whereh.	/! ˛ 2 R
as 	 ! �1. Then, for every " > 0, there is a T such that 	 � T implies

expŒ.˛ C "/	� � N.	/ � expŒ.˛ � "/	�:
The following statement is the main result of this section.

Proposition 22.10. A solution to (22.3)–(22.11) satisfies

lim
�!�1Œ†C.	/;†�.	/� D .�1; 0/ (22.16)

only if it is contained in the invariant set †� D 0 and N2 D N3.

Remark 22.11. The analogue for .†C; †�/ ! .1=2;˙p
3=2/ is true due to the

symmetries.

The proposition is a consequence of Lemma 22.13 and 22.14 below. We shall, in
this section, assume that .†C; †�/ converges to .�1; 0/. Consider

f D 4

3
†2� C .N2 �N3/2:

Note that f is either identically zero or always strictly positive due to the fact that
N2 D N3, †� D 0 is an invariant set. A related function, Z�1, defined in (22.22),
will be important in the analysis of the asymptotics of Bianchi VII0 solutions. We shall
prove an estimate of the form f .T / � g.	; T / for some T and 	 � T and then that
g.	; T / ! 0 as 	 ! �1. Compute

f 0 D �.2 � q/ 8
3
†2� C 4

p
3N1.N2 �N3/†� C 2.q C 2†C/.N2 �N3/2: (22.17)

Lemma 22.12. For every " > 0 there is a T such that

f .T / � f .	/ expŒ".T � 	/� (22.18)

for all 	 � T .

Proof. Due to (22.16), (22.3) and Lemma 22.9, N1 converges to zero as 	 ! �1.
Furthermore, due to (22.16), 2� q and qC 2†C converge to zero. Thus, for all " > 0
there exists a T such that 	 � T implies f 0 � "f by (22.17). The lemma follows. �

Lemma 22.13. If there is a sequence 	k ! �1 as k ! 1 such that †C.	k/ � �1,
then †� D 0 and N2 D N3.
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Proof. The constraint, (22.11) yields, at 	k ,

3

4
f D †2� C 3

4
.N2 �N3/2 � 3

2
N1.N2 CN3/:

Applying Lemma 22.9 to N1N2 and N1N3, we conclude that for k large enough,
f .	k/ � exp.2	k/. Choose a finite T corresponding to " D 1 in (22.18). Then
f .T / � exp.	k C T /. Letting k ! 1, we obtain f .T / D 0, so that f is identically
zero. �

Lemma 22.14. If there is an S such that †C.	/ � �1 for all 	 � S , then †� D 0

and N2 D N3.

Proof. Using the constraint to express 2 � q in terms of the Ni , (22.6) yields

.†C C 1/0 � 9

2
N 2
1 C 9

2
jN1.N2 CN3/j;

assuming that �1 � †C � 0. Let T be such that the right-hand side � 2e2� and
�1 � †C.	/ � 0 for all 	 � T . Integrating this inequality, using (22.16), we obtain

0 � †C.	/C 1 � e2�

for all 	 � T . But then the constraint yields

3

4
f D �3

4
N 2
1 C 3

2
N1.N2 CN3/C .1 �†C/.1C†C/:

By the above argument we have control over the last term, and as in the previous lemma
we have control over the first two terms. Thus, there exists an S 0 such that 	 � S 0
implies f .	/ � e� . We deduce, using " D 1

2
in (22.18), that f is identically zero. �

22.6 Asymptotic behaviour, Bianchi type I and II

For reasons already mentioned, cf. Lemma 22.7, our main interest in the asymptotics
is to prove that there are non-special ˛-limit points on the Kasner circle.

In the Wainwright–Hsu variables, the type I solutions are all fixed points, and,
consequently, there is nothing to analyze. Let us turn to the Bianchi type II solutions.
Before stating the result, recall that K1 is the segment of the Kasner circle with†C >

1=2.

Proposition 22.15. A Bianchi type II vacuum solution of (22.3)–(22.11) with N1 > 0
and N2 D N3 D 0 satisfies

lim
�!˙1N1.	/ D 0: (22.19)

The !-limit set is a point in K1 and the ˛-limit set is a point on the Kasner circle, in
the complement of the closure of K1. Furthermore,

lim
�!�1†�.	/ D 0

if and only if †�.	/ D 0 for all 	 .
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Proof. Using the constraint, (22.11), we deduce that

†0C D 3

2
N 2
1 .2 �†C/:

We wish to apply the monotonicity principle, Lemma 22.6. There are three variables:
N1, †C and †�. Let U be defined by N1 > 0, M be defined by (22.11), and
G.†C; †�; N1/ D †C. To prove that (22.19) holds, assume there is a sequence
	n ! 1 such thatN1.	n/ is bounded from below by a positive constant. A subsequence
yields an !-limit point by (22.11). The monotonicity principle yields N1.	nk

/ ! 0

for the subsequence, a contradiction. The argument for the ˛-limit set is similar, and
(22.19) follows. Compute �

†�
2 �†C

�0
D 0: (22.20)

Since†C is strictly monotonically increasing, this yields the remaining conclusions of
the proposition; note in particular that the points on the Kasner circle with †C D 1=2

can neither be ˛- nor !-limit points, since the lines in the †C†�-plane defined by
(22.20) passing through these points do not intersect the interior of the Kasner circle.

�

22.7 Type VI0 solutions

Proposition 22.16. Every Bianchi type VI0 solution withN1 D 0 converges to a point
in K1 as 	 ! �1.

Proof. Note that
†0C D �.2 � q/.1C†C/: (22.21)

We wish to apply the monotonicity principle. With notation as in Lemma 22.6, let U
be defined by q < 2. Note that, since .N2 � N3/

2 > 0, the image of the solution is
contained in U . Let G be defined by 1C†C, and M by the constraint (22.11). Since
q < 2 in U , G evaluated on a solution is strictly monotone as long as the solution is
contained in U \ M . On the ˛-limit set, we thus have to q D 2. As a consequence,
N2 and N3 converge to zero (note that, due to the constraint, the variables belong to
a compact set). Due to (22.21), we also know that †C has to converge. Let �C be
the limit of †C. In order to prove that †� converges, assume that it does not. Then
�2C < 1 and there are time sequences tk; sk ! �1 such that

lim
k!1

†�.tk/ D
q
1 � �2C; lim

k!1
†�.sk/ D �

q
1 � �2C:

We can, without loss of generality, assume tk � sk . For k large enough, we can extract
a sequence rk 2 .tk; sk/ such that †�.rk/ D 0. Since the variables are contained
in a compact set, a subsequence of frkg leads to an ˛-limit point with †� D 0.
Consequently, �2C D 1, contradicting our assumptions. Thus †� has to converge to,
say, ��. Note that, since N2 and N3 converge to zero, we have to have �C � 1=2.
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Furthermore, �C cannot equal 1=2, since Proposition 22.10 would then imply that
either N2 D 0 or N3 D 0 for the entire solution. The proposition follows. �

22.8 Type VII0 solutions

When speaking of Bianchi VII0 solutions, we shall always assume N1 D 0 and
N2; N3 > 0.

Lemma 22.17. Consider a type VII0 solution such that N2 D N3 and †� D 0. Then
there are two possibilities. Either

� N2 D N3 is constant, †C D �1 and †� D 0, or

� †C D 1, in which case

lim
�!�1N2.	/ D lim

�!�1N3.	/ D 0:

Proof. Due to the constraint, (22.11), we have †C D ˙1. Due to the equations,
(22.3)–(22.11), the lemma follows. �

Proposition 22.18. Every Bianchi typeVII0 solution withN1 D 0which is not of Taub
type converges to a point in K1 as 	 ! �1.

Before proving this statement, let us make some observations.

Lemma 22.19. For a Bianchi type VII0 solution with N1 D 0, which is not of Taub
type, .N2; N3/.�1; 0� is contained in a compact set.

Proof. Due to the assumptions,

Z�1 D
4
3
†2� C .N2 �N3/2

N2N3
(22.22)

is never zero. This function occurs on p. 1429 of [84]. Note, however, that in [84], the
work of Bogoyavlensky [7] is referred to as the source of this function, cf. the functions
Fi on p. 63 of [7]. In [68], Z�1 was used to analyze the asymptotics. Compute

Z0�1 D �16
3

†2�.1C†C/
4
3
†2� C .N2 �N3/2

Z�1: (22.23)

The proof that the past dynamics are contained in a compact set is as in the work of
Rendall, [68]. Let 	 � 0. Then Z�1.	/ � Z�1.0/, so that, using the constraint,
(22.11),

.N2N3/.	/ � 4

3Z�1.0/
:

Combining this fact with the constraint, we see that all the variables are contained in a
compact set during .�1; 0�. �
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Lemma 22.20. Every Bianchi type VII0 solution with N1 D 0 which is not of Taub
type satisfies

lim
�!�1.N2N3/.	/ D 0:

Proof. Assume the contrary. Then we can use Lemma 22.19 to construct an ˛-limit
point .�C; ��; 0; n2; n3/ where n2n3 > 0. We apply the monotonicity principle in
order to arrive at a contradiction. With notation as in Lemma 22.6, let U be defined
by N2 > 0; N3 > 0 and †2� C .N2 � N3/

2 > 0. Let G be defined by Z�1, and
M by the constraint (22.11). We have to show that G, evaluated on a solution, is
strictly monotone as long as the solution is contained in U \ M . Consider (22.23).
By the constraint (22.11), †2� C .N2 � N3/

2 > 0 implies †C > �1. Furthermore,
Z�1 > 0 on U . If Z0�1 D 0 in U \M , we thus have †� D 0, but then †0� ¤ 0 since
†2� C .N2 � N3/

2 > 0 and N2 C N3 > 0. The ˛-limit point we have constructed
cannot belong to U . On the other hand, n2; n3 > 0 and since Z�1 increases as we go
backward, �2� C .n2 � n3/2 cannot be zero. We have a contradiction. �

Proof of Proposition 22.18. Note that

†0C D �.2 � q/.1C†C/: (22.24)

Again, we wish to apply the monotonicity principle. With notation as in Lemma 22.6,
letU be defined byN2CN3 > 0 and†2� C.N2�N3/2 > 0. Note that, by assumption,
this is fulfilled for the entire solution. Let G be defined by 1 C †C, and M by the
constraint (22.11). We have to show thatG evaluated on a solution is strictly monotone
as long as the solution is contained in U \ M . Consider (22.24). By the constraint
(22.11), †2� C .N2 � N3/

2 > 0 implies †C > �1. If q D 2, then N2 D N3, due
to the constraint, and †� ¤ 0. As a consequence, .N2 � N3/

0 ¤ 0. Thus G is
strictly monotone. On the ˛-limit set, we thus have to have either N2 C N3 D 0 or
†2� C .N2 � N3/

2 D 0. Thus q D 2 on the ˛-limit set. Due to (22.24) we also
know that †C has to converge to, say, �C. Note that �C > �1. If �C D 1, then
†�; N2; N3 ! 0. If �C 2 .�1; 1/, then †� has to converge by the argument that
was presented in the end of the proof of Proposition 22.16. If �C < 1=2, either N2 or
N3 has to converge to 1, contradicting Lemma 22.19. Finally, �C cannot equal 1=2
since Proposition 22.10 would then imply that either N2 D 0 or N3 D 0 for the entire
solution. The proposition follows. �

22.9 Bianchi type VIII and IX

Since the arguments needed to analyze the asymptotics in the case of Bianchi type VIII
and IX are somewhat technical, we do not wish to write them down. Nevertheless, we
wish to quote some of the results. The following result was proved in [70].

Theorem 22.21. A solution of Bianchi type VIII or IX which is not of Taub type has
at least two ˛-limit points on the Kasner circle, at least one of which is non-special.
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Remark 22.22. Note that, given the background material we have provided so far in
these notes, the material presented on pp. 723–727 in [70] is essentially sufficient to
prove this fact. Note also that one can obtain more information than this; in [71] it
is, for instance, proved that Bianchi IX solutions which are not of Taub type have the
property that

lim
�!1.N1N2 CN2N3 CN3N1/.	/ D 0;

even though none of the Ni converge to zero.

22.10 Curvature blow up

Let us express the results of the present chapter in terms of Bianchi class A initial data.

Proposition 22.23. Let .G; g; k/ be Bianchi class A initial data for Einstein’s vacuum
equations. Due to Corollary 19.14, there is a canonical basis e0

i of the Lie algebra,
with associated commutator matrix �, such that kij D k.e0

i ; e
0
j / are the components of

a diagonal matrix. Then the Kretschmann scalar is unbounded in the incomplete direc-
tions of causal geodesics in the corresponding MGHD’s, with the following possible
exceptions:

� the initial data are of Bianchi type I, k11 ¤ 0 and k22 D k33 D 0 or one of the
permuted conditions hold,

� the initial data are of Bianchi type VII0, k11 ¤ 0, k22 D k33 D 0 and �2 D
�3 ¤ 0,

� the initial data are locally rotationally symmetric initial data of Bianchi type II,
VIII or IX.

Remark 22.24. Note that the MGHD’s of Bianchi type I and VII0 vacuum initial
data such that trg k D 0 are causally geodesically complete, so that the Kretschmann
scalar is unbounded in the incomplete directions of causal geodesics, since there are
no incomplete geodesics.

Proof. The statement is an immediate consequence of the basic properties of Bianchi
class A developments, Proposition 22.15, Proposition 22.16, Lemma 22.17, Proposi-
tion 22.18, Theorem 22.21 and Lemma 22.7, keeping in mind that k11 ¤ 0, k22 D
k33 D 0 and �2 D �3 corresponds to †C D �1 and N2 D N3. �
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In Proposition 22.23 of the previous chapter, we demonstrated that, with a few excep-
tions, the MGHD’s of left invariant vacuum initial data on 3-dimensional unimodular
Lie groups are inextendible; in fact, the Kretschmann scalar is in most cases unbounded
in the incomplete directions of causal geodesics. The main purpose of the present chap-
ter is to prove that in the remaining cases, the metric of the MGHD can be rewritten in
the form (17.1), cf. also the discussion in the adjacent text. This observation will form
a basis for the construction of an extension. Note that, due to Proposition 22.23, all
the left invariant initial data for which we do not already know the Kretschmann scalar
to become unbounded in the incomplete directions of causal geodesics are of Taub
type. Consequently, we shall in this chapter discuss the LRS solutions of the different
Bianchi types one by one. In the context of that discussion, the following preliminary
observation is of interest. If G andH are Lie groups with Lie algebras g and h, and if
there is a homomorphism � W g ! h, then there is, assumingG to be simply connected,
a unique Lie group homomorphism  W G ! H which induces the homomorphism �

on the Lie algebra level. This is a fundamental result concerning Lie groups, and those
interested in a proof are referred to e.g. Warner’s book [88], Theorem 3.27, p. 101 or,
for a more recent reference, Lee’s book [55], Theorem 20.15, p. 532. As a consequence
of this result, two simply connected Lie groups with isomorphic Lie algebras are iso-
morphic. Thus, given a Lie algebra, it is sufficient to find one representative simply
connected Lie group with that Lie algebra. The representatives we shall choose are as
in [53].

Note that LRS developments have the property that (after having carried out a
permutation if necessary) if we write the metric in the form (20.13), then a2 D a3,
assuming that � i are the duals of a canonical basis e0

i for the Lie algebra such that the
associated commutator matrix � has the property that �2 D �3.

23.1 Bianchi type I

Lemma 23.1. Let .G; g; k/ be Bianchi type I initial data for Einstein’s vacuum equa-
tions with G simply connected. There are the following possibilities:

� if trg k D 0, then the MGHD of .G; g; k/ is isometric to Minkowski space;

� if trg k ¤ 0, then there are pi 2 R such that

3X
iD1

pi D 1;

3X
iD1

p2i D 1; (23.1)

and the MGHD of .G; g; k/ is isometric to

g D �dt2 C
3X
iD1

t2pidxi ˝ dxi (23.2)
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on RC �R3, where RC D .0;1/. In this case, the time orientation is determined
by the sign of trg k; if trg k > 0, @t is future oriented.

Let ei be a canonical basis such that kij D k.ei ; ej / are the components of a
diagonal matrix. If k22 D k33 D 0 and k11 ¤ 0 or one of the permuted conditions
hold, then the MGHD is isometric to

gK D �dt2 C t2dx2 C dy2 C dz2 (23.3)

on RC � R3. Note in particular that if we define

�K.t; x; y; z/ D .t cosh x; t sinh x; y; z/; (23.4)

then �K W RC � R3 ! R4 is a diffeomorphism onto its image, and if we pull back the
Minkowski metric on R4 using this map, we obtain the metric (23.3). Finally, changing
the time coordinate to s D t2=4, the metric (23.3) takes the form

gK D �1
s
ds2 C 4sdx2 C dy2 C dz2: (23.5)

Remark 23.2. The metric (23.3) is referred to as the flat Kasner solution. The reason
for calling it the flat Kasner solution is that, due to the existence of the diffeomor-
phism �K , the Riemann curvature tensor of (23.3) is identically zero. In particular, the
corresponding spacetime has a singularity in the sense of causal geodesic incomplete-
ness which is not a singularity in the sense of curvature blow up. Metrics of the form
(23.2) where the pi are constant and satisfy (23.1), sometimes referred to as the Kasner
relations, are called the Kasner metrics. Note that, in the Bianchi type I case, the con-
ditions k22 D k33 D 0 and k11 ¤ 0 exactly constitute the case in Proposition 22.23 for
which we do not know the curvature to blow up in the incomplete directions of causal
geodesics. For those interested in relating the form of the metric given in (23.2) to the
variables of Wainwright and Hsu, let us note that

†� D
p
3

2
.p2 � p3/; †C D 3

2

�
p2 C p3 � 2

3

�
: (23.6)

Given pi , i D 1; 2; 3, one can compute †C and †� using (23.6), and if (23.1) is
satisfied, †2C C †2� D 1. Given †C and †�, one can compute pi , i D 1; 2; 3, using
(23.6) and the first equality in (23.1). If †2C C†2� D 1, one can then also check that
the second equality in (23.1) holds.

Proof. Clearly, R3 is a simply connected Lie group of Bianchi type I, assuming that
we define the product of two elements to be the sum. Thus, by the remarks made in
the introduction to this chapter, we might as well assumeG to be R3 with this product.
The statement concerning the case trg k D 0 follows from Lemma 20.6 and its proof.
Thus, let us restrict our attention to the case trg k D � > 0 (which we can always do by
a suitable choice of time orientation). Since all the ni are zero in this case, the relevant
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equations are (20.7), (20.8) and (20.14). Thus we have

P� D �3
2
�ij�

ij ; (23.7)

P�ij D ���ij ; (23.8)

2

3
�2 D �ij�

ij : (23.9)

Combining (23.7) and (23.9), we conclude that

P� D ��2; (23.10)

which implies that we can choose a time coordinate such that �.t/ D 1=t . Note,
however, that this time coordinate is different from the one we used previously. Com-
bining (23.10) with (23.8), we conclude that �i=� is constant and we shall denote this
constant by pi . Note that (23.1) holds, where the first equality is a consequence of the
definition and the second equality follows from (23.9). By choosing suitable constant
multiples of @i as a basis for the Lie algebra of R3, we can assume that ai .1/ D 1.
Since Pai D �iai (no summation), we obtain ai .t/ D tpi . By a suitable choice of basis
of the Lie algebra and choice of time coordinate, we can thus write a Bianchi type I
development, assuming that it is not Minkowski space, of simply connected initial data
as (23.2). Finally, let us consider the case that, for the initial data, k22 D k33 D 0 and
k11 ¤ 0. Then �2 D �3 D 0 and �1 ¤ 0, so that p1 D 1 and p2 D p3 D 0. The
remaining statements of the lemma follow by straightforward computations. �

23.2 Bianchi VII0

Lemma 23.3. Let .G; g; k/ be Bianchi type VII0 initial data for Einstein’s vacuum
equations withG simply connected. Due to Corollary 19.14, there is a canonical basis
e0
i of the Lie algebra, with associated commutator matrix �, such that kij D k.e0

i ; e
0
j /

are the components of a diagonal matrix. If k11 ¤ 0, k22 D k33 D 0 and �2 D �3,
or one of the permuted conditions hold, then the MGHD of .G; g; k/ is isometric to
(23.3).

Proof. Let us define a binary operation on R3 by0@x1y1
z1

1A0@x2y2
z2

1A D
0@ x2 C x1
z2 sin x1 C y2 cos x1 C y1
z2 cos x1 � y2 sin x1 C z1

1A : (23.11)

One can check that this operation is associative, that there is an identity element (the
origin) and that there is an inverse of every element given by0@xy

z

1A�1

D
0@ �x
z sin x � y cos x

�y sin x � z cos x

1A :
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Furthermore, it is clear that the operation of taking the product and the operation of
taking the inverse are smooth. Consequently, R3, with the product given by (23.11), is
a simply connected Lie group. By left translation of @x , �@y and @z at the origin, one
obtains a basis

e1 D @x; e2 D � cos x@y C sin x@z; e3 D sin x@y C cos x@z (23.12)

of the Lie algebra such that if Œei ; ej � D 
kij ek , then 
kij D "ijl�
kl , where � is a diagonal

matrix. If we let �i denote the diagonal entries of �, then �1 D 0, �2 D �3 D 1.
Consequently, all simply connected Lie groups of Bianchi type VII0 are isomorphic to
R3 with the group structure defined by (23.11), and we can, without loss of generality,
assume the e0

i mentioned in the statement of the lemma to be constant multiples of the ei
given by (23.12), the constant multiplying e2 being equal to the constant multiplying e3.
Duals, say � i , of the ei are given by

�1 D dx; �2 D � cos xdy C sin xdz; �3 D sin xdy C cos xdz: (23.13)

The MGHD of the initial data given in the statement of the lemma can be written in
the form (20.13) where the � i are given in (23.13) and a2 D a3. Since

�2 ˝ �2 C �3 ˝ �3 D dy2 C dz2;

we see that an LRS Bianchi type VII0 solution is actually an LRS Bianchi type I
solution, something we have already discussed. The lemma follows. �

23.3 Bianchi type VI0

For the sake of completeness, we shall write down the relevant Lie group, Sol, even
though there are no LRS solutions in the case of Bianchi class VI0. The underlying
manifold is R3, but the group structure is given by0@x1y1

z1

1A0@x2y2
z2

1A D
0@ x1 C x2
y1 C ex1y2
z1 C e�x1z2

1A :
One can check that this product is associative, that there is an identity element (the
origin) and that the inverse is given by0@xy

z

1A�1

D
0@ �x

�e�xy
�exz

1A :
By left translation of @x , @y C @z and �@y C @z at the origin, one obtains a basis

e1 D @x; e2 D ex@y C e�x@z; e3 D �ex@y C e�x@z :

of the Lie algebra such that if Œei ; ej � D 
kij ek , then 
kij D "ijl�
kl , where � is a diagonal

matrix. If we let �i denote the diagonal entries of �, then �1 D 0, �2 D 1 and �3 D �1.
There are clearly no LRS solutions.
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23.4 Bianchi type II, VIII and IX

In the case of Bianchi type II, the relevant group is the Heisenberg group. In other
words, the subgroup of GL.3;R/ given by matrices of the form0@1 x y

0 1 z

0 0 1

1A ;
where x; y; z 2 R. Bianchi type VIII corresponds to the universal covering group of
SL.2;R/ and Bianchi type IX corresponds to SU.2/.

Lemma 23.4. Let .G; g; k/ be locally rotationally symmetric vacuum initial data of
Bianchi type II, VIII or IX. Due to Corollary 19.14, there is a canonical basis e0

i of the
Lie algebra, with associated commutator matrix �, such that kij D k.e0

i ; e
0
j / are the

components of a diagonal matrix. Furthermore, k22 D k33 and �2 D �3. Let � i be
the duals of the e0

i . Then the MGHD of .G; g; k/ is isometric to

g D �L
2

X
du2 CX�1 ˝ �1 C Y 2.�2 ˝ �2 C �3 ˝ �3/ (23.14)

on J � G, where J is an open interval to be specified below, L is a positive constant
and Y is defined by the condition that it be positive and that

Y 2.u/ D ˛22

�
u2 C 1

4
�21

�
;

where ˛2 is a positive constant. In the case of Bianchi type II, the functionX is defined
by

X.u/Y 2.u/ D ˛212u;

where ˛12 > 0 is a constant. In the case of Bianchi type VIII and IX, X is defined by

X.u/Y 2.u/ D �˛42�1�2u2 C c1uC 1

4
˛42�

3
1�2; (23.15)

where c1 is a constant. The metric (23.14) is defined on J �G, where J D .u�; uC/
is an interval depending on the Bianchi type. We have the following cases:

� in the case of Bianchi II, J D .0;1/;

� in the case of Bianchi VIII, J D .u�;1/, where u� is the infimum of the set of �
such that the polynomial on the right-hand side of (23.15) is positive on .�;1/;

� in the case of Bianchi IX, J is the largest interval on which the right-hand side
of (23.15) is positive.

Remark 23.5. The form of the metric given in (23.14) should be compared with [37],
p. 134.
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Proof. For locally symmetric solutions, the relevant equations can be written

P�1 C ��1 C 1

2
n21 D 0; (23.16)

P�2 C ��2 � 1

2
n21 C n1n2 D 0; (23.17)

Pn1 C .2�2 � �1/n1 D 0; (23.18)

Pn2 C �1n2 D 0; (23.19)

2�22 C 4�1�2 � 1

2
n21 C 2n1n2 D 0; (23.20)

cf. (20.5), (20.6) and (20.14). Using (23.17), (23.18) and (23.20), one can compute
that

d

dt

�
�2

n1

�
D �22 C 1

4
n21

n1
: (23.21)

In particular, �1�2=n1, where �i D ni .0/, is strictly increasing, and we can use it as a
time coordinate. Define

u ´ �1
�2

n1
:

Note that (23.20) can be reformulated to

4.�1 C 2�2/�2 � 6�22 � 1

2
n21 C 2n1n2 D 0:

In the case of Bianchi type II and VIII, we see that all the terms except the first one
on the left-hand side are non-positive and that the third term on the left-hand side is
negative. Since our conventions are such that � D �1 C 2�2 > 0, we see that �2 must
always be strictly larger than zero. Thus, in the case of Bianchi type II and VIII, we
have u > uC for some constant uC � 0. By (23.21), we have

dt

du
D 1

�1

n1

�22 C 1
4
n21

D �1

n1

1

u2 C 1
4
�21
: (23.22)

Compute, using (20.12),

da22
du

D 2�2a
2
2

dt

du
D 2�2a

2
2

�1

n1

1

u2 C 1
4
�21

D 2u

u2 C 1
4
�21
a22:

Thus there is a constant ˛2 > 0 such that

a22 D ˛22

�
u2 C 1

4
�21

�
: (23.23)

Observe that we use the notation a21 D X and a2 D Y in the statement of the lemma.
Note that, cf. (20.2),

n1 D �1
a1

a22
:
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Thus, combining this with (23.22) and (23.23), we obtain

dt

du
D 1

u2 C 1
4
�21

a22
a1

D ˛22
a1
:

In particular,

�dt2 D �˛
4
2

a21
du2 D �L

2

X
du2;

if we let L D ˛22 . Let us compute

d.a21a
2
2/

du
D 2.�1 C �2/a

2
1a
2
2

�1

n1

1

u2 C 1
4
�21

D 2
uC �1�1

n1

u2 C 1
4
�21
a21a

2
2: (23.24)

Note that, due to the constraint, (23.20), we have

2u2 C 4u
�1�1

n1
� 1

2
�21 C 2�21

n2

n1
D 0: (23.25)

For u ¤ 0, we thus have

2
uC �1�1

n1

u2 C 1
4
�21

D 4u2 C 4u �1�1

n1

2u3 C 1
2
�21u

D 2u2 C 1
2
�21 � 2 �2

1
n2

n1

2u3 C 1
2
�21u

D 1

u
� u2 C 1

4
�21

u

�2
1
n2

n1

.u2 C 1
4
�21/

2
:

Furthermore, recall that n1 D �1a1=a
2
2 and that n2 D �2=a1, cf. (20.2), so that

�2
1
n2

n1

.u2 C 1
4
�21/

2
a21a

2
2 D 1

.u2 C 1
4
�21/

2

�1�2a
2
2

a21
a21a

2
2 D ˛42�1�2; (23.26)

where we have used (23.23). Combining the last two observations with (23.24), we
obtain

d.a21a
2
2/

du
D 1

u
a21a

2
2 � ˛42�1�2

u2 C 1
4
�21

u
;

so that
d

du

�
a21a

2
2

u

�
D �˛42�1�2

u2 C 1
4
�21

u2
: (23.27)

In particular, in the case of Bianchi type II, there is a constant ˛12 > 0 such that

XY 2 D a21a
2
2 D ˛212u:
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In order to compute the second derivative of a21a
2
2, note that

d

du

�
�1
�1

n1

�
D �2

�
�1�1

n1


2 C 1
4
�21

u2 C 1
4
�21

:

Combining this observation with (23.24), one can compute that

d2.a21a
2
2/

du2
D 4u �1�1

n1
C 2u2 � 1

2
�21�

u2 C 1
4
�21

2 a21a

2
2 D �2

�2
1
n2

n1�
u2 C 1

4
�21

2 a21a22 D �2˛42�1�2;

where we used (23.25) and (23.26). Thus there are constants c1 and c0 such that

a21a
2
2 D �˛42�1�2u2 C c1uC c0:

Consequently,
d

du

�
a21a

2
2

u

�
D �˛42�1�2 � c0

u2
:

Comparing this computation with (23.27), we obtain

c0 D 1

4
˛42�

3
1�2:

Thus

XY 2 D a21a
2
2 D �˛42�1�2u2 C c1uC 1

4
˛42�

3
1�2: (23.28)

Note that the coefficient in front of u2 has an opposite sign to the constant term coef-
ficient in the Bianchi type VIII and IX cases. Consequently, if we let u0 < u1 denote
the two zeros of the polynomial, we have u0 < 0 < u1.

Let us analyze the correspondence between the existence interval in t -time and the
one in u-time. Due to Lemma 22.2 and 22.3 we know that (22.13) holds for Bianchi
class A developments that are not quotients of Minkowski space. Since

da21a
4
2

dt
D 2�a21a

4
2;

we conclude that, for all the Bianchi types except IX,

lim
t!t�C a

2
1a
4
2 D 0; lim

t!1 a21a
4
2 D 1

and in the case of Bianchi IX,

lim
t!t˙� a

2
1a
4
2 D 0:

Since we have, for Bianchi type II,

a21a
4
2 D ˛212u˛

2
2

�
u2 C 1

4
�21

�
;
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we conclude that the existence interval inu-time, corresponding to the existence interval
.t�;1/ in t -time, is .0;1/. In the case of Bianchi VIII and IX, we have

a21a
4
2 D .�˛42�1�2u2 C c1uC 1

4
˛42�

3
1�2/˛

2
2

�
u2 C 1

4
�21

�
:

Thus, for Bianchi VIII, the existence interval is .u�;1/ where u� D u1 and for
Bianchi IX, it is .u�; uC/, where u� D u0 and uC D u1. �



24 Existence of extensions

In this chapter, we prove that the MGHD’s (of left invariant vacuum initial data on
3-dimensional unimodular Lie groups) we do not already know to be inextendible,
cf. Proposition 22.23, have extensions that solve Einstein’s vacuum equations. In
Section 24.1 we construct the embedding, the existence of which leads to the conclusion
that there is an extension. In Section 24.2 we consider the question to what extent the
extension is extendible. It turns out that there are examples for which the extension we
construct is in its turn extendible, but that if the spatial topology is compact, it is not.
Finally, in Section 24.3, we state a result amounting to strong cosmic censorship in the
unimodular vacuum case.

24.1 Construction of an embedding

Combining Proposition 22.23, Lemma 23.1, 23.3 and 23.4, we conclude that all the
MGHD’s (of left invariant vacuum initial data on3-dimensional unimodular Lie groups)
for which we do not already know that the Kretschmann scalar becomes unbounded in
the incomplete directions of causal geodesics can be written in the form

gMGHD D �L
2

X
du2 CX�1 ˝ �1 C Y 2.�2 ˝ �2 C �3 ˝ �3/: (24.1)

In the case of Bianchi type II, VIII and IX, the objects appearing on the right-hand
side are defined in the statement of Lemma 23.4; in particular, the � i are the duals of a
basis ei of the Lie algebra with certain properties. In the remaining cases,X.u/ D 4u,
Y.u/ D 1, L D 2, �1 D dx, etc. and e1 D @x , etc., cf. (23.5). Let J D .u�; uC/ be
the interval on which (24.1) is defined.

Definition 24.1. Define h˙ by

h˙.u/ D ˙
Z u

ua

L

X.s/
ds

for some ua 2 J . Let 
 W R ! G be the smooth homomorphism which is an integral
curve of e1. Define two diffeomorphisms of M D J �G by

�˙.u; g/ D .u; g
Œh˙.u/�/: (24.2)

Remark 24.2. Clearly, �C and �� are each other’s inverses.

Note that

�˙�@uj.u;g/ D @uj
˙.u;g/
˙ L

X.u/
e1j
˙.u;g/

; �˙�e1j.u;g/ D e1j
˙.u;g/
: (24.3)

Thus

��̇ gMGHD.@u; @u/ D 0; ��̇ gMGHD.@u; e1/ D ˙L; ��̇ gMGHD.e1; e1/ D X:
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Note that, in particular, in the @ue1-plane, the pulled-back metric remains perfectly
Lorentzian even whenX becomes zero. What remains to be done is to compute �˙�ei
for i D 2; 3.

Lemma 24.3. With the above notation,

�˙�e2j.u;g/ D cosŒ�2h˙.u/�e2j
˙.u;g/
� sinŒ�2h˙.u/�e3j
˙.u;g/

;

�˙�e3j.u;g/ D sinŒ�2h˙.u/�e2j
˙.u;g/
C cosŒ�2h˙.u/�e3j
˙.u;g/

:

Proof. Let, for a 2 G, Ca W G ! G be defined by Cab D aba�1. Note that Ca is a
smooth diffeomorphism and an isomorphism. We shall denote the pushforward of Ca
by Ada. Let us define

�j .s/ D Ad�.s/ ej je
for j D 2; 3, where e is the identity element ofG. Note that �j .s/ 2 TeG for all s 2 R.
Since TeG is a vector space, we shall also think of derivatives of the �j as elements of
TeG. Note that the flow of the vector field e1 is given by �t .g/ D �.t; g/ D g
.t/.
Consequently, �t� D R�.t/�, so that, for j D 2; 3,

��t�.ej j
t .e// D R�.�t/�L�.t/�ej je D Ad�.t/ ej je:
Due to Proposition 58, p. 31 of [65], we thus conclude that

�0
2.0/ D Œe1; e2�je D �2e3je; �0

3.0/ D Œe1; e3�je D ��2e2je:
Since Ad and 
 are homomorphisms, we have

�0
2.s/ D lim

h!0

Ad�.sCh/ e2je � Ad�.s/ e2je
h

D lim
h!0

Ad�.s/
Ad�.h/ e2je � e2je

h
D Ad�.s/ �

0
2.0/ D �2 Ad�.s/ e3je

D �2�3.s/:

Similarly, �0
3.s/ D ��2�2.s/. Introducing

%2.s/ D cos.�2s/�2.s/ � sin.�2s/�3.s/;

%3.s/ D sin.�2s/�2.s/C cos.�2s/�3.s/;

one can compute that %0
j .s/ D 0 for j D 2; 3. Since %j .0/ D ej je for j D 2; 3, we

obtain

�2.s/ D cos.�2s/e2je C sin.�2s/e3je;
�3.s/ D � sin.�2s/e2je C cos.�2s/e3je:

Let  ˙ D R�Œh˙.u/�
. Then

 ˙�e2jg D Lg�Œh˙.u/���2Œ�h˙.u/�;

and similarly for  ˙�e3jg . Combining the above observations, the statement of the
lemma follows. �
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Corollary 24.4. Let gMGHD be defined as in (24.1) and �˙ be defined as in (24.2).
Then

��̇ gMGHD D ˙Ldu˝ �1 ˙ L�1 ˝ duCX�1 ˝ �1 C Y 2.�2 ˝ �2 C �3 ˝ �3/:

As a consequence of this corollary, we conclude that there is an extension of metrics
of the form (24.1).

Definition 24.5. With conventions as above, define

gEXT;˙ ´ ˙Ldu˝ �1 ˙L�1 ˝ duCX�1 ˝ �1 C Y 2.�2 ˝ �2 C �3 ˝ �3/ (24.4)

on R �G.

24.2 Basic properties of the extensions

Proposition 24.6. The Lorentz metric gEXT;˙ defined in (24.4) is a solution to the
Einstein vacuum equations.

Proof. Note that if we compute the components of the Ricci tensor with respect to
the basis defined by e0 D @u and ei , then they will be quotients of polynomials, the
polynomial in the denominator being strictly positive. Due to Corollary 24.4, we know
that on an open subinterval of R, all the components of the Ricci tensor are zero. This
means that for a given component of the Ricci tensor, the polynomial in the numerator
has to be zero on an open subinterval of R, and consequently, the same has to be true
of its derivatives. Thus, the polynomial in the numerator is zero, and the Ricci tensor
is identically zero. Thus the metric solves the Einstein vacuum equations. �

It is natural to ask if the extension we have constructed is extendible. For LRS
Bianchi type IX solutions, the case of interest when proving the existence of inequiva-
lent maximal extensions, the answer turns out to be no. However, in the case of Bianchi
type I, the answer is sometimes yes. Let �˙ be defined as in (24.2) with ua D 1. Then

�˙.t; x; y; z/ D
�
t; x ˙ 1

2
ln t; y; z

�
:

Recall the embedding �K , defined in (23.4), of the flat Kasner solution into Minkowski
space and define

�CT .s; x; y; z/ D .2
p
s; x; y; z/:

Then �K B �CT B �˙ defines isometries from RC � R3 with the metric gEXT;˙ to an
open subset of Minkowski space. Note that they are given by

�K B �CT B �C.u; x; y; z/ D .uex C e�x; uex � e�x; y; z/;
�K B �CT B ��.u; x; y; z/ D .ex C ue�x; ex � ue�x; y; z/:
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Both of these maps can, in an obvious way, be extended to isometries from .R4; gEXT;˙/
to the open subsets

f.t; x; y; z/ 2 R4 W t 
 x > 0g
respectively, endowed with the Minkowski metric. In particular, it is clear that
.R4; gEXT;˙/ are both extendible.

The extendibility of the extensions .R � G; gEXT;˙/ in the Bianchi type I case is
related to the non-compactness of the spatial hypersurfaces. If we had considered
Bianchi type I initial data on the 3-torus instead, the extension would have been inex-
tendible, as we shall see below. One way to ensure spatial compactness is to demand
that the Lie group under consideration be compact. Another is to consider quotients
of the initial manifold by co-compact subgroups of the isometry group of the initial
data. When considering the second possibility, it is of interest to analyze to what extent
taking the quotient is compatible with the construction of the extension. In preparation
for this analysis, let us make the following definition.

Definition 24.7. Let .G; g; k/ be locally rotationally symmetric vacuum initial data
of Bianchi type I, II, VII0, VIII or IX, where G is simply connected. Due to Corol-
lary 19.14, there is a canonical basis ei of the Lie algebra, with associated commutator
matrix �, such that kij D k.ei ; ej / are the components of a diagonal matrix. Fur-
thermore, we can assume k22 D k33 and �2 D �3. Let DLRS be the subgroup of the
diffeomorphism group of G generated by

� the left translations,

� the isomorphisms of G arising from the Lie algebra isomorphisms given by
rotations in the e2e3-plane.

It is natural to ask if DLRS coincides with the isometry group of the initial data.
That this is not the case is easily seen by noting that the isomorphisms of G arising
from the Lie algebra isomorphisms that change the sign of two of the elements in the
basis ei without changing the sign of the third element are not (all) included.

Lemma 24.8. Let .G; g; k/ be locally rotationally symmetric vacuum initial data of
Bianchi type I, II,VII0,VIII or IX,whereG is simply connected, such that the associated
MGHD is of the form (24.1) on J �G, where J is an open interval. Let 2 DLRS and
extend to a diffeomorphism of J �G by .t; h/ D Œt;  .h/�. Then B�˙ D �˙ B .

Remark 24.9. It is of interest to note that the proof demonstrates that  �e1 D e1 for
all  2 DLRS.

Proof. It is enough to prove the statement for the generators of DLRS. Since

Lh1
B �˙.u; h2/ D Lh1

.u; h2
Œh˙.u/�/ D .u; h1h2
Œh˙.u/�/ D �˙ B Lh1
.u; h2/;

it is clear that left translations commute with �˙. Let  be an isomorphism of G
arising from a Lie algebra isomorphism given by a rotation in the e2e3-plane by an
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angle, say � . Let 
 W R ! G be the smooth homomorphism which is an integral curve
of e1. Then  B 
.0/ D e, where e is the identity element of G. Furthermore, the
derivative of  B 
 at the origin is e1. Finally, since  B 
.t C h/ D L B�.t/ B 
.h/,
we conclude that the derivative of  B
 at t is simply e1j B�.t/. Thus  B
.t/ D 
.t/,
so that

 B �˙.u; h/ D  .u; h
Œh˙.u/�/ D .u;  .h/
Œh˙.u/�/ D �˙ B  .u; h/:
The lemma follows. �

Note that if 
 is a properly discontinuous subgroup of DLRS acting freely on G,
then (24.1) defines a solution to Einstein’s vacuum equations on the quotient J �G=
 .
Furthermore, as a consequence of Lemma 24.8, this solution can be extended to R�G=

with the metric induced by (24.4), the embedding being induced by �˙.

Lemma 24.10. Let DLRS be defined as inDefinition 24.7 and the LorentzmetricgEXT;˙
be defined as in (24.4). Let 
 be a properly discontinuous subgroup of DLRS acting
freely on G and assume † ´ G=
 to be compact. Then gEXT;˙ defines a Lorentz
metric on R �† which is a C 2-inextendible solution to Einstein’s vacuum equations.

Remark 24.11. In the case of Bianchi IX,G is compact in itself, so that the extension
is always C 2-inextendible in that case.

Proof. The only thing that remains to be proved is the C 2-inextendibility. In prepara-
tion for the proof of this, let us consider the timelike geodesics with respect to gEXT;˙
on R �G. To simplify the notation, let us consider metrics of the form

g D c01du˝ �1 C c01�
1 ˝ duCX�1 ˝ �1 C Y 2.�2 ˝ �2 C �3 ˝ �3/; (24.5)

where c01 is a constant. Assume 
 to be a timelike geodesic and let us introduce the
notation P
 D v�e�. Then the geodesic equation, R
 D 0, implies that

Pv0 C Xu

c01
v0v1 C X

2c201
ŒXuv

1v1 C 2Y Yu.v
2v2 C v3v3/� D 0; (24.6)

Pv1 � 1

2c01
ŒXuv

1v1 C 2Y Yu.v
2v2 C v3v3/� D 0: (24.7)

As a consequence, one can compute that

d

ds

�
v0 C X

c01
v1
�

D 0: (24.8)

Thus the quantity inside the parenthesis is conserved. Due to causality, we also have

2c01v
0v1 CXv1v1 C Y 2.v2v2 C v3v3/ D �ˇ0; (24.9)

for some constant ˇ0 > 0.
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To prove C 2-inextendibility, assume .M; g/, where M D R �† and g D gEXT;˙,

is C 2-extendible and let . yM; Og/ be an extension with embedding i W M ! yM . Just
as in the proof of Lemma 18.18, we can assume that there is a timelike geodesic 

intersecting both i.M/ and yM � i.M/. We can thus assume 
 W .s�; sC/ ! yM to be
such that 
.s/ 2 i.M/ for s 2 .s�; s0/, but 
.s0/ 2 yM � i.M/, where s0 2 .s�; sC/.
We shall below restrict our attention to 
 j.s�;s0/ and consider it to be a timelike geodesic
in M . It is natural to divide the analysis into several different cases.

Bianchi type I and II. There are two possibilities for the geodesic. The u-coordinate
of 
 has to converge to 1 or to �1 as s ! s0�. The reason this is true is that 
 has
to leave every compact subset of M D R � †, i.e., it has to leave K � † for every
compact subsetK of R. Due to the fact that the Bianchi class A developments of type I
and II initial data are future causally geodesically complete, convergence to 1 is not
possible. Let us therefore assume the u-coordinate converges to �1. Note that in this
case

X.u/ D x1u

x2u2 C x0
for non-negative constants xi , i D 1; 2; 3, such that x1; x0 > 0 and x2 > 0 in the case
of Bianchi II and x2 D 0 in the case of Bianchi I. Let 
0 denote the u-coordinate of 
 .
Then v0 D P
0. Since 
0 tends to �1 in finite time, there is a sequence sk ! s0�
such that


0.sk/ ! �1 and P
0.sk/=
0.sk/ ! 1: (24.10)

Due to (24.8), there is a constant C such that

v0 C X

c01
v1 D C: (24.11)

SinceX is negative and bounded by a constant times j
0j C 1 and since (24.10) holds,
this leads to the conclusion that v1.sk/=c01 ! �1. However, combining (24.9) and
(24.11), we obtain

c01v
0v1 C c01v

1C C Y 2.v2v2 C v3v3/ D �ˇ0:
Note that the first term converges to 1 along sk . Since the quotient between the second
and the first term converges to zero, we conclude that the left-hand side converges to 1.
This contradicts the fact that the right-hand side is negative.

Bianchi VIII. Just as in the Bianchi type I and II cases, there are two possibilities
for the geodesic: the u-coordinate of 
 has to converge to 1 or to �1 as s ! s0�,
the reason being the same as before. In the case of Bianchi type VIII, there is an
interval .u�; uC/ with u˙ 2 R such that X.u/ > 0 for u > uC and for u < u�.
Restricting the metrics to one of the intervals .uC;1/ and .�1; u�/, we obtain metrics
isometric to a Bianchi type VIII development. Keeping track of the time orientation of
these developments and recalling that they are causally geodesically complete in one
time direction due to Lemma 20.12, we conclude that it is not possible to extend the
spacetime.
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Bianchi IX. In this case, an argument similar to the one presented in the case of
Bianchi type I and II yields the conclusion that the spacetime is inextendible. �

24.3 SCC, unimodular vacuum case

Theorem 24.12. Consider Bianchi class A initial data .G; g; k/ for Einstein’s vacuum
equations. In the case of Bianchi IX, the maximal globally hyperbolic development
(MGHD) is past and future causally geodesically incomplete, and if the initial data are
of type I or VII0 with trg k D 0, then the MGHD is causally geodesically complete. In
the remaining cases, the MGHD is causally geodesically complete in one direction and
incomplete in the other, and in these cases we shall below assume the time orientation
to be such that the development is future causally geodesically complete. There is the
following division:

� If the initial data are of type I or VII0, then there are the following cases:

– If trg k D 0, then the MGHD is a quotient of Minkowski space and is thus
inextendible.

– There is a canonical basis ei of the Lie algebra, with associated commutator
matrix �, such that k is diagonal with respect to this basis, with diagonal
components ki . Furthermore, k1 ¤ 0, k2 D k3 D 0 and �2 D �3. Then the
MGHD is a quotient of the flat Kasner solution, (23.3), and consequently,
it has a smooth extension which solves the Einstein vacuum equations.

– In all the remaining cases, the Kretschmann scalar, R˛ˇ�ıR˛ˇ�ı , is un-
bounded along past inextendible causal curves in the MGHD. In particular,
the MGHD is C 2-inextendible.

� If the initial data are of type VI0, the Kretschmann scalar is unbounded along
past inextendible causal curves in the MGHD. In particular, the MGHD is C 2-
inextendible.

� If the initial data are of type II, VIII or IX, there are the following cases:

– If the initial data are locally rotationally symmetric, the maximal globally
hyperbolic development has a smooth extension which solves the Einstein
vacuum equations.

– If the initial data are not rotationally symmetric, the Kretschmann scalar
is unbounded along past inextendible causal curves in the maximal glob-
ally hyperbolic development. In the case of Bianchi IX initial data, it is
also unbounded along future inextendible causal curves. In particular, the
MGHD is C 2-inextendible.

Remark 24.13. As a consequence of the above theorem, strong cosmic censorship
holds in the class of left invariant vacuum initial data on 3-dimensional unimodular
Lie groups. One can of course ask similar questions concerning quotients of the
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initial data: if 
 is a free and properly discontinuous group of isometries of the initial
data, what are the extendibility properties of the MGHD of the induced initial data
on M=
? A partial answer to this question is given in connection with Lemma 24.8.
Nevertheless, it is important to note that some groups 
 are such that only locally
rotationally symmetric initial data are invariant under them. Consequently, for some
groups
 , all the initial data onG=
 that arise from Bianchi classA initial data onG are
such that the corresponding MGHD’s have smooth extensions that solve the Einstein
vacuum equations.

Proof. The statement is an immediate consequence of statements already made. �
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The purpose of this chapter is to demonstrate that there are vacuum initial data, the
MGHD’s of which allow inequivalent maximal extensions. The argument, which is
taken from [23], see also [62], is based on a study of the null geodesics in the @ue1-
plane. As a sketch of the proof was already presented in the introduction to the present
part of these notes, let us proceed to the details.

Lemma 25.1. Consider a spacetime .R �G; gEXT;˙/, where gEXT;˙ is given by (24.4)
and G is a Bianchi type IX Lie group. Define a time orientation by demanding that @u
be future oriented. Let J D .u�; uC/ be the interval on which X is positive. Let 
 be
a null geodesic starting at a point of J �G with initial velocity in the plane spanned by
@u and e1. Then either 
 is future and past incomplete or it is complete. The complete
geodesics are the ones parallel to @u. Finally, let 
 be a future directed timelike curve
such that 
0.s0/ D uC or 
0.s0/ D u�, where 
0 is the u-coordinate of 
 . Then
P
0.s0/ > 0.
Proof. For any curve 
 , define v� by

P
 D v�e�;

where e0 D @u. Considering the geodesic equation, one can then see that if vA D 0 for
A D 2; 3 originally, then they remain zero. Consequently, it is meaningful to consider
null geodesics, the tangent vectors of which remain in the e0e1-plane. The relevant
equations are, using the notation (24.5) for the metric gEXT;˙, given by

Pv0 C Xu

c01
v0v1 C 1

2c201
XXuv

1v1 D 0; (25.1)

Pv1 � Xu

2c01
v1v1 D 0; (25.2)

cf. (24.6)–(24.7). As a consequence of the second equation, we see that if v1 D 0

at some point, then it is always zero. The resulting geodesics have the property that
Pv0 D 0 due to (25.1). Consequently, v0 is conserved, so that the geodesic is complete,
since if 
0 is the u-coordinate of 
 , then P
0 D v0. Consider a u0 2 R such that
X.u0/ D 0 and assume 
 passes through fu0g �G. Assume 
0.s0/ D u0. Due to the
form of the metric, we have to have v0.s0/ D 0 or v1.s0/ D 0. Since we have already
considered the latter case, let us assume v0.s0/ D 0. Then, due to (25.1), v0 D 0 for the
entire solution. Consequently, the geodesic is contained in the hypersurface fu0g �G.
As a consequence, the only null geodesics (with tangent vectors in the e0e1-plane) that
can pass through a hypersurface fu0g � G, where X.u0/ D 0, are the null geodesics
with v1 D 0. A null geodesic (with tangent vectors in the e0e1-plane) which starts in
J �G and does not pass through either fu�g �G or fuCg �G is contained in J �G
and can thus be considered to be a null geodesic in the Bianchi class A development of
initial data. Consequently, it is both future and past incomplete.



261

To prove the last statement, let 
 be a future oriented timelike curve and let v� be
as above. Let s0 be as in the statement of the lemma. Since 
 is timelike and future
oriented, we have to have, for s D s0,

2c01v
0v1 C Y 2.v2v2 C v3v3/ < 0; c01v

1 < 0;

where the latter inequality is a consequence of h@u; P
i < 0. Combining these two
observations, we conclude that P
0.s0/ D v0.s0/ > 0. �

Before proving the main theorem, we need a technical lemma.

Lemma 25.2. Let G be a Bianchi type IX Lie group and let ei be a basis of the
Lie algebra such that the associated commutator matrix � is diagonal with positive
diagonal components. Then the integral curves of the elements of the basis through the
identity element of G are periodic.

Remark 25.3. One could of course make an explicit choice of basis for the Lie algebra
of SU.2/ and carry out a less abstract argument than the one presented below. However,
we here wish to avoid explicit constructions on particular representatives of the Lie
groups under consideration if possible.

Proof. Let 
i denote the integral curve of ei through the identity element of G. Let
zG be the universal covering group of G and let � be the covering map (which is also
a homomorphism), cf. Theorem 2.13, p. 43 of [55]. Let Qei be the element of the Lie
algebra of zG such that �� Qei jQe D ei je , where Qe and e denote the identity elements of zG
and G respectively, and let Q
i be the integral curve of Qei through the identity element
of zG. Note that � B Q
i D 
i . Thus, if we can prove Q
i to be periodic, the same
follows for 
i . In other words, we might as well assume G to be simply connected.
Rescaling the ei , we obtain a basis e0

i so that the corresponding matrix � is the identity
matrix. Since if the integral curve of e0

i through the identity is periodic, the same is true
of 
i , we might as well assume the matrix � associated with the ei to be the identity
matrix. Define a metric on G by demanding that the basis ei be orthonormal. Then,
due to Lemma 19.11 and the fact that G is 3-dimensional, g is a metric of constant
positive curvature. Since g is a left invariant metric, we also know it to be complete,
cf. the proof of Proposition 20.3. Thus .G; g/ is a simply connected and geodesically
complete Riemannian manifold of constant positive curvature. Due to Proposition 23,
p. 227 of [65], we conclude that .G; g/ is isometric to the 3-sphere with the appropriate
rescaling of the standard metric. Consequently, the geodesics of .G; g/ are periodic.
All that remains to be proved is thus that 
i is a geodesic of .G; g/. To this end, note
that

P
i .t/ D ei j�i .t/; R
i .t/ D r P�i .t/ei

(no summation), where r is the Levi-Civita connection associated with g. Since
rei

ei D 0 (no summation) due to the fact that � is diagonal, we conclude that 
i is a
geodesic of the 3-sphere. The lemma follows. �
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Considering (24.3), we see that �˙ sends null geodesics, the tangent vectors of
which are parallel to

@u 
 L

X
e1 and @u ˙ L

X
e1

respectively, to null geodesics whose tangent vectors are parallel to@u and@u˙2Le1=X
respectively. Thus, due to Lemma 25.1, the image of a null geodesic falling into the
first category under �˙ is part of a complete null geodesic. However, the image of a
null geodesic falling into the second category under �˙ cannot be extended, and is thus
an incomplete null geodesic even with respect to gEXT;˙.

Theorem 25.4. The maximal globally hyperbolic development of locally rotationally
symmetric Bianchi type IX vacuum initial data has two non-isometric extensions which
solve the Einstein vacuum equations and are C 2-inextendible.

Remark 25.5. We emphasize the C 2-inextendibility of the extensions since it is of
course trivial to construct an infinite number of non-isometric extensions of the MGHD;
starting with .R�G; gEXT;˙/, where gEXT;˙ is defined in (24.4), and removing suitable
subsets of .uC;1/�G yields the desired extensions, the inequivalence being a direct
consequence of topological inequivalence. The general philosophy concerning the
existence of non-isometric maximal extensions is that if the Cauchy horizon, i.e., the
hypersurfaces u D uC and u D u� in the case of the metric gEXT;˙, has more than
one component, then there are non-isometric extensions. In fact, the results of [23]
demonstrate that there are spacetimes with a Cauchy horizon consisting of an arbitrarily
large number of components, and in that case, the authors construct an arbitrarily large
number of inequivalent maximal extensions, cf. the last sentence of SectionV on p. 1626
of [23].

Proof. Let us define the two extensions. The first one is simply M1 D R � G, g1 D
gEXT;C. The second one is defined through identifications. To start with, let I D
.u�; uC/ be the interval on which X is positive and

Na D .�1; uC/ �G; Nb D .u�;1/ �G:
Consider Na to be a Lorentz manifold by giving it the metric ga D gEXT;� and Nb to
be a Lorentz manifold by giving it the metric gb D gEXT;C. Let N2 be the disjoint
union of Na and Nb . We define an equivalence relation on N2 by saying that q1 � q2
if one of the following holds,

� q1; q2 2 Na and q1 D q2,

� q1; q2 2 Nb and q1 D q2,

� q1 2 Na, q2 2 Nb , and if qi D .ui ; pi / for i D 1; 2, then u1 D u2 2 .u�; uC/
and �� B ��.q1/ D q2,

� q1 2 Nb , q2 2 Na, and if qi D .ui ; pi / for i D 1; 2, then u1 D u2 2 .u�; uC/
and �� B ��.q2/ D q1.
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Define M2 to be the quotient manifold. Since �� B �� is an isometry between the
relevant subsets of Na and Nb , we get a Lorentz metric onM2, which we shall denote
by g2. Note that both M1 and M2 are time oriented. An orientation can be fixed by
demanding that @u be future oriented in the case ofM1,Na andNb . Note, furthermore,
that .M1; g1/ is already known to be inextendible and that .M2; g2/ can be proven to
be inextendible by arguments similar to the proof of Lemma 24.10. Finally, .Mi ; gi /,
i D 1; 2, both solve Einstein’s vacuum equations.

Let C2 be the region defined as the quotient of the disjoint union of the subset
Œu�; uC/�G ofNa and the subset .u�; uC��G ofNb under the above equivalence re-
lation. Then a statement similar to the one made in Lemma 25.1 holds concerning future
directed timelike curves passing through the boundary of C2. Let C1 D Œu�; uC��G.
Assume there is an isometry, say  , between .M1; g1/ and .M2; g2/. To start with
we wish to prove that  has to map C1 to C2. Assume there is a q 2 C1 such that
 .q/ … C2. Then, either  .q/ 2 Na with u-coordinate  0.q/ < u�, or  .q/ 2 Nb
with u-coordinate 0.q/ > uC. In both cases,XŒ 0.q/� < 0. Thus, the integral curve
of e1 through  .q/ is timelike. Due to Lemma 25.2, there is thus a closed timelike
curve passing through  .q/, say 
 . Then  �1 B 
 is a closed timelike curve passing
through q. This is not possible due to Lemma 25.1 and the global hyperbolicity of
gEXT;˙ restricted to .u�; uC/�G. Similarly, �1 has to mapC2 toC1. Consequently,
 restricts to an isometry of the interior of C1 to the interior of C2. Note that the
interior of C1 and the interior of C2 are isometric to M3 D J � G with the metric
g3 D gMGHD, where J D .u�; uC/. We can thus view  , restricted to the interior
of C1, as an isometry from .M3; g3/ to itself. Let us denote this isometry by �. Note
that all the isometries involved, except possibly for  and �, are such that they map
tangent vectors in the @ue1-plane to tangent vectors in the same plane. Furthermore, if
we consider a null-geodesic in .M1; g1/, starting in the interior ofC1 with initial veloc-
ity in the @ue1-plane, then it is either future complete and past complete, or future and
past incomplete due to Lemma 25.1. On the other hand, if we consider a null-geodesic
in .M2; g2/, starting in the interior of C2 with initial velocity in the @ue1-plane, then it
is either future complete and past incomplete, or future incomplete and past complete
due to the observations preceding the statement of the theorem and the definition of
.M2; g2/. Consequently, if we can prove that � maps the @ue1-plane to itself, we ob-
tain the desired contradiction to the assumption that there is an isometry between M1

and M2.
Note that .M3; g3/ is time oriented, globally hyperbolic and foliated by compact

constant mean curvature hypersurfaces that are also Cauchy hypersurfaces. Further-
more, it satisfies the timelike convergence condition since it satisfies Einstein’s vacuum
equations. Due to Corollary 18.14, we conclude that � has to map the compact space-
like hypersurfaces of constant mean curvature � ¤ 0 to themselves or to compact
spacelike hypersurfaces of constant mean curvature �� ¤ 0, if � reverses the time
orientation. Since the hypersurface of constant mean curvature 0 can be characterized
as the complement of the hypersurfaces of constant mean curvature different from zero,
we conclude that � respects the foliation by constant mean curvature hypersurfaces.
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Since @u is orthogonal to the CMC hypersurfaces, ��@u has to be some function times
@u (in fact it has to be @u or �@u).

To prove that e1 is mapped to some function times e1, let us make the following
preliminary observations. Up till now, ei has denoted the basis dual to the � i appearing
in (24.4). In the below argument, it will be convenient to rescale the ei so that they be-
come orthonormal. We shall denote the rescaled basis by ei as well. As a consequence,
the commutator matrix changes and we shall denote the resulting diagonal components
by ni . Note that the ni depend on the time coordinate. Since we already know that
��e1 is orthogonal to @u, it is enough to prove that it is also orthogonal to e2 and e3.
Consider

fj .p/ D h��e1j��1.p/; ej jpi
for j D 2; 3. Note that the fj are smooth functions. Consequently, if fj is zero on a
dense subset of J �G, it is zero. Consider the set of u’s such that n1 D n2 (note that
we always have n2 D n3). Due to (23.18)–(23.19), we see that if n2 D n1 and the
derivative of the quotient is zero, then n1 D n2 D n3 and �1 D �2 D �3, contradicting
the constraint (23.20). Consequently, the points at which n1 D n2 are isolated, and it
is enough to prove that fj is zero on fug �G, where u is such that n1.u/ ¤ n2.u/ and
n1.u

0/ ¤ n2.u
0/, where u0 is the u coordinate of the hypersurface ��1.fug �G/; note

that � (and ��1) has to map hypersurfaces of the form fug � G to hypersurfaces of
the same form, since they are characterized as CMC hypersurfaces. Assuming u and
u0 to fulfill these criteria, note that � restricts to an isometry from †0 D fu0g � G to
† D fug �G with the induced metrics. Let p 2 †. We can consider the Ricci tensor
Ric of † to be a linear operator, say R, from Tp† to itself, by defining

Rv D
3X
iD1

Ric.v; Ei /Ei ;

where v 2 Tp† and Ei is any orthonormal basis of Tp†. Note that R is symmetric
and that, due to Lemma 19.11 and the fact that � restricts to an isometry from †0 to
†, ��e1j��1.p/ is an eigenvector with eigenvalue �0

1, say, and ��ej j��1.p/, j D 2; 3,
are eigenvectors with eigenvalue �0

2. Since �0
2 ¤ �0

1, the corresponding eigenspaces
are orthogonal. Analogously, e1jp is an eigenvector with eigenvalue �1, say, and ej jp ,
j D 2; 3, are eigenvectors with eigenvalue �2. Again, �2 ¤ �1 and the corresponding
eigenspaces are orthogonal. As a consequence, ��e1j��1.p/ has to be orthogonal to
ej jp , j D 2; 3, and the theorem follows. �
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A.1 Conventions

If .S;A; m/ is a measure space and A 2 A, we shall denote the characteristic function
of A by �A, i.e., �A.x/ D 1 if x 2 A and �A.x/ D 0 if x … A.

To fix notation, if X is a Banach space, we shall use k � kX to denote the associated
norm. In cases where the space we are dealing with is clear from the context, we shall
simply write k � k. Furthermore, we shall use X� to denote the dual of X . In the case
of a Hilbert space, we shall use . � ; � /H to denote the associated inner product, and
. � ; � / when the space is clear from the context. We shall also assume that, in the case
of complex Hilbert spaces, the inner product is complex linear in the first argument and
that .x; y/H D .y; x/H , where the bar denotes complex conjugation. If z; w 2 Cn,
we shall write

z � w D
nX
iD1

ziwi ;

where zi and wi are the components of z and w respectively. The convention for
elements of Rn can be considered to be a special case of this. We write Nz for the
component wise conjugate of z and

.z; w/ D z � xw; jzj D .z � Nz/1=2:
Again the convention for elements of Rn can be considered to be a special case.

For x 2 Rn, we shall write xi , i D 1; : : : ; n for the coordinates. We shall always
write an element of RnC1 as .t; x/ (assuming that the n is clear from the context),
where t is the first variable and x the n last. We shall use xi , i D 1; : : : ; n to index the
last n variables and we shall sometimes write x0 D t . If we speak of the x-direction,
we shall mean in the direction of the last n variables. Concerning derivatives, we shall
write

@i D @

@xi
; @0 D @t D @

@t
:

If f is differentiable, we shall write @�f , � D 0; : : : ; n. In other words, Greek indices
are assumed to range from 0 to n and Latin indices are assumed to range from 1 to n. A
multiindex is a vector ˛ D .˛1; : : : ; ˛n/ such that all the ˛i are non-negative integers.
If ˛ is a multiindex and f is sufficiently differentiable, we shall write

j˛j D ˛1 C � � � C ˛n; @˛f D @
˛1

1 : : : @˛n
n f:

Furthermore, �
˛

ˇ

�
D
�
˛1
ˇ1

�
: : :

�
˛n
ˇn

�
and ˛ � ˇ means ˛i � ˇi , i D 1; : : : ; n. If u is a function on RnC1 or Œ0; T � � Rn,
where the n is clear from the context, and we write @˛u, we shall take for granted that
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˛ is an n-dimensional multiindex and that all the derivatives hit the last n variables. To
conclude, if we write @˛u, we assume ˛ is a multiindex and that we differentiate with
respect to the last n variables and if we write @�u, we assume� is an integer between 0
and n.

We shall use the Einstein summation convention, meaning that we sum over repeated
upstairs and downstairs indices. What range we sum over should be clear from the above
conventions or the context. If there is to be no summation, we state it explicitly.

If A is an n� n-matrix, we shall write A � c, where c is a real number, if and only
if A is real-valued, symmetric and

vtAv � cjvj2

for all v 2 Rn. We define A > c similarly.
Concerning function spaces, we take it for granted that the members of the spaces

take values in R unless otherwise stated (with two exceptions). When we writeC1
0 .R

n/,
we thus have functions from Rn to R in mind. The exceptions areH.s/.Rn/ and �.Rn/,
where we take it for granted that the functions take values in C.

A.2 Different notions of measurability

The proof of the equivalence of weak and strong measurability assuming that the
measure space is � -finite and the Banach space is separable is taken from Yosida [86].
Note that [86] does not require the measure space to be � -finite. Reasonably, this is
tacitly assumed, since if X is a separable Banach space and .S;A; m/ is a measure
space which is not � -finite, we can let x W S ! X be a constant function, where the
constant is different from zero. Then x is clearly weakly measurable. If the result holds
in general, we conclude that x is strongly measurable, so that there is a sequence xn of
finitely-valued functions such that xn ! x a.e. Let A0 be the set on which xn does not
converge to x and letAn be the set on which xn is non zero. ThenA0 has measure zero,
An has finite measure and S can be written as the union of An, n D 1; : : : and A0. We
conclude that S is � -finite.

Theorem A.1. Let X be a separable Banach space and let .S;A; m/ be a � -finite
measure space. A function x W S ! X is strongly measurable if and only if it is weakly
measurable.

Remark A.2. Recall that a Banach space is said to be separable if there is a countable
dense subset.

Proof. Assume x is strongly measurable and that xn is a sequence of finitely-valued
functions converging pointwise to x a.e. Let f 2 X�. Then f B xn are measurable
functions converging a.e. to f B x. By standard measure and integration theory, f B x
is measurable. Thus x is weakly measurable.

Assume x is weakly measurable. Let U � D ff 2 X� W kf k � 1g. Let us
start by proving that there exists a sequence ffng � U � such that for any f0 2 U �,
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there is a subsequence ffnk
g of ffng such that fnk

.�/ ! f0.�/ for all � 2 X . Let
the sequence f�ng be dense in X . Define a mapping �n W U � ! Cn (or Rn if the
Banach space is real) by �n.f / D Œf .�1/; : : : ; f .�n/�. Since Cn is separable, there
is, for every n, a sequence ffn;kg such that f�n.fn;k/g is dense in �n.U �/. Then
ffn;kg is the desired sequence. Fix f0 2 U �. For every n, there is an fn;mn

such that
jfn;mn

.�i /� f0.�i /j � 1=n for all i D 1; : : : ; n. Thus fn;mn
.�i / ! f0.�i / as n ! 1

for all i . By a standard argument, fn;mn
.�/ ! f0.�/ as n ! 1 for all � 2 X , since

the sequence f�ig is dense and fn;k; f0 2 U �.
Let ffng be a sequence of the form proved to exist above. Let us prove that

kxk is measurable. Let a be a real number and define A D fs W kx.s/k � ag and
Af D fs W jf Œx.s/�j � ag, where f 2 U �. If we can show that A D T

j Afj
, then

it is clear that A is measurable due to the weak measurability of x, and thus kxk is
measurable. We have A D T

kf k�1Af , where one inclusion is trivial and the other is
due to the Hahn–Banach theorem, cf. also Theorem 5.20 of [79]. Due to the properties
of the sequence ffng, we obtain

T
j Afj

D T
kf k�1Af .

Since X is separable, there is a countable number of open balls Sj;n j D 1; : : :

of radius < 1=n whose union covers X . Let xj;n be the center of the ball Sj;n. Since
kx � xj;nk is measurable, the set Bj;n D fs 2 S W x.s/ 2 Sj;ng is measurable.
Furthermore,

S
j Bj;n D S . Define

xn.s/ D xi;n if s 2 B 0
i;n D Bi;n �

i�1S
jD1

Bj;n:

Then, since
S
i B

0
i;n D S , xn is defined on all ofS . Furthermore, kx.s/�xn.s/k � 1=n

for all s 2 S . Let us define yk as follows. If s … Si;n�k B 0
i;n, then yk.s/ D 0. If s 2S

i�k B 0
i;k

, let yk.s/ D xk.s/. If s 2 Si�k B 0
i;k�1 �Si�k B 0

i;k
, let yk.s/ D xk�1.s/.

We continue in this fashion, the last step being yk.s/ D x1.s/ for

s 2 S
i�k

B 0
i;1 � S

i�k;2�j�k
B 0
i;j :

Then, if i; n � k, kyk.s/ � x.s/k � 1=n on B 0
i;n. Let s 2 S and " > 0. Let n be

large enough that " > 1=n and let N � n be large enough that there is an i � N with
s 2 B 0

i;n. Then kyk.s/ � x.s/k < " for all k � N . Thus yk converges pointwise
to x. Note that, unfortunately, it is not clear that the yk are finitely-valued. In order to
remedy this, letAj 2 A be a countable sequence of sets of finite measure whose union
is S . Assume furthermore that Aj � AjC1 for all j . Define y0

k
D yk�Ak

, where for
any set A 2 A, we use �A to denote the characteristic function of A (�A.s/ D 1 for
s 2 A and �A.s/ D 0 for s … A). Then y0

k
is finitely-valued and it converges pointwise

everywhere to x. Thus x is strongly measurable. �
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A.3 Separability

We shall need to know that the Lp spaces are separable.

Lemma A.3. The Banach spaces Lp.Rn;R/ are separable for 1 � p < 1.

RemarkA.4. The same is of course true forLp.�;Rm/ andLp.�;Cm/ for 1 � p <

1 and any measurable � � Rn .

Proof. Note first of all that the set of continuous functions with compact support is
dense in the mentioned spaces. For the purpose of the present proof, let us define the
elementary sets to be sets of the form

E D fx 2 Rn W ˛i � xi < ˇig;
where ˛i and ˇi are rational numbers. We also define the elementary functions of order
m to be functions of the form

f D
mX
iD1


i�Ei
;

where 
1; : : : ; 
m 2 Q, where Q are the rational numbers, Ei are elementary sets and

�Ei
.x/ D

´
1; x 2 Ei ;
0; x … Ei :

We denote the set of elementary functions of order m by Fm and define the set of
elementary functions F to be the union of Fm for allm. Note that each elementary set
can be considered to be an element of Q2n, so that Fm can be considered to be a subset
of QmC2nm. ConsequentlyFm is countable, cf. Theorem 2.8 and Theorem 2.13 of [78].
ThusF is a countable union of countable sets and is thus countable by Theorem 2.12 of
[78]. Let u 2 Lp.Rn;R/. Then there is a continuous function � with compact support
such that ku � �kp < "=2. Since � has compact support, there is an integer N > 0

such that � D 0 outside of Œ�N;N �n. Furthermore, � is uniformly continuous so that
for every � > 0 there is a ı such that jx � yj � ı implies j�.x/ � �.y/j < � . For
a given ı > 0, we can divide Œ�N;N �n into a finite number of elementary sets such
that their diameter is strictly less than ı. For each such elementary set E, we choose a
rational number 
 such that j�.x/� 
 j � � on E. This yields an elementary function
f such that jf .x/� �.x/j � � for all x 2 Rn, excepting possibly the boundary points
of the elementary sets, whose union is a set of measure zero and is therefore of no
relevance to the present discussion. Compute

k� � f kp � �2n=pN n=p:

Assuming � D "2�12�n=pN�n=p , we obtain kf � ukp < ". We conclude that the set
of elementary functions is dense, so thatLp.Rn;R/ has a countable dense subset. �
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A.4 Measurability

Let I � R be an open interval and assume that

u 2 L1ŒI;H.k/.Rn;CN /�; v 2 L1ŒI;H.�k/.Rn;CN /�:

Then hv; ui can be defined as in (5.12) and if � 2 C1
0 .I � Rn;CN /, then � can

be considered to be an element of L1ŒI;H.�k/.Rn;CN /�. The reason is as follows.
Since � can be considered to be a continuous function from I into H.�k/.Rn;CN /

it is weakly and thus strongly measurable. That the relevant integral is bounded is
immediate.

Lemma A.5. Let I � R be an open interval and let u 2 L1ŒI;H.k/.Rn;CN /�, where
k is a non-negative integer. Then there is a U 2 L2loc.I � Rn;CN / such that for any
� 2 C1

0 .I � Rn;CN /

h�; ui D
Z
I�Rn

� � xU dtdx: (A.1)

Furthermore, U is k times weakly differentiable with respect to x with derivatives in
L2loc in the sense that for any multiindex ˛ D .˛1; : : : ; ˛n/ with j˛j � k, there is a
U˛ 2 L2loc.I � Rn;CN / such that for all � 2 C1

0 .I � Rn;CN /Z
I�Rn

@˛� � xU dtdx D .�1/j˛j
Z
I�Rn

� � xU˛ dtdx: (A.2)

Proof. Let us start by assuming that k D 0 and let us denote the Lebesgue measure on
Rn by �n. Identify u with a representative of its equivalence class. By definition there
is a sequence ul of finitely-valued functions converging strongly a.e. to u. Thus, for
every l , there is a finite number of �1-measurable sets Al;j � I , j D 1; : : : ; kl with
finite measure and a finite number of fl;j 2 L2.Rn;CN /, j D 1; : : : ; kl such that

ul D
klX
jD1

fl;j�Al;j
:

This function can be considered to be a �1 � �n-measurable function from I � Rn

to CN , and since �nC1 is the completion of �1 � �n, it is �nC1-measurable. It will
be convenient to modify this function somewhat. Let Bl be the subset of I on which
kul.t/k2 � 2ku.t/k2 andu0

l
D ul�Bl

. Note thatu0
l

converges�1-a.e. touwith respect
to theL2 norm and that it is�nC1-measurable. LetK be any compact subset of I �Rn,
K1 be the projection ofK into I and Ul D u0

l
�K . Note that Ul is �1��n-measurable

and that�Z
Rn

jUl.t; x/ � Um.t; x/j2 dx
�1=2

� �K1
.t/ku0

l.t/ � u0
m.t/k2: (A.3)

Let us consider

ku0
l.t/ � u0

m.t/k2 � ku0
l.t/ � u.t/k2 C ku.t/ � u0

m.t/k2:
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Consider the first term on the right-hand side. It converges to zero pointwise a.e. as
l ! 1 and it is bounded by a function which is inL1.I;R/. Since a similar statement
is true concerning the second term, we can use Lebesgue’s dominated convergence
theorem to conclude that theL2-norm of the right-hand side of (A.3) converges to zero
as n;m ! 1. Thus Ul defines a Cauchy sequence in L2.K;CN /. This yields, for
every compact setK, an element UK of L2.I � Rn;CN /. LettingKl be an increasing
sequence of compact sets whose union is I � Rn, we obtain a measurable function U
from I � Rn into CN with the property that jU j2 is locally integrable. Then (A.1)
follows by observing that

h�; ui D lim
l!1

h�; u0
li D

Z
I�Rn

� � xU d�

for all � 2 C1
0 .I � Rn;CN /. Since @˛u 2 L1ŒI;H.0/.Rn;CN /� for all ˛ such that

j˛j � k, we get, by the same argument, a U˛ 2 L2loc.I � Rn;CN / such that

h�; @˛ui D
Z
I�Rn

� � xU˛ d�

for all � 2 C1
0 .I � Rn;CN /. Due to (5.13), we obtain (A.2). �

A.5 Hilbert spaces

For Hilbert spaces it is convenient to have an orthonormal (ON) basis.

Definition A.6. A set S of vectors u˛ in a Hilbert space H , where ˛ runs through
some index set A is called orthonormal if .u˛; uˇ /H D 0 if ˛ ¤ ˇ and ku˛kH D 1.
If the closure of the set of all finite linear combinations of elements in S equals H ,
we say that S is an orthonormal basis or a complete orthonormal set. A countable
orthonormal basis is an orthonormal basis for which the index set A can be taken to
be the positive integers.

Lemma A.7. A real or complex infinite dimensional Hilbert space H is separable if
and only if it has a countable orthonormal basis. If ej , j D 1; 2; : : : is a countable
ON basis and x 2 H , then

xn D
nX

jD1
.x; ej /H ej (A.4)

has the property that xn ! x.

Proof. Let us assume thatH is separable and let xj , j D 1; 2; : : : be a countable dense
subset. By taking away some of the xj if necessary, we can ensure that xnC1 is linearly
independent of x1; : : : ; xn for every n. The usual Gram-Schmidt procedure produces
an orthonormal set S consisting of ej , j D 1; 2; : : : where fe1; : : : ; eng has the same
linear span as fx1; : : : ; xng for all n. Let P be the set of all finite linear combinations
of elements in S . Then the entire original dense sequence fxj g is a subset of P , so
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that P is dense. Consequently S is a countable ON basis. Assume now that H has a
countable ON basis consisting of the vectors ej , j D 1; 2; : : : and define the elements
of a set M to be vectors of the form

x D
nX

jD1
. j̨ C i ǰ /ej

where j̨ ; ǰ 2 Q. Then M is a countable set and for every x 2 H and " > 0 there
is a y 2 M such that kx � ykH < ". Finally, let us assume we have a countable ON
basis fej g and let x 2 H . We know that there is a sequence yk ! x such that yk is in
the linear span of fe1; : : : ; enk

g. Thus

yk D
nkX
nD1

˛k;nen;

where ˛k;n 2 C. Let us compare this with xnk
defined in (A.4). We have

.x � yk; x � yk/H D kxk2H � kxnk
k2H C kxnk

� ykk2H :
Consequently, kx � xnk

kH � kx � ykkH . Thus xnk
! x, but by the same argument,

xN is a better approximation to x than xnk
for any N � nk so that xn ! x. �

A.6 Smooth functions with compact support

Let us start by introducing some terminology.

DefinitionA.8. Let� � Rn be an open set. The set of smooth (infinitely differentiable)
f W � ! Rk will be denoted C1.�;Rk/. The set of f 2 C1.�;Rk/ such that there
is a compact set K � � with f D 0 for f … K is denoted C1

0 .�;R
k/. We shall

also use the notation C1.�;R/ D C1.�/ and C1
0 .�;R/ D C1

0 .�/. An element
f 2 C1

0 .�;R
k/ is called a smooth function with compact support. Similarly, if

m � 0, we denote the set of m times differentiable functions by Cm.�;Rk/. The
notation Cm0 .�;R

k/, Cm0 .�/ and Cm.�/ is analogous to the above. Finally, we shall
use the notation C 0.�/ D C.�/, C 00 .�/ D C0.�/, etc.

Let us prove that, given an open set � � Rn and a compact set K � �, there is a
function � 2 C1

0 .�/ such that � D 1 on K. We shall do so in several steps.

Lemma A.9. Define f W R ! R by

f .t/ D
´
e�1=t ; t > 0;

0; t � 0:
(A.5)

Then f is smooth.
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Proof. Note that f is smooth for t > 0 and for t < 0. The only problem is t D 0.
Note that for t > 0 and any integer m � 0,

e�1=t D 1

e1=t
D
� 1X
kD0

t�k

kŠ

��1
�
�
t�m

mŠ

��1
D mŠtm:

Since f .t/ D 0 for t � 0, we obtain

jf .t/j � mŠjt jm (A.6)

for all integers m � 0 and t 2 R. As a consequence, it is clear that f is continuous
at 0. Let us turn to the differentiability of f at 0. Estimate, for h ¤ 0,ˇ̌̌̌

f .h/ � f .0/
h

ˇ̌̌̌
D
ˇ̌̌̌
f .h/

h

ˇ̌̌̌
� mŠjhjm�1; (A.7)

where we have used (A.6). We conclude thatf is differentiable at zero and the derivative
is zero. We leave it as an exercise to prove that f is continuously differentiable. By
an induction argument, one can prove that f is smooth. �

Lemma A.10. Let " > 0. There is a g 2 C1.R/ such that 0 � g.t/ � 1 for all t 2 R,
g.t/ D 0 for t � 0 and g.t/ D 1 for t � ".

Proof. Define
�.t/ D f .t/f ." � t /;

where f is as in (A.5). Note that � 2 C1.R/, � � 0, �."=2/ > 0, and that �.t/ D 0

for t � 0 and for t � ". Define

g.t/ D
Z t

0

�.s/ ds

�Z "

0

�.s/ ds

��1
:

Note that the integral in the denominator is non-zero. Then g has the desired properties.
�

Lemma A.11. Let x0 2 Rn and 0 < r1 < r2. Then there is a � 2 C1.Rn/ such that
�.x/ D 1 for x 2 xBr1.x0/, �.x/ D 0 for x … Br2.x0/ and 0 � � � 1.

Proof. Let f be as in (A.5) and define

�1.x/ D f Œr22 � jx � x0j2�:
Then �1 2 C1.Rn/. Furthermore, �1.x/ D 0 if x … Br2.x0/ and �1.x/ � f .r22 �r21 /
for x 2 xBr1.x0/, since f is monotonically increasing. Let " D f .r22 � r21 / > 0 and
let g be a function as in Lemma A.10. Define

�.x/ D gŒ�1.x/�:

Then � has the desired properties. �
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Proposition A.12. Let � � Rn be open and let K � � be compact. Then there is a
� 2 C1

0 .�/ such that �.x/ D 1 for x 2 K and 0 � � � 1.

Proof. For every x 2 K, let rx > 0 be such that xB2rx .x/ � �. There is such an rx > 0
since � is open. The collection of sets Brx .x/ for x 2 K is an open covering of K.
By compactness, there is a finite subcovering Bri .xi / i D 1; : : : ; m, where ri D rxi

.
LetK1 be the union of the xB2ri .xi /. SinceK1 is a union of a finite number of compact
sets, it is compact. Furthermore, it is contained in� by construction. Let �i 2 C1

0 .�/

satisfy �i .x/ D 1 for x 2 xBri .xi / and �i D 0 for x … B2ri .xi /. That there are such
functions follows from Lemma A.11. Define

 D
mX
iD1

�i :

Note that  2 C1.�/,  .x/ D 0 for x … K1 and  .x/ � 1 for x 2 K (since for
each x 2 K, there is at least one i such that x 2 Bri .xi /). Let " D 1 and let g be the
function one obtains as a result of Lemma A.10. Define

�.x/ D gŒ .x/�:

Then � has the desired properties. �

A.7 Differentiability in the infinite dimensional case

LetX and Y be real vector spaces with norms j � jX and j � jY respectively. LetB.X; Y /
denote the set of bounded linear transformations from X to Y , cf. Definition 5.3, p. 96
of [79]. Note that B.X; Y / is a real vector space with a norm. For f W X ! Y , we
shall say that f is differentiable at x 2 X if there is a T 2 B.X; Y / such that

lim
h!0

jf .x C h/ � f .x/ � T hjY
jhjX D 0

Note that T , if it exists, is unique, and we shall call it the derivative of f at x, denoted
.Df /.x/. Note that it is possible to define the derivative of a function under more
general circumstances than the above, cf. e.g. p. 6 of [54]. However, the above situation
will do for our purposes. If f is differentiable at every x 2 X , we thus get a map
Df W X ! B.X; Y /. IfDf is continuous, we say that f is continuously differentiable.
Iterating this procedure, we can speak of C k functions, as well as C1 functions,
f W X ! Y . We shall denote the kth derivative by Dkf . Let us now assume Y is an
inner product space, i.e., there is an inner product h � ; � i on Y such that jyj2Y D hy; yi
for all y 2 Y . Assume f; g W X ! Y are differentiable at x 2 X and consider
�.x/ D hf .x/; g.x/i. Then, by a straightforward argument, � is differentiable at x
and

Œ.D�/.x/�h D hŒ.Df /.x/�h; g.x/i C hf .x/; Œ.Dg/.x/�hi:
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If X D Rn in the above setting, we shall use the notation @jf to denote the function
whose value at x 2 X is given by .Df /.x/ej , where ej is the vector in Rn all of whose
components are zero except for the j th component which is given by 1. Thus

@j�.x/ D h@jf .x/; g.x/i C hf .x/; @jg.x/i:
Note also that if f W Rn ! Y is smooth, then all the partial derivatives exist and are
smooth; in fact, we have

.@jf /.x/ D Œ.Df /.x/�ej ; .@k@jf /.x/ D fŒ.D2f /.x/�ekgej ;
etc.
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B.1 Identities concerning permutation symbols

Let "ijk be antisymmetric in all of its indices and such that "123 D 1. We shall raise and
lower the indices of this object with the Kronecker delta. In other words "ijk D "ijk .
We have

"ijk"lmn D ıil ı
j
mı

k
n C ıimı

j
nı
k
l C ıinı

j

l
ıkm � ıil ıjnıkm � ıinıjmıkl � ıimıjl ıkn : (B.1)

In order to prove this statement, let us make the following observations. First of all, both
sides are antisymmetric in i; j; k and antisymmetric in l; m; n. If fi; j; kg ¤ f1; 2; 3g
or if fl; m; ng ¤ f1; 2; 3g, both sides of the equation are thus zero, and to check the
equality, all we need to do is to check that we have equality for i D l D 1, j D m D 2

and k D n D 3. Then the left-hand side is 1 as well as the right-hand side. The
conclusion follows. Taking i D l and using Einstein’s summation convention, i.e.,
that we sum over repeated upstairs and downstairs indices, yields the conclusion that

"ijk"imn D ıjmı
k
n � ıjnıkm: (B.2)

Setting j D m, we then get
"ijk"ijn D 2ıkn : (B.3)

Proof of Lemma 19.11. Let G be a Bianchi class A Lie group, let g be a left invariant
metric onG, let ei be an orthonormal basis of g and let � be the associated commutator
matrix. Below, we shall raise and lower indices using the Kronecker delta, i.e., there
is no difference between upstairs and downstairs indices beyond the aesthetical. Let
D be the Levi-Civita connection associated with the metric g and define 
 i

jk
by the

condition that
Dej ek D 
 ijkei :

Due to the Koszul formula, we have


 ijk D hDej ek; ei i D 1

2
f�hej ; Œek; ei �i C hek; Œei ; ej �i C hei ; Œej ; ek�ig (B.4)

D 1

2
f�
j

ki
C 
kij C 
 ijkg:

In order to be able to compute the Ricci curvature of G, let us compute

hReiej ej ; emi D hDei
Dej ej �DejDei

ej �DŒei ;ej �ej ; emi
D hDei

.
kjj ek/ �Dej .
kij ek/ � 
kijDek
ej ; emi:

Note that ei .
mkl/ D 0 and that 
 i
ik

D 
 i
ki

D 
kii D 0, assuming that one sums over
the index i , due to the symmetries of the structure constants and the fact that the group
is unimodular. Thus

Ric.ei ; em/ D hReiej ej ; emi D �
kij
mjk � 
kij
mkj ;
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where it is understood that we sum over j and k. Below, it will be of interest to note
that, by using the symmetries of the curvature tensor and carrying out a computation
similar to the one above, we also have

Ric.el ; em/ D hRej el
em; ej i D �
 ijm
jli � 
 ijl
jim: (B.5)

Consider


kij

m
jk D 1

4
.�
 ijk C 


j

ki
C 
kij /.�
jkm C 
kmj C 
mjk/:

Consider the expression inside the first parenthesis. If one interchanges k and i in the
second term, one sees that the last two terms taken together form an expression which
is antisymmetric in k and j . The first term is also antisymmetric. Concerning the
expression in the second parenthesis, one can argue similarly in order to conclude that
the first two terms form a symmetric expression and the last term an antisymmetric
expression in j and k. Since the contraction between an object which is antisymmetric
in k and j with an object which is symmetric in the same indices yields zero as a result,
we conclude that


kij

m
jk D 1

4
.�
 ijk C 


j

ki
C 
kij /


m
jk D �1

4

 ijk


m
jk C 1

4
.�
j

ik
C 
kij /


m
jk

D �1
4

 ijk


m
jk � 1

2


j

ik

mjk :

Compute

 ijk


m
jk D "jkp"jkq�

ip�mq D 2ıpq�
ip�mq D 2�ij �

jm;

where we have used (B.3), and



j

ik

mjk D "ikp"jkq�

pj �qm D .ıij ıpq � ıiqıpj /�pj �qm D �ij �
jm � .tr �/� mi :

Thus

� 
kij
mjk D �ij �
jm � 1

2
.tr �/� mi : (B.6)

Consider


kij

m
kj D 1

2

kij .�
kjm C 


j

mk
C 
mkj / D 1

2

kji


k
jm C 1

2

kij 


j

mk
C 1

2

kij 


m
kj :

By computations similar to ones given above, we have


kji

k
jm D �kl�

klıim � � li �lm;

kij 


j

mk
D �kl�

klıim C 2.tr �/�im � 2�ik�km � .tr �/2ıim;

kij 


m
kj D �ik�

km � .tr �/� mi ;

where we used (B.2) in the first and last equation and (B.1) in the middle equation.
Thus

� 
kij
mkj D ��kl�klımi C �ik�
km � 1

2
.tr �/� mi C 1

2
.tr �/2ımi : (B.7)

Combining (B.6) and (B.7), we obtain (19.5), and taking the trace of this equation, we
obtain (19.6). �
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B.2 Proof of Lemma 20.1

We wish to compute the Ricci curvature of a metric of the form (20.1). By the Koszul
formula, we have

�ij D 1

2
.�hei ; Œe0; ej �i C he0; Œej ; ei �i C hej ; Œei ; e0�i/:

Note that
Œe0; ei � D �a�1

i e0.ai /ei (B.8)

(no summation), so that

�ij D 1

2
Œa�1
j e0.aj /ıij C a�1

i e0.ai /ıij �

(no summation). As a consequence, �ij is zero for i ¤ j and

�i i D a�1
i e0.ai / (B.9)

(no summation).

B.2.1 Connection coefficients. Let us define 
˛
ˇı

by

reˇ
eı D 
˛ˇıe˛:

Note that

0˛ˇ D �hre˛

eˇ ; e0i:
Due to the Koszul formula, we obtain


0˛ˇ D �1
2
.�he˛; Œeˇ ; e0�i C heˇ ; Œe0; e˛�i C he0; Œe˛; eˇ �i/:

Due to (B.8), he0; Œe0; ei �i D 0 and we conclude that 
00i D 
0i0 D 0. It is also clear
that 
000 D 0. Compute


0ij D �hrei
ej ; e0i D hrei

e0; ej i D �ij : (B.10)

Let us consider 
 i
˛ˇ

. In the particular case that ˇ D 0, we have


 i˛0 D hre˛
e0; ei i D �he0;re˛

ei i D 
0˛i :

Thus 
 i00 D 0 and

 ij0 D �ij : (B.11)

In case ˇ D l , the Koszul formula yields


 i˛l D 1

2
.�he˛; Œel ; ei �i C hel ; Œei ; e˛�i C hei ; Œe˛; el �i/:

Due to (B.8), one can see that 
 i
0l

D 0. What remains is


 ijl D 1

2
.�hej ; Œel ; ei �iChel ; Œei ; ej �iChei ; Œej ; el �i/ D 1

2
.�
j

li
C
 lij C
 ijl/: (B.12)

We see that the only non-zero connection coefficients 
˛
ˇı

are given by (B.10)–(B.12).
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B.2.2 Commutators. Let the commutators 
�
˛ˇ

be defined by

Œe˛; eˇ � D 

�

˛ˇ
e�:

Then

0˛ˇ D �hŒe˛; eˇ �; e0i D 0

and

 i˛ˇ D hŒe˛; eˇ �; ei i:

If ˛ D ˇ D 0, we get zero as a result and if ˛ D j and ˇ D k, we get the same 
 i
jk

that we would obtain by restricting ourselves to a hypersurface ftg � G. Due to the
fact that �ij are the components of a diagonal matrix with diagonal elements given by
(B.9) and the fact that (B.8) holds, we conclude that


 i0j D �
 ij0 D ��ij : (B.13)

B.2.3 Ricci curvature. In order to compute the Ricci tensor, let s� D �1 if � D 0

and si D 1 for i D 1; 2; 3, and compute (summation over � being understood)

Ric.e˛; eˇ / D s�hre�
re˛

eˇ � re˛
re�

eˇ � rŒe�;e˛�eˇ ; e�i
D s�hre�

.
�˛ˇe�/ � re˛
.
��ˇe�/ � 
��˛
	�ˇe	 ; e�i

D s�Œe�.

�
˛ˇ /��� � e˛.
��ˇ /��� C 
�˛ˇ


	
���	�

� 
��ˇ
	˛��	� � 
��˛
	�ˇ�	��
D e�.


�

˛ˇ
/ � e˛.
��ˇ /C 
�˛ˇ


�
�� � 
��ˇ
�˛� � 
��˛
��ˇ ;

where ��� are the components of the Minkowski metric, i.e., �00 D �1, �i i D 1 (no
summation) and the remaining components are zero. This formula should be compared
with Lemma 52, p. 87 of [65]. Note, however, the convention used for curvature in
[65]. Using the fact that e�.
�˛ˇ / D 0 unless � D 0 and the fact that 
0

0ˇ
D 0, we

obtain

Ric.e˛; eˇ / D e0.

0
˛ˇ / � e˛.
 iiˇ /C 
�˛ˇ


�
�� � 
��ˇ
�˛� � 
��˛
��ˇ :

Due to the fact that the Lie group is unimodular and the antisymmetries of 
 i
jk

, we

conclude that 
 iij D 

j
i i D 
 ij i D 0 (where we sum over i ), cf. Section B.1. As a

consequence, 
 i
iˇ

D ıij �ij if ˇ D 0 and it equals zero if ˇ ¤ 0. In what follows, we

shall abuse notation and write � instead of ıij �ij . Note that


��� D 
00� C 
 ii� D 
 ii� :

By the above observations we thus conclude that


�˛ˇ

�
�� D �
0˛ˇ :
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Thus
Ric.e˛; eˇ / D e0.


0
˛ˇ / � e˛.
 iiˇ /C �
0˛ˇ � 
��ˇ
�˛� � 
��˛
��ˇ :

Let us consider the second to last term in this expression. Due to the fact that the only
non-zero connection coefficients are given by (B.10)–(B.12), we have


��ˇ

�
˛� D 
0iˇ


i
˛0 C 
 ijˇ


j
˛i :

Since 
�
0ˇ

D 0 regardless of what � and ˇ are, we have


��˛

�

�ˇ
D 
 i0˛


0
iˇ C 
 ij˛


j

iˇ
:

To conclude

Ric.e˛; eˇ / D e0.

0
˛ˇ / � e˛.
 iiˇ /C �
0˛ˇ � 
0iˇ
 i˛0 � 
 ijˇ
j˛i � 
 i0˛
0iˇ � 
 ij˛
jiˇ :

Let us compute

Ric.e0; e0/ D �e0.�/ � 
 ij0
ji0 D � P� � � ij �ij ;
so that (20.3) holds. Furthermore,

Ric.e0; em/ D �
 ij0
jim D �1
2
�ij .�
 imj C 
mji C 


j
im/ D �ij 


i
mj D "mjln

li�ij ;

where we have used the fact that �ij D �j i . Thus (20.4) holds. Finally, consider

Ric.el ; em/ D P�lm C ��lm � �li� im � 
 ijm
jli C �li�
i
m � 
 ijl
jim

D P�lm C ��lm � 
 ijm
jli � 
 ijl
jim:
Since 
 i

jk
and 
 i

jk
are the same in the current situation as in Section B.1, assuming

that we replace � by n, and since (B.5) holds, we conclude that the last two terms are
simply the Ricci curvature of the spatial hypersurface ftg � G evaluated at .el ; em/.
Thus (20.5) follows from the above and (19.5).

B.3 Proof of Lemma 20.2

Due to the Jacobi identities, we have to have

Œe˛; Œeˇ ; eı ��C Œeˇ ; Œeı ; e˛��C Œeı ; Œe˛; eˇ �� D 0:

Reformulating this in terms of the 
˛��’s, we obtain

Œe˛; 

�

ˇı
e��C Œeˇ ; 


�

ı˛
e��C Œeı ; 


�

˛ˇ
e�� D 0:

Thus

e˛.

�
ˇı/C eˇ .


�
ı˛/C eı.


�
˛ˇ /C 


�

ˇı

�˛� C 


�

ı˛

�ˇ� C 


�

˛ˇ

�ı� D 0:
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In order for us to get something which is not automatically zero on the left-hand side,
we have to have � D i . Thus

e˛.

i
ˇı/C eˇ .


i
ı˛/C eı.


i
˛ˇ /C 


j

ˇı

 ij̨ C 


j

ı˛

 iˇj C 


j

˛ˇ

 iıj D 0:

If all of ˛, ˇ and ı are zero, the left-hand side is automatically zero. If all of ˛, ˇ and
ı are between 1 and 3, we get zero due to the Jacobi identities on ftg � G. If ˛ D l ,
ˇ D ı D 0, we get

e0.

i
0l/C e0.


i
l0/C 


j

0l

 i0j C 


j

l0

 i0j D 0;

an equation which contains no information. Finally, let ˛ D l , ˇ D m and ı D 0. We
get

e0.

i
lm/C 


j
m0


i
lj C 


j

0l

 imj C 


j

lm

 i0j D 0:

Noting that, due to (B.2) and (B.3),

"lmk
 ilm D 2nki ;

"lmk
 ilj D nkiımj � nmiıkj ;
"mkl
 imj D nliıkj � nkiılj ;
"lmk


j

lm
D 2nkj ;

we obtain, cf. (B.13),

2 Pnik � 2�klnli � 2� ijnjk C 2�nki D 0:

The lemma follows.

B.4 Proof of Lemma 22.7

Using the notation and results of Section B.2 together with (20.7)–(20.11), one con-
cludes that

hRe˛eˇ
e� ; eıi (B.14)

can be expressed as a homogeneous polynomial in the ni and the �i of order 2. Dividing
by �2, one obtains a, typically inhomogenous, polynomial in †C, †� and the Ni .
Consequently, the Kretschmann scalar divided by �4 is a polynomial in the same
variables. Since � ! ˙1 corresponds to 	 ! �1 with respect to the Wainwright–
Hsu time, cf. Lemma 22.2 and 22.3, the existence of an ˛-limit point with respect to
the Wainwright–Hsu variables such that this polynomial is non-zero implies that the
Kretschmann scalar is unbounded in the direction of interest. If one is interested in
the behaviour along a time sequence corresponding to an ˛-limit point on the Kasner
circle, it is enough to compute (B.14) in a situation where all the ni are zero in order
to compute the limit of the Kretschmann scalar divided by �4 along the time sequence
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corresponding to the ˛-limit point. For this reason, we shall, from now on, assume
ni D 0 for i D 1; 2; 3. Due to the computations carried out in Section B.2, we have


0ij D �ij ; 
 ij0 D �ij ;

cf. (B.10) and (B.11), where �ij are the components of a diagonal matrix with diagonal
elements �i , and all the remaining connection coefficients are zero. Concerning the
commutators, we have


 ij0 D �
 i0j D �ij ;

cf. (B.13), and the remaining commutators are zero. Compute

hRe˛eˇ
e� ; eıi D hre˛

reˇ
e� � reˇ

re˛
e� � rŒe˛ ;eˇ�e� ; eıi

D he˛.
�ˇ� /e� C 

�

ˇ�

�˛�e� � eˇ .
�˛� /e�

� 
�˛�
�ˇ�e� � 
�
˛ˇ

���e� ; eıi:

Consider the case when both of ˛ and ˇ are spacelike. Then

e˛.

�

ˇ�
/ D eˇ .


�
˛� / D 


�

˛ˇ

��� D 0:

In order to get a non-zero result, ˛ D i and ˇ D j have to be different. The relevant
expression to consider is



�
j�


ı
i� � 
�i�
ıj�:

If ı D 0, we have to have � D i in the first term in order for the second factor of the
first term to be non-zero. However, then the first factor of the first term is zero. In other
words, if ı D 0, then the first term is zero. For similar reasons, the second term has to
equal zero. If ı is spatial, it has to equal either i or j in order for us to get a non-zero
result. If it equals i , the second term is zero and we have to have 
 D j and � D 0 in
order that the first term be non-zero. We then get

hReiej ej ; ei i D �i�j

(no summation) for j ¤ i . By the symmetries of the curvature tensor, we of course
also have

hReiej ei ; ej i D ��i�j
(no summation) for j ¤ i . Now consider the case ˛ D 0 and ˇ D i . If both of 
 and
ı are spacelike, we can use the symmetries of the curvature tensor together with the
above arguments in order to conclude that the result is zero. Without loss of generality,
it is thus enough to consider

hRe0ei
e0; ej i D e0.


j
i0/C 


�
i0


j
0� � 
�00
ji� � 
�0i
j�0

If i ¤ j , we obtain zero. If i D j , we obtain that

hRe0ei
e0; ei i D P�i C �2i D ���i C �2i ;
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cf. (20.5). Since indices are raised and lowered with the Minkowski metric, we get

� D R˛ˇ�ıR
˛ˇ�ı D 4

X
i

.hRe0ei
e0; ei i/2 C 2

X
i;j

.hReiej ei ; ej i/2:

In other words, in order for �=�4 to be zero, two of �i=� have to be zero, and the re-
maining one non-zero, since the sum of the �i=� equals one. Without loss of generality,
we may assume �2 D �3 D 0 and �1 D � . Then †2 D †3 D �1=3 and †1 D 2=3.
Thus†C D �1 and†� D 0. In other words, the only possibility for the limit of �=�4

to be different from zero along a sequence corresponding to an ˛-limit point on the
Kasner circle is that the point on the Kasner circle is a special point.
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[23] P. T. Chruściel and J. Isenberg, Non-isometric vacuum extensions of vacuum maximal
globally hyperbolic spacetimes. Phys. Rev. D 48 (1993), 1616–1628. 193, 260, 262
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